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A CLASS OF ANALYTIC FUNCTIONS BASED ON AN
EXTENSION OF AL-OBOUDI OPERATOR

T.V. SUDHARSAN, R. THIRUMALAISAMY, K.G. SUBRAMANIAN, MUGUR AcCuU

ABSTRACT. In this paper we introduce the classes TSﬁ(a,ﬂ) and TV (a, B),
€[-1,1), A >0, 8 > 0 of analytic functions with negative coefficients. The classes
are motivated by the study of Acu and Owa (2006). We obtain a coefficient charac-
terization, growth and distortion theorems and a convolution result for functions in
these classes.
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1. INTRODUCTION

Let H be the set of functions regular in the unit disc A = {z : |z| < 1}. Let
A={f(z) e H/f(0) = f'(0) —1 =0} and S = {f(2) € A: f(z) is univalent in A},

where

fz) =2+ an2". (1)
n=2

For 0 < o < 1 let S*(a) and K («) denote the subfamilies of S consisting of func-
tions starlike of order ov and convex of order «, respectively. For convenience, we
write S*(0) = S* and K(0) = K motivated by geometric considerations, Goodman
[4], [5], introduced the classes UCV and UST of uniformly convex and uniformly
starlike functions. Ma and Minda [6] and Ronning [8] gave a one-variable analytic
characterization for UCV, namely, a function f(z) of the form (1) is UCV if and

. )\ |2
only if Re {1 + 702) } > 702)
sical Alexander result, namely, f(z) € K if and only if zf/(z) € S*, does not hold
between the classes UCV and UST.

, 2z € A. Goodman [4] showed that the clas-
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Ronning (see [8], [9]) introduced the class S, consisting of parabolic starlike
functions g = z f z), feUCV and the class Sp(a) of functions of the form (1) for

/
which Re a} {Zf 1}, a € [-1,1), z € A. Ronning [9] also
defined the class UCV (a), of umformly convex functions f(z) of order a for which
z2f" € Sp(a).
. . . : o 2f'(2)
Geometrically, Sp(«) is the family of functions f(z) for which 75

that lie inside the parabola Q@ = {w : Re(w — «) > |w — 1|}, which is symmetrical
about the real axis and whose vertex is w = HTQ
The subfamily T of S consists of functions of the form

takes values

o0
z):z—Zanz",aHZO,forn:2,3,---,zGA. (2)

Silverman [10] investigated functions in the classes T*(a) = TN S*(a) and C(a) =
T N K(c). Subramanian et al. [11] introduced the classes T'S,(«) and TV («),
a € [—1,1) as follows: A function f(z) of the form (2) is in T'S,(a), o € [-1,1) if
/ !
Re {fo((,;) - a} > 21z) and is in TV () if zf" € T'Sy(a).
z

f(2)
Let n € N and A > 0. Denote by DY the Al-Oboudi operator (see [3]) defined

by DY : A — A,

-1

DY f(z) = f(2)
Dif(z) = (1=Nf(2) +A2f'(2) = Daf(2)
Rf(z) = DADYf(2)

Note that for f(z) given by (1), D} = 2+ > 22o[1 4 (j — 1)A]"ajz7. When A = 1,
DY is the Salagean differential operator (see [7]) D" : A — A, n € N, defined as:

D°f(2) = f(2)
D'f(z) = Df(z)==zf"(z)
D"f(z) = D(D"'f(2))
Acu and Owa [2] considered the operator Df extending the Al-oboudi operator DY

and using this operator Acu [1] introduced and studied the classes T'Lg(«) and
T¢Lg(c).

Definition 1 [2] Let A€ R, >0, A >0 and f(z) = z+ Zajzj. We denote
j=2
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by Df the linear operator defined by Dﬁ tA— A,

Dﬁf —z—|—21+ j—1A ajzj.

Remark 1 If f € T, f(z :z—Za] ,aj20,j22,3,...,z€Athen
fo(z) =2z - Z[l + (G — DAPa;27.
=2

Definition 2 [1] Let f(z) € T with f(z) given by (2). Then for a € [0,1), A > 0,

G+1p
B >0, f(z) is in the class TLg(a) if Re Dﬁf(()) > o, and is in the class T°Lg(«)

In this paper, using the operator D? , we introduce the classes TS;‘(a, B) and
TV*(a, 3) and obtain coefficient characterization for these classes when the functions
have negative coefficients. This leads to extremal properties. We also obtain growth
and distortion theorems and convolution result for functions in these classes.

2. MAIN RESULTS
Definition 3 Let f €T, f(z —z—ZaJ 7, a; >0,7=2,3,..., z€ A.

We say that f(z) is in the class TS;}(a,B) if
p+1 G+1
e {Dkﬁ f(2) _a} MW
Dy f(z) Dy f(z)
We say that f(z) is in the class TV (a, B) if

D5+2f(z) D5+2f(z)
Re{ —4—4——= — A JE) L |
e{Df“f(@ = oy ) e 0s20

~1|, a€e[-1,1),A>0,8>0.

Dﬂ“f(Z)
DY f(2)

f(2) € TVMa, B) if and only if DB+71fEZ; = ga(z) where

Ga(z) =14 2(17:2 ) (log ig) maps A onto the parabolic region Q = {w : Re(w —

a) > |w — 1|} which lies inside the sector —m/4 < argw < /4.

Remark 2 f(z) € ng(a,ﬁ) if and only if ————= < qo(2) and
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Theorem 1 Let o € [-1,1), A >0, B > 0. The function f(z) € T of the form (1)
s in the class TSZ;\(a,ﬁ) if and only if

i[l—i—(j—1))\]5[2(j—1))\+1—04]aj <l-a (3)

j=2
and is in the class TV (a, B) if and only if

i NP2 — DA+ 1 —alaj < 1 —«a (4)

j=2
Proof. Let f € TS)(a,3) with a € [-1,1), A >0, # > 0. We have

Re {D§;1f<z> _ a} . ‘nglf(z) . 1|.
Dy f(2) Dy f(z)

If we take z € [0,1), B >0, A > 0, we have

1= 14 (j = DA a2l 1= 14 (j = DA a2l
—az1-—2L
1= 14 (G —DNPajzi~t 1= 14 G—DNPajzi~t
j=2 j=2

This yields
Z[l +(J — 1))\]6[2(.7 —DA+1- Oz]ajzi_l <1-—aq.
Letting z — 1~ along the real axis we have

o0

DI+ G -DN°2(G - DA+ 1—ala; <1—a.
7j=2

Conversely, let us take f(z) € T' for which the relation (3) hold.
If suffices to show that

‘Df“f(z) ) 1‘ e {Df“ﬂz)

. - A.
Dy (2) D) (2) 1}§1 “oEe
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We have
‘Df“f(?«*) . 1| . {Df“ﬂz) . 1} Py Q‘Df“foz) . 1|
DY f(2) DYf(2) ERRZYC)
_ |3 () ~ DY (2)
DYf(2)
23 (G = DAL+ (G = DA ayll= ]
< =
L= 311+ G = DAyl
j=2
2 (7= DAL+ (G — DAy
< =
1= "1+ G = DAPa|
j=2

This last expression is bounded above by 1 — « if

o0

Y+ G-DNR2G-DA+1-ala; <1-a.
7j=2

The proof of the second part of the theorem is similar and so is omitted.

Theorem 2 For -1 < a < 1, 8 > 0, A > 0, TS;‘(O%B) = TLg (HTQ) and
TV, B) = TLG (15%).

Proof. This result is a consequence of theorem 2.1 and in the necessary and sufficient
coefficient condition [1] for the classes T'Lg(a) and T°Lg(c).

Remark 3 When A\ =1 and 3 = 0, we have TSy (a, ) = T'Sp(cr) = T*(2) and
TVA(a, B) = TV(0) = C(152) [11]

The following inclusion result can be seen using the conditions (3) and (4).

Theorem 3 TSZ’)\(a,ﬁ +1)C TSZ;\(a,ﬁ), TVMa,B+1) C TVMa, B) where 3> 0,
€[-1,1) and A > 0.
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l—«o

_ () — o — J
Theorem 4 a) If fi(2) = z and fj(z) = z T (= PRG — T 1= a]z ,
then f € TS;‘(oc,ﬂ) if and only if it can be expressed in the form
f(z) = Z)\jfj(z), where A; > 0 and Z)\j =1.
=1 =1
1-« ,
b) If fi(z) = z and fij(z) = z — 2!, then

1+ —DNPHR2G - DA+ 1—q]
f € TVMa, B) if and only if it can be expressed in the form

[e.e] o)

f(z) = Z)\jfj(z), where A; > 0 and Z)\j =1.
=1 =1
Proof. Let f(z) = Z)\jfj(z), Aj>0,5=1,2,..., with Z)\j =
We have = =
F(2) =) Aifi(2)
j=1
> l1-a ;
:AM+Z;”<Z_u+u—¢nwmu—wx+1—ﬂg>

o0 > 11—« j
:Z)\jz—z)\j[1+(j_1))\]6[2(j—1))\+1—a]z

j=1 j=2
YL+ (- DAPRG — DA+ 1 -a

11—«
M+ G -DANPRG—DA+1—a]

=2

<l—a«

the condition (3) for f(z) = Z A;fj(z) is satisfied. Thus f(z) € TSy (a, 3).
j=1
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Conversely, we suppose that f(z) € TS;‘(a, B), f(z) = Z—Z a;z?, a; > 0 and we

j=2
L+ (G —DANPR2(G - DA +1- -
fake )y — LU Z DAPRG Z DA+ a]aj20,j=2,3,...,with)\1zl—ZAj
11—« .
Jj=2
so that f(z Z)‘fﬂ
Using the condltlon (3), we obtain
o0 o0 1
Aj = —DA2(— DA+ 1— i<—1—-a)=1
> a; (G~ DXP[26 ~ DA+ 1~ ala; < —=—(1 — )

so that 1 — Ay < 1 or Ay > 0. This completes our proof.
The proof of the second part of the theorem is similar.

Corollary 1 The extreme points of T'Sp(c, B) are fi(z) = z and
fi(z) = 2— [1+(j—1)/\];[;(0]{—1))\—4—1—04] 2,5 =2,3,... and the extreme points of TV (c, 3)
are fi(z) = z and

—_ e -
fi(2) = 2 = g rrRGaa 7 I = 23

We can obtain growth and distortion results as in the following corollary.

Corollary 2
a) If f € TS];\(a,ﬂ), a € [—1,1) then

e S @] < b S
1+XN2A+1—a) — - (1+NP2A+1-0q)
2(1 - a) ) 2(1-a) _
L dvmriza) SVEL s Y aopamriza” H=r
b) If f € TV, B), o € [—1,1) then
1—« 2 -« 2
Tarrmrioa)” SHEL s i
2(1— o) P< () < 14 2(1 - ) 2 = r

T A2+ 1 a) A+ NI A+l —a)

The results are best possible.
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3. HADAMARD PRrRODUCT

Definition 4 For two functions f(z),9(z) € T, f(z) = z — Zajz] j > 0,5 =
2,3,...) and
oo

g(z) = 2z — ijzj (bj > 0,5 =2,3,...), the modified Hadamard product f * g is
j=2
defined by

(f*9)(2) =2z =232, a;b;27.

Theorem 5 If f(z) =2z — Zajzj € TS;\(a,ﬁ) (a; >0,7=2,3,...) and g(2) € T
j=2
with g(2) :z—ijzj GTS;,‘(a,ﬁ), b; >0,j=2,3,...,€[-1,1), A\ >0,3>0
j=2
then f(z)x g(z) € TS;‘(a,B).
A similar result holds for TV (a, 3).

Proof. We have

WE

1+ G—-DN20 - DA+ 1 —ala; <1 -«

.
Il
—

D+ G-DNRG-DA+1-afpj<1-a
7=1

We know that f(z) —Z—Za]b 2

oo
From ¢(z) € T, by using theorem, we have Zjbj < 1 we notice that b; < 1,
j=2

Jj=2 Jj=2

This means that f(z) x g(2) € TS;‘(a,ﬁ), B>0,A>0and a € [-1,1).
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