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SUBORDINATION RESULTS AND INTEGRAL MEANS
FOR K-UNIFORLY STARLIKE FUNCTIONS
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ABSTRACT. In this paper, we introduce a generalized class of k—uniformly star-
like functions and obtain the subordination results and integral means inequalities .
Some interesting consequences of our results are also pointed out.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form
o0
f(z) =2+ Z anz" (1)
n=2

which are analytic and univalent in the open disc U = {z : |z| < 1}. For functions
[&.°]

f € Agiven by (1) and g € A given by g(2) = z+ > b,2", we define the Hadamard
n=2

product (or Convolution ) of f and g by

(Fra)() =2t anbas", z€ U )
n=2

For complex parameters o,...,oq and fq,...,0m (8 #0,—1,...;5=1,2,...,
m) the generalized hypergeometric function 1 F,(z) is defined by

o0

VN Y A
1Fn(2) = 1Fm(a, ..o 1,0, By 2) nz:%(gl)n...(ﬁm)n n! 3)

(<m+1;limeNy = NU{0};z€U)
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where N denotes the set of all positive integers and (\),, is the Pochhammer symbol
defined by

1, n=20
()\)n:{>\(>\+1)(>\+2)-~-()\+”—1)’ neN. (4)

The notation ; F}, is quite useful for representing many well-known functions such
as the exponential, the Binomial, the Bessel, the Laguerre polynomial and others;
for example see [6] and [23].

Let H(a,...005061,...,0m) : A — A be a linear operator defined by

[(H(a, .. 003 81,0, Bm))(N)(2) == 2 iFm(on, 02, 00581, B2 - Bms 2) * f(2)

= z4 Z Ty anz" (5)
n=2
where

(= DB)n-1-- Bmn-1

For notational simplicity, we can use a shorter notation H! [, 31] for H(ov,. .. oy
Bi,. .., Bm) in the sequel.

The linear operator H!, (a1, 31] is called Dziok-Srivastava operator (see [8]), in-
cludes (as its special cases) various other linear operators introduced and studied
by Bernardi [4], Carlson and Shaffer [7], Libera [15], Livingston [17], Owa [22],
Ruscheweyh [27] and Srivastava-Owa [23].

For 0 <y < 1 and k > 0, we let H!., (7, k) be the subclass of A consisting of
functions of the form (1) and satisfying the analytic criterion

e {z<Hﬁn[a1,m]f<z>>' _,Y} IRECATRE)

Hl a1, 1] f(2) H. [on, 511 (2) , zcU (7

where H! [a1,31]f(2) is given by (5). We further let TH!, (v, k) = H. (v, k) N T,
where

o
T = {feA:f(z):z—Z]an]z”, zeU} (8)
n=2
is a subclass of A introduced and studied by Silverman [29].
By suitably specializing the values of I, m, a1, a9, ..., 81,02, ..., 0m, 7 and k
in the class an (7, k), we obtain the various subclasses, we present some examples.

Example 1. If [ =2 and m =1 with a1 =1, ap = 1, 1 = 1 then

Hi(y. k) = S( k) = {f € A:Re {FE -} >k |FE —1], 2eU}.
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Further T'S(v,k) = S(v,k) N T, where T is given by (8). The class T'S(vy, k) =
UST(v,k). A function in UST (v, k) is called k—uniformly starlike of order v, 0 <
v < 1 was introduced in [5]. Note that the classes UST(v,0) and UST(0,0) were
first introduced in [29]. We also observe that UST(v,0) = T%(y) is well-known
subclass of starlike functions of order ~.

Example 2. Ifl=2and m =1 witha; =6+1(§ > —1), ap =1, #; = 1, then
2(D0 f(2)) 2(D% f(2))’
H3(v,k) = Rs(7,k) = {f € A:Re {H5LEN o} |20 _q) 2 e U},
where D? is called Ruscheweyh derivative of order § (6 > —1) defined by

DOf(z) = ﬁ w f(2) = HEO + 1, 1;1) f(2).

Also TR;(vy, k) = Rs(v, k) NT, where T is given by (8).
The class T Rs(7y,0) was studied in [26,28]. Earlier, this class was introduced and
studied by Ahuja in [1,2].

Example 3. If =2 and m =1 witha; =c+1(c> —-1),a =1, /1 =c+ 2,

then
> _ _ _ z(Jef(2)) 2(Jef(2)
Hl('y,k)_Bc('y,k)—{feA.Re < T f ) 'y)>k T f o) 1, ZEU},
where J, is a Bernardi operator [4] defined by
Jof(z) = c:;l /OZ tLf () dt = H (¢ + 1, 1; ¢+ 2) f(2).

Note that the operator J; was studied earlier by Libera [15] and Livingston [17].
Further, T B.(v, k) = Bc(v,k) NT, where T is given by (8).

Example 4. If | =2 and m = 1 with oy = a(a > 0), ag =1, f1 = c(c > 0),
then
z(L(a, ) f(2))’ 2(L(a, 0)f(2))" 1‘}
L(a,¢)f(2) L(a, ) f(2) ’

where z € U and L(a,c) is a well-known Carlson-Shaffer linear operator [7] defined
by

Mk = L2k = {F € A3 Re ( SR

L(a,c)f(z) := (Z (a)kzkﬂ> x f(z) = Hf(a, 1;0)f(2).

k=0 (C)k

The class L%(v, k) was introduced in [19] and also TLE(~y, k) = L%(y, k) N T, where
T is given by (8)was introduced and studied in [20, 21].
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Remark 1.1. Observe that, specializing the parameters [, m, a1, as, . .., qq, and
81,02, -, 0m, 7, k in the class Hﬁn(% k), we obtain various classes introduced and
studied by Goodman [10,11], Kanas et.al., [12, 13. 14], Ma and Minda [18], Rgnning
[24, 25] and others.

Now we state the results due to Aouf and Murugusundaramoorthy [3].

Theorem 1.1.A function f(z) of the form (1) is in H! (v, k) if

oo

S+ k)= (v+ k)T lan| <1 -7, (9)

n=2

where 0 < A < 1,0 <y < 1, k >0, I, is given by (6) and suppose that the
parameters aq,...,qp and B, ..., By are positive real numbers.

Theorem 1.2.Let 0 < v < 1, k > 0 and suppose that the parameters aq,...,qq
and B1,...,Bm are positive real numbers. Then a function f of the form (8) to be
in the class THL, (v, k) if and only if

[e.e]

S +k) = (v+k)Tn lan] <1 -7, (10)

n=2

where Ty, is given by (6).

Corollary 1.1. If f € TH. (v, k), then

-7
an| < , , 0<y<1,E>0, 11
jan] < m(l+k)—(v+ k)T, K (1)
where Ty, is given by (6) and suppose the parameters aq,...,oq and By, ..., By are
positive real numbers .
Equality holds for the function f(z) = z — M%z”.

Theorem 1.3.(Extreme Points) Let
fi(z) = z and fu(z)=2— 1=7 2", n>2
T B IR R CE R0

for0 < v < 1,0 < X< 1, k>0, suppose that the parameters ai,...,q; and
Bi,. .., Bm are positive real numbers and I',, is given by (6). Then f(z) is in the

class TH., (v, k) if and only if it can be expressed in the form f(z) = %% tn fn(2),
n=1

[e.°]
where pn, >0 and 3 p, = 1.
n=1
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Let H:!(v,k) denote the subclass of functions f in A whose Taylor-Maclaurin
coefficients a,, satisfy the condition (9). We note that Hz! (v, k) C H., (v, k).
To prove our results we need the following definitions and lemmas.

Definition 1.1. For analytic functions g and h with g(0) = h(0), g is said to be
subordinate to h, denoted by g < h, if there exists an analytic function w such that
w(0) =0, |w(z)| <1 and g(z) = h(w(z)), for all z € U.

Definition 1.2. A sequence {b,}>2; of complex numbers is said to be a sub-
o0

ordinating sequence if, whenever f(z) = > a,z", a; = 1 is regular, univalent and
n=1

convex in U, we have

i bpanz" < f(2), ze€U. (12)

n=1

In 1961, Wilf [34] proved the following subordinating factor sequence.

Lemma 1.1.The sequence {b,}>2, is a subordinating factor sequence if and only
if
oo
Re {1+2anz”}>o, zeU. (13)
n=1

Motivated by above results, in this paper, we obtain the subordination results
and integral means inequalities for the generalized class k— uniformly starlike func-
tions. Some interesting consequences of our results are also pointed out.

2.SUBORDINATION RESULTS

Theorem 2.1. Let f € TH. (v, k) and g(z) be any function in the usual class
of convex functions C, then

2+k—7)I

where 0 < v < 1; k> 0 with N N
..

and
1—74+(2+k—v)T9]

(24 k- ’

Re {f(2)} > — z e U. (16)
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The constant factor 2[1—(31?2:—25%1“2] in (14) cannot be replaced by a larger number.

o0
Proof. Let f € TH! (v, k) and suppose that g(z) = 24+ 3. ¢,2" € C. Then

n=2
(2+Fk—7)T
2[1 =y + (24 k — )T (F*9))
_ (2+k—7D
T+ (2Fk- 7F2<z+§:%%z>' 17)

Thus, by Definition 1.2, the subordination result holds true if

{ (2+k—) }Oo

2=+ Q+k—72] ),y

is a subordinating factor sequence, with a1 = 1. In view of Lemma 1.1, this is
equivalent to the following inequality

© (2+k’—’y>1—‘2
e {1+ a2z p >0, zeU. 18
{ 2=+ 2 k=T e
Since (”(Hk() (;’)”Lk))F" > (QJE’C 7))F2 > 0, for n > 2 we have
(24+k—v)T
Re {1 n
e{ Ty VPQZCLZ
(24 k=) (24 b = )Tz,
=Re {1+ Z+ o=
=7+ @+k=—7I] Q=9+ @+k—7T]
21_ (2+k—"y)F2 r
[1—~+(2+k—7)]
1
— >+ k) = (v + k) (1 + nX — A)|Thap|r"
[1=7+2+k—7T2] =
> (2+ k-7l 1—~

M7+ Ctk-—Ta] -7t Q@+tk—7)Ta
>0, |z2|=r<1,

where we have also made use of the assertion (9) of Theorem 1.1. This evidently
proves the inequality (18) and hence the subordination result (14) asserted by The-
orem 2.1. The inequality (16) follows from (14) by taking

g(z) = : :z—i—Zz"eC.

1—2 =
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Next we consider the function

1—7 2

F(z) ::Z_(2+k——7)I‘2z

where 0 <y < 1, k>0, and Ty is given by (15). Clearly F € TH' (v,k). For this
function ,(14)becomes

(2+k—7)F2 z
Ty LG

It is easily verified that

mn{re (=@ h—ra )} =3 2ev

(24+k—7)T2

This shows that the constant ST=y+(2Th—1)T3]

cannot be replaced by any larger one.

By taking different choices of I, m, a1, a0,..., a1, 81,02, ..., 0m, v and k in the
above theorem and in view of Examples 1 to 4 in Section 1, we state the following
corollaries for the subclasses defined in those examples.

Corollary 2.1.1If f € S*(v,k), then

24k —~
234+ k—1]

where 0 <y <1, , k>0, g€ C and

(fx9)(2) < g(2), (19)

3+k—2y

— U.
SR —— zZ €

Re{f(2)} >

The constant factor
24 k—~

2[3 + k — 29]

in (19) cannot be replaced by a larger one.

Remark 2.1. Corollary 2.1, yields the result obtained by Singh [32] when
vy=k=0.

Remark 2.2. Corollary 2.1, yields the results obtained by Frasin [9] for the
special values of v and k.

Let R3(7,k) denote the subclass of functions f in A we note that Rj(v,k) C
Rs (77 k)
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Corollary 2.2. If f € R5(v, k), then

G+D2+k—7)
A1 =)+ @+ D2+ k=)

where 0 <y <1, , k>0,0>-1, geC and

(A=) + O+ +k—7)]
O+DE2+k-7) ’

(fx9)(2) < g(2), (20)

ze U

Re{f(2)} > —

The constant factor

O+ D[2+E—7)]
200 =7+ 0+ 12+ k-7

in (20) cannot be replaced by a larger one.

Let B¥(v,k) denote the subclass of functions f in A we note that B}(vy,k) C
BC(’}/’ k)

Corollary 2.3. If f € BX(~,k), then

(c+1)2+k—7)
2[(c+2)(1 =)+ (c+ )2+ k—7)]

(f *9)(2) < g(2), (21)

where 0 <y <1, , k>0, c>—-1, ge C and

[(c+2)A =7+ (c+1)2+k—1)]
(c+1)(2+k—7) ’

Re{f(2)} > — zeU.

The constant factor

(c+1)(24+k—7)
2[(c+2)(1 =)+ (c+ 1)(2+ Kk —7)]

in (21) cannot be replaced by a larger one.

Let L:%(v, k) denote the subclass of functions f in A we note that L *(vy,k) C
Le(y k).

Corollary 2.4. If f € L*(v,k), then

a2+ k—7)
2[e(l =)+ a2+ k — )]

(f x9)(z) < 9(2), (22)
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where 0 <y <1, , k>0,a>0,c>0, geC and

[c(l=7) +a+k—7)]
a2+k—~)

Re{f(2)} > - , z€U.

The constant factor
a2+ k—7)
el =) + a2+ k)

in (22) cannot be replaced by a larger one.

3.INTEGRAL MEANS INEQUALITIES
In 1925, Littlewood [16] proved the following subordination theorem.

Lemma 3.1.1If the functions f and g are analytic in U with g < f, then for
n>0,and0<r <1,

27 27
/]g(re“’)]"da g/‘f(rew)’ndé. (23)
0 0

In [29], Silverman found that the function fa(z) = z — % is often extremal

over the family T. He applied this function to resolve his integral means inequality,
conjectured in [30] and settled in [31], that

2m 2
[lree| o < [ |rae)]"as,
0 0

forall f € T, n > 0 and 0 < r < 1. In [31], he also proved his conjecture for the
subclasses T*(y) and C(y) of T.

Applying Lemma 3.1, Theorem 1.2 and Theorem 1.3, we obtain integral means
inequalities for the functions in the family TH! (v, k). By taking appropriate choices
of the parameters I,m,aq,...,q;,01,...,0m, 7, k, we obtain the integral means
inequalities for several known as well as new subclasses.

Theorem 3.1.Suppose f € THL (v,k), n > 0,0 <~ <1, k>0 and fo(2) is
defined by

. L—~ 2
2o =2 = G T,
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where Ty is given by (15). Then for z =re?, 0 < r < 1, we have

27 2
[1seran < [ 1) a. (24)
0 0

o0
Proof. For f(z) =z — > |an|z"™, (24) is equivalent to proving that
n=2

2w
n
1 az”1d0</‘ G T
By Lemma 3.1, it suffices to show that
1— anlz"t<1— —— 1 2
n;’”’ (2+k—v)s
Setting
3 L) 25)
1-— anlz" t=1—- ——— 1 w(z2),
712::2|n| (2—|—k—~y)F2

and using (10), we obtain

&R0 -G ERIR a

wa)| = 7122 Oy,
<2 Z n(l+k)— (fz+k)]Fn|an|
< |Z|7

where I'), is given by (6). This completes the proof by Theorem 1.2.

In view of the Examples 1 to 4 in Section 1 and Theorem 3.1, we can state the
following corollaries without proof for the classes defined in those examples.

Corollary 3.1.If f € TS(v,k), 0 <~y <1, k >0 and n > 0, then the assertion
(24) holds true where

1=y
PO =
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Remark 3.1. Fixing & = 0, Corollary 3.1, leads the integral means inequality
for the class 7%(vy) obtained in [31].

Corollary 3.2.If f € TRs(,k), 6 > -1, 0 <~y <1, k>0 and n > 0, then the
assertion (24) holds true where
(1-7)

PO ek

Corollary 3.3.If f € TB.(v,k), ¢ > —1,0<~v <1, k>0 and n > 0, then the
assertion (24) holds true where
(1 =)(c+2)

PO ek

Corollary 3.4.If f € TL%(v,k),a>0,¢>0,0<vy<1, k>0 andn >0, then
the assertion (24) holds true where

_ c(l—7) 2
fo(z) =2 a[2+k7’y]z'
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