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THE UNIVALENCE OF A NEW INTEGRAL OPERATOR
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ABSTRACT. We derive some criteria for univalence of a new integral operator
for analytic functions in the open unit disk.

2000 Mathematics Subject Classification: 30C45.

Keywords and phrases: Integral operator, univalence, starlike.

1. INTRODUCTION

Let A be the class of the functions f(z) which are analytic in the open unit disk
U={2ze€C:|z|<1} and f(0) = f(0) —1=0.

We denote by S the subclass of A consisting of functions f(z) € A which are
univalent in U. Miller and Mocanu [4] have considered the integral operator M,
given by

z (e

My(z) = 1/(f(u))c1vu_1du , z€eU (1.1)

(07
0

for functions f(z) belonging to the class A and for some a be complex numbers,
a # 0. It is well known that M, (z) € S for f(z) € S* and a > 0, where S* denotes
the subclass of S consisting of all starlike functions f(z) in U.

In this paper, we introduce a new integral operator J, ,which is defined by

z v
Jyn(z) = }y/u"(f(u))i*“du , zeU (1.2)
0

for functions f(z) € A,n € N and for some complex numbers 7 , v # 0.
From (1.2), for n =1 and v = o we obtain the integral operator M,/(z).
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If % =1landne N —{0,1}, from (1.2) we obtain the integral operator

K(e) O]<f<u>>”du, w3

u

which is the case particular of the integral operator Kim-Merkes [2] ,for o = n.
From(1.2), for % = 1,n = 1 we obtain the integral operator Alexander define by

H(z) :/fiu)du (1.4)
0

If n =0, from (1.2) we obtain the integral operator define by

z ol
Gol2) = { = [ ()i (1.5)
7 0
In the present paper, we consider some sufficient conditions for the integral
operator J, , to be in the class S.

2. PRELIMINARY RESULTS
To discuss our problems for univalence of integral operator J,,, we need the
following lemmas.

Lemma 2.1 [7] Let « be a complex number with Re a > 0 and f(z) € A.If f(z)
satisfies

1o |2p(2)
<1 2.1
Re fl(z) | — (2.1)
for all z € U, then the function
; 1
Fuy(z) = oz/uo‘_lf'(u)du (2.2)

0
s in the class S.

Lemma 2.2 (Schwarz[3]) Let f(z) the function regular in the disk Ur = {z €
C: |z| < R} with |f(2)| < M, M fized. If f(z) has in z =0 one zero with multiply
> m, then

M
2[™,z € U (2.3)

7)< 2
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the equality (in the inequality (2.3) for z # 0) can hold only if

where 0 is constant.

Lemma 2.3 (Caratheodory [1], [5]) Let f be analytic function in U, with f(0) =

If f satisfies
Ref(z) <M (2.4)

for some M > 0, then

A=[DIf ) <2M 2], z€U (2.5)

2. MAIN RESULTS

Theorem 3.1. Let v be a complex number, a = Re% >0,n€ N and f(z) € A,
f(z) =2+ az* + ...

If
2a+1
2f'(2) 1’ L ot ) Py 51)
f(z) “ 21+ y[In —1)
for all z € U, then the integral operator J. , define by (1.2) is in the class S.
Proof. We observe that
z 1 v
1 1 —+n—1
T() = /u"lv 1<f(“))” du (3.2)
u
0

Let us consider the function

o(2) = / <f§t“)> " (3.3)
0

The function g is regular in U.
We define the function p(z) = %4 () » € U and we obtain

9'(2)
GG () e
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From (3.1) and (3.4) we have

2a+1

(2a+1) 2
2

Ip(2)| < (3.5)

for all z € U.
The function p satisfies the condition p(0) = 0 and applying Lemma 2.2 we
obtain

(2a + 1)
Qa a
) < CEE gy cew (36)
From (3.6) we get
a 2a
1— |2 29" (2)| _ (2a+ 1) (1 — || )
. - H (3.7)
g'(2) 2
for all z € U.
Because
1— |z 2] 2
maxq ——— 2| p = ———
|z]<1 a (2@ + 1)221—1
from (3.7) we obtain
1 — 2a "
a q'(2)
for all z € U. )
HONERA

- , by Lemma 2.1. we obtain that the

z

From (3.8) and because ¢'(z) = (
integral operator J, , is in the class S.

Corallary 3.2. Let v be a complex number, a = Re% >0 and
f(z) €A, f(2)=2z+a2®+ ...

If
. (0 +21)2'§i1

2f'(2)
f(2)
for all z € U, then the integral operator M. given by (1.1) is in the class S.

[l (3.9)

Proof. For n =1, from Theorem 3.1 we obtain that M, (z) is in the class S
Corollary 3.3. Let n € N —{0,1} and f € A, f(z) =z + a2 + ...
If

2f'(2) ‘ 3v3
f(2) T 2(1+[n—1]))

(3.10)
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for all z € U, then the integral operator K, define by (1.3) belongs to class S.
Proof. We take % =1 in Theorem 3.1 and we get K, € S.

Corollary 3.4. Let the function f(z) € A, f(2) =z +a22® + ...
If

zeU (3.11)

/

2f'(2) _1‘ < 3\/37

f(z) 2

then, the integral operator H define by (1.4) is in the class S.
Proof. In Theorem 3.1. we take % =1land n=1.

Corollary 3.5. Let v be a complex number a = Re% >0 and f €A,
f(2) =2+ asz® +az2® + ...

If
Zf/ (Z) _ 1‘ < (2@ + 1) 202‘;:1 ’7‘ (312)
f(2) 2 1+
for all z € U, then the integral operator G~ given by (1.5) is in the class S.
Proof. For n = 0, from Theorem 3.1 we have G, € S.
Theorem 3.6. Let v be a complexr number, Re% >0, f€A,
f(2) =2+a2®+ ..
If
o 2f 7| Re 2 1
Re ew<zf (z)1>}g Y 0<Re-<1 3.13
(5 AT+l 1) . (319)
" 7(2) b 1
Re ew(Z : —1>}§ " CRe->1 3.14
(5 Ty 1) M (319

for all z € U, 0 € [0,27] and n € N, then the integral operator J. , is in the class
S.

Proof. The integral operator J,,, is the form (3.2). We consider the function
g (z) which is the form (3.3). We have

oG (Fg) e

Let us consider the function

P (z) = e (Z}E’(S) — 1) , z€U, 0€]0,2n] (3.16)

and we observe that 1 (0) = 0.
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By (3.13) and Lemma 2.3. for Re% €(0,1)
we obtain

2/ [y Re L
C— ) A+ Pl —1])°

[ (2)] < 5 2€U, neN (3.17)

From (3.14) and Lemma 2.3, for Re% € [1,00) we have

12l
< U. N 3.18
LA sy A Ry 2V e (3.18)
From (3.15) and (3.17) we get
1 2Re
1_|Z|2Re; zg”(z) (1—‘Z| 7)‘2’ 1
< , 2z€U, Re—€(0,1 3.19
Rel | ¢() = 20D T

Because 1 — \z!zRE% <1—|z|? for Re% €(0,1), z € U, from (3.19) we have

1
1— 2Re = "
|Z| T v Zg (Z) S 1 (320)
Re 5 g (2)

for all z € U, Re§6(0,1).

2Re 1
For Re% € [1,00) we have 1_‘11% <1—|2|?, z € U and from (3.15) and (3.18)
Y

we obtain )
1— 2Re = 17
|Z| T v Zg (Z) S 1 (321)
Re - g (2)

for all z € U, Re% €[1,00).
Using (3.20) and (3.21) by Lemma 2.1. it results that J, , given by (1.2) is in
the class S.

Corollary 3.7. Let v be a complex number, Re% >0, feA,
f(z)=2+a2?+ ..

! Re {ew (Z}H(S) - 1)} < Miei, Re}y € (0,1) (3.22)
N Re {ew ZJ{,(S) - 1)} < %, Re}y € [1,00) (3.23)

190



Virgil Pescar - The univalence of a new integral operator

for all z € U and 6 € [0, 27|, then the integral operator M, define by (1.1) is in the
class S.

Proof. In Theorem 3.6. we take n = 1.
Corollary 3.8. Let n € N — {0} and f € A, f(2) = z+ agz® + ..If

el (e ) = v a2

for all z € U and 6 € [0,27], then the integral operator K, given by (1.3) is in the
class S.

Proof. For v = 1, from Theorem 3.6. we obtain Corollary 3.8.

Corollary 3.9. Let v be a complex number Re% >0and feA,
f(2) =2+ a2+ ...

it
S () MRes o 1
a { (f(z) 1>}§4(1+|vl)’ Re2 € (0.1) (3.25)
. () /S
R{ (f(Z) 1)}§4(1+hl)’ Re 2 €llco) (3.26)

then the integral operator G given by (1.5) is in the class S.
Proof. In Theorem 3.6. we take n = 0.
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