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HIGH ORDER ACCELERATIONS AND POLES UNDER THE
ONE-PARAMETER PLANAR HOMOTHETIC MOTIONS

Serdal Şahin, Salim Yüce

Abstract. In this paper, after presenting a summary of the one-parameter
planar homothetic motion on the complex plane given by Kuruoğlu [1], high ordered
velocities, accelerations and poles are analyzed under the one-parameter homothetic
motions on the complex plane.

Also, high ordered velocities and accelerations are presented by taking the angle
of the rotation instead of the parameter of the motion.

In the case of the homothetic rate h ≡ 1, some results, which were given by
Müller [2] are obtained.
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1.Introduction

Let E and E′ be moving and fixed complex planes and {O; e1, e2}, {O′; e′1, e
′
2}

be their coordinate systems, respectively. If the vector OO′ is represented by the
complex number u′, the motion defined by the transformation

x′ = u′ + hxeiϕ (1)

is called a one-parameter planar homothetic motion and denoted by H1 = E/E′,
where h is the homothetic scale and ϕ is the rotation angle of the motion H1, that
is the angle between the vectors e1 and e′1, and the complex numbers x = x1 + ix2,
x′ = x′1 + ix′2 represent the point X ∈ E with respect to the moving and the fixed
rectangular coordinate systems, respectively. The homothetic scale h = h (t), the
rotation angle ϕ = ϕ (t) , x, x′ and u′ are continuously differentiable functions of
a real parameter t.Furthermore, at the initial time t = 0 the coordinate systems
are coincident. To avoid the cases of the pure translation and the pure rotation we
assume that ϕ̇ = ϕ̇ (t) , h = h (t) 6= constant (see [1], [3], [4], for homothetic
motion.)
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Let the complex number u = u1 + iu2 represents the origin of the fixed point
system with respect to the moving system. Then, if we take X ′ = O′ we obtain
x′ = 0 and hx = u. Thus, we have from Eq. (1)

u′ = −ueiϕ. (2)

Let X be a moving point of E. Then, the velocity of X with respect to E is
known as relative velocity of the motion H1 and it is shown by Xr. This vector is
given with Xr = dx

dt = ẋ. This vector is expressed with the complex number

X ′
r = Xre

iϕ = ẋeiϕ (3)

in the fixed coordinate system.
If we differentiate Eq. (1) with respect to t , then we obtain the absolute velocity

of the motion H1 as X ′
a = u̇′ + ḣxeiϕ + hẋeiϕ + hiϕ̇xeiϕ or

X ′
a = u̇′ + (ḣ + hiϕ̇)xeiϕ + hẋeiϕ, (4)

where
X ′

f = u̇′ + (ḣ + hiϕ̇)xeiϕ (5)

is the sliding velocity of the motion H1.

Theorem 1. Let X be a moving point in E and, Xa, Xf and Xr be the absolute,
sliding and relative velocities of X, respectively under the one-parameter planar
homothetic motion H1 = E/E′. Then

Xa = Xf + hXr. (6)

The proof is obvious by using the definitions of velocities above, [1].�
Under the motion H1 with the homothetic scale h (t) 6= 0, ∀t ∈ I, using Eqs. (1)

and (5), we can rewrite

X ′
f = u̇′ +

(
ḣ

h
+ iϕ̇

)(
x′ − u′

)
. (7)

For a general planar homothetic motions, there is a point that does not move,
which means that its coordinates are the same in both reference coordinate systems
{O; e1, e2} and {O′; e′1, e

′
2} . This point is called the pole point or the instantaneous

rotation pole center. In this case, we obtain X ′
f = 0. From Eq. (7), for the pole

point p′ = p′1 + ip′2, we get

p′ = u′ − u̇′(
ḣ
h + iϕ̇

) . (8)
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Special case 1. In the case of h (t) ≡ 1, from Eq. (8) we get p′ = u′− u̇′

iϕ̇ which
was given by Müller [2].�

Let p′ be the instantaneous rotation pole center of the motion H1 and X be a
moving point of E. Then the pole ray P ′X ′ is given by

P ′X ′ = x′ − p′. (9)

Moreover, from Eqs. (7) and (8), we can rewrite

X ′
f =

(
ḣ

h
+ iϕ̇

)(
x′ − p′

)
. (10)

Then, from Eq. (10), we get

‖X ′
f‖ =

√√√√( ḣ2

h2
+ iϕ̇2

)
〈(x′ − p′) , (x′ − p′)〉 =

√
ḣ2

h2
+ iϕ̇2 ‖ P ′X ′ ‖ .

Special case 2. In the case of h (t) ≡ 1, we obtain ‖ X ′
f ‖=| ϕ̇ |‖ P ′X ′ ‖ .

which was given by Müller [2].�
During the motion H1, locus of pole points (which are fixed in both planes at all

t) are called the moving and fixed pole curves in E and E′ and denoted by (P ) and
(P ′) , respectively. Due to, the pole point defined with X ′

f = 0 and from Eqs. (3),
(4), (5) for X = P , we get

X ′
a = hX ′

r = hṗeiϕ. (11)

Let ds and ds′ be the arc elements of the moving and fixed pole curves, respectively.
Then, we can write ds =‖ X ′

r ‖ dt and ds′ =‖ X ′
a ‖ dt. Hence, using Eq. (11) and

the latter equations we obtainds′ =| h | ds. So, during the motion H1, the velocities
of (P ) and (P ′) are different at each time t and the pole curves slide and roll upon
each other.
Special case 3. In the case of the homothetic scale h (t) ≡ 1, we get ds = ds′. The
pole curves only roll upon each other without sliding, [2].�

Now, let us find the acceleration vectors of the motion H1, on the complex plane:
If we differentiate the relative velocity Xr with respect to t, we obtain the relative
acceleration vector asbr = Ẋr = ẍ. This vector is expressed with

b′r = bre
iϕ = ẍeiϕ (12)

in the fixed coordinate system. During the motion H1, if we differentiate the absolute
velocity vector X ′

a with respect to t, then we get the absolute acceleration vector b′a
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as follows:

b′a = Ẋ ′
a = (x − p)

[
ḧ − hϕ̇2 + i

(
hϕ̈ + 2ḣϕ̇

)]
eiϕ − ṗ

(
ḣ + ihϕ̇

)
eiϕ

+ 2ẋ
(
ḣ + ihϕ̇

)
eiϕ + hẍeiϕ, (13)

where

b′f = Ẋ ′
f = (x − p)

[
ḧ − hϕ̇2 + i

(
hϕ̈ + 2ḣϕ̇

)]
eiϕ − ṗ

(
ḣ + ihϕ̇

)
eiϕ (14)

and
b′c = 2ẋ

(
ḣ + ihϕ̇

)
eiϕ (15)

are called the sliding acceleration vector and the coriolis acceleration vector, respec-
tively. Thus, for the acceleration vectors of the motion H1, we can give the following
theorem:
Theorem 2. Let X be a moving point in E. Then,

b′a = b′f + b′c + hb′r. (16)

during the one-parameter planar homothetic motion H1 = E/E′, [1]. �
Under the motion H1, the acceleration pole is characterized by vanishing the sliding
bf . Therefore, if we take bf = 0, then for the acceleration pole point of the motion
H1, we get

x = p +
ṗ
(
ḣ + ihϕ̇

)
ḧ − hϕ̇2 +

(
2ḣϕ̇ + hϕ̈

) . (17)

Special case 4. In the case of the homothetic scale h (t) ≡ 1, we get

x = p +
ϕ̇ṗ
(
ϕ̈ − iϕ̇2

)
ϕ̈2 + ϕ̇4

which is the acceleration pole point of the motion H1, given by Müller [2].

2. High order accelerations and poles under the one-parameter
homothetic motions on the complex plane

Let H1 = E/E′ be the one-parameter planar motion of E according to E′ and
X ∈ E be a fixed point. We assume that the homothetic scale h (t) 6= 0 at each time
t.

2.1 The high order accelerations
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Under the motion H1, with the homothetic scale h (t) 6= 0, ∀t ∈ I, the absolute
velocity and the sliding velocity is equal to each other and this velocity is given as

ẋ′ = u̇′ +

(
ḣ

h
+ iϕ̇

)(
x′ − u′

)
. (18)

If we differentiate Eq. (18) with respect to t, then we obtain the velocity (absolute
velocity or sliding velocity) of second order such as

ẍ′ = ü′ +

[(
ḧ

h
− ḣ2

h2
+ iϕ̇

)
+

(
ḣ

h
+ iϕ̇

)(
ḣ

h
+ iϕ̇

)](
x′ − u′

)
. (19)

Let (x′ − u′)’s coefficient from Eq. (18) be Φ′
1 =

(
ḣ
h + iϕ̇

)
6= 0 and (x′ − u′)’s

coefficient from Eq. (19) beΦ′
2 =

[(
ḧ
h − ḣ2

h2 + iϕ̇
)

+
(

ḣ
h + iϕ̇

)(
ḣ
h + iϕ̇

)]
6= 0. Thus,

we obtain Φ′
2 in terms of Φ′

1 as Φ′
2 = Φ̇′

1 + Φ′
1Φ

′
1.Hence, from Eqs. (18) and (19),

we can rewrite
ẋ′ = u̇′ + Φ′

1

(
x′ − u′

)
(20)

and
ẍ′ = ü′ + Φ′

2

(
x′ − u′

)
. (21)

If we differentiate Eq. (21) with respect to t, then we obtain the velocity of the third
order (or the acceleration of the second order) such as

x′ = u′ + Φ̇′
2

(
x′ − u′

)
+ Φ′

2

(
ẋ′ − u̇′

)
.

From Eq. (20) and the latter equation, we have

x′ = u′ +
(
Φ̇′

2 + Φ′
2Φ

′
1

) (
x′ − u′

)
or

x′ = u′ + Φ′
3

(
x′ − u′

)
, (22)

where Φ′
3 = Φ̇′

2 + Φ′
2Φ

′
1 6= 0. If we differentiate Eq. (22) with respect to t, then we

obtain the velocity of the fourth order (or the acceleration of the third order) such
as

(4)

x′ =
(4)

u′ + Φ̇′
3

(
x′ − u′

)
+ Φ′

3

(
ẋ′ − u̇′

)
.

Using Eq. (20) and the latter equation, we get

(4)

x′ =
(4)

u′ +
(
Φ̇′

3 + Φ′
3Φ

′
1

) (
x′ − u′

)
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or
(4)

x′ =
(4)

u′ + Φ′
4

(
x′ − u′

)
. (23)

where Φ′
4 = Φ̇′

3 + Φ′
3Φ

′
1 6= 0.

If we continue with consecutive differentiations, we obtain the high order veloci-
ties and accelerations. Then the velocity from n th order and the acceleration from
(n − 1)th order is equal to each other. We can give the following theorem for n th
order velocities (or (n − 1)th order accelerations):

Theorem 3. During the one-parameter planar homothetic motion H1 = E/E′

on the complex plane, we assume that h (t) 6= 0 for each t,

Φ′
1 =

(
ḣ

h
+ iϕ̇

)
, Φ′

0 = 1,
(0)

x′ = x′

and
Φ′

n = Φ̇′
n−1 + Φ′

n−1Φ
′
1 6= 0. (24)

Then, the n th order velocities (or (n − 1)th order accelerations) is

(n)

x′ =
(n)

u′ + Φ′
n

(
x′ − u′

)
. (25)

Special case 5. In the case of the homothetic scale h (t) ≡ 1, we get the results
which was given by Müller [2], [5].

2.2 The High Order Poles

Under the motion H1 with the homothetic scale h (t) 6= 0, ∀t ∈ I, from Eq. (20),
we get the first order pole point as

x′ = p′1 = u′ − u̇′

Φ′
1

.

From Eq. (21), we get the second order pole point as

x′ = p′2 = u′ − ü′

Φ′
2

.

Similarly, using Eq. (25) we obtain the (n − 1)th order acceleration pole as

x′ = p′n = u′ −

(n)

u′

Φ′
n

. (26)
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Now, let us write
(n)

x′ , in terms of p′n:
From Eq. (26) we have

(n)

u′ = Φ′
n

(
u′ − p′n

)
.

Using Eq. (25) and the latter equation, we can rewrite

(n)

x′ = Φ′
n

(
x′ − p′n

)
. (27)

Special case 6. In the case of the homothetic scale h (t) ≡ 1 and n = 1, we get

p′1 = u′ − u̇′

iϕ̇
= u′ + i

u̇′

ϕ̇

which was given by Müller [2].
Special case 7. In the case of h (t) 6=constant and n = 1, we get for the first

order pole point p′1 as

p′1 =
u̇ḣ + uhϕ̇2 + i

(
uḣϕ̇ − u̇hϕ̇

)
ḣ2 + h2ϕ̇2

which was given by Kuruoğlu [1].

2.2 Rotation Angle As a Parameter

During the one-parameter planar homothetic motion H1 = E/E′, if we choose
the rotation angle ϕ of the motion H1 as parameter t, then we get as

Φ′
n =

n−1∑
k=0

(
n
k

) (n−k)

h

h
(i)k + in (28)

and
(n)

x′ =

n−1∑
k=0

(
n
k

) (n−k)

h

h
(i)k + in

(x′ − u′
)
. (29)

Also, from Eq. (29), we obtain the n th p′n as

p′n = x′ +

− n−1∑
k=0

(
n
k

) (n−k)

h

h
(i)k + in


−1

(n)

x′ . (30)
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The expression − n−1∑
k=0

(
n
k

) (n−k)

h

h
(i)k + in


−1

in Eq. (30) is a complex number such as z = a + ib. This complex number rotates
(n)

x′ as arg(z) and translates it as module z. So we may give the following theorem:

Theorem 4. Let H1 = E/E′ be a one-parameter planar motion of E according
to E′, and X ∈ E be a fixed point. If we choose the rotation angle ϕ of the motion

H1 as a parameter, then the sum of the vector which is the multiple
(n)

x′ by a complex
number z and the vector x′ is the (n − 1)th order acceleration pole p′n .
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