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OPERATOR ON HILBERT SPACE AND ITS APPLICATION TO
CERTAIN UNIVALENT FUNCTIONS WITH A FIXED POINT

Sh. Najafzadeh and A. Ebadian

Abstract. By making use of the operators on Hilbert space, the authors in-
troduce a new class of univalent functions with a fixed point. Coefficient estimate,
distortion bounds and extreme points are obtained. Also the effect of a operator on
functions in this class is investigated.
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1. Introduction and Motivation

Let w be a fixed point and Sw denote the class of functions f(z) of the form

f(z) =
A

z − w
+

+∞∑
n=1

αn(z − w)n, (1)

where A is the Residue of f(z) in z = w, 0 < A ≤ 1.
Let Nw denoted the subclass of Sw consisting of functions in the form

f(z) =
A

z − w
−

+∞∑
n=1

αn(z − w)n. (2)

For the function f(z) ∈ Nw, we consider the operator Ik as follow:

I0f(z) = f(z),

I1f(z) = (z − w)f ′(z) +
2A

z − w
,

and for k ≥ 2 ,

Ikf(z) = (z − w)(Ik−1f(z))′ +
2A

z − w

=
A

z − w
−

+∞∑
n=1

nkαn(z − w)n. (3)
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For more information about the operator Ik see [3,4].
Definition 1. The function f ∈ Nw is said to be a member of the class Nk

w(β, γ, θ)
if it satisfies ∣∣∣∣(z − w)3[Ikf(z)]′′ + (z − w)[Ikf(z)]′ −A

2(z − w)[Ikf(z)]− β(1 + θ)A

∣∣∣∣ < γ, (4)

where β, γ, θ belong to [0, 1).
Let H be a Hilbert space on the C and T be a linear operator on H. Also f(T ) be
the operator on H defined by Riesz-Dunford integral [1]

2πif(T ) =
∫

c
f(z)(zI − T )−1dz, (5)

where c is a positively oriented simple closed rectifiable contour lying in ∆ = {z :
|z| < 1} and containing the spectrum of T in its interior domain and I is the identity
operator on H. see [2].
Definition 2. A function f(z) given by (2) is in the class Nk

w(β, γ, θ, T ) if for all
operator T with ‖T‖ < 1 and T 6= 0 it satisfy the inequality

‖T 3[Ikf(T )]′′ + T 2[Ikf(T )]′ −A‖ < γ‖ − 2TIkf(T )− β(1 + θ)A‖, (6)

where β, γ, θ are in [0, 1).
The operators on Hilbert space were considered recently by Ghanim and Darus [5],
Joshi [6], and Xiaopei [7].

2. Main results

In this section we obtain coefficient bounds and distortion property for a function
f ∈ Nk

w(β, γ, θ, T ).
Theorem 2.1. A function f(z) given by (4) is in the class Nk

w(β, γ, θ, T ) for all
T 6= 0 if and only if

+∞∑
n=1

(n2 + 2γ)
Aγ(2− β(1 + θ))

an ≤ 1. (7)

The result is sharp for the function F (z) given by

F (z) =
A

z − w
− Aγ(2− β(1 + θ))

(n2 + 2γ)
(z − w)n , n ≥ 1 (8)

Proof. Suppose that (7) holds, we have

‖T 3f ′′(T ) + T 2f ′(T )−A‖ − γ‖2Tf(T )− β(1 + θ)A‖ =
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‖ −
+∞∑
n=1

n2nkanTn+1‖ − γ‖A(2− β(1 + θ))−
+∞∑
n=1

2nkanTn+1‖

≤
+∞∑
n=1

(n2 + 2γ)an − γA(2− β(1 + θ)) ≤ 0.

Hence f is in the class Nk
w(β, γ, θ, T ).

Conversely, suppose that

‖T 3f ′′(T ) + T 2f ′(T )−A‖ < γ‖2Tf(T )− β(1 + θ)A‖,

so

‖ −
+∞∑
n=1

n2nkanTn+1‖ <

γ‖A(2− β(1 + θ))−
+∞∑
n=1

2nkanTn+1‖.

Setting T = qI (0 < q < 1) in the above inequality, we get∑+∞
n=1 n2nkanqn+1

A(2− β(1 + θ))−
∑+∞

n=1 2nkanqn+1
< γ. (9)

Upon clearing denominator in (9) and letting q → 1, we obtain

+∞∑
n=1

n2nkan < Aγ(2− β(1 + θ))−
+∞∑
n=1

2γnkan,

or
+∞∑
n=1

(n2 + 2γ)an ≤ Aγ(2− β(1 + θ)),

which completes the proof.

Corollary: If f(z) given by (4) be in the class Nk
w(β, γ, θ, T ) Then

an ≤
Aγ(2− β(1 + θ))

n2 + 2γ
, n ∈ N. (10)

Theorem 2.2. If f(z) of the form (4) be in the class Nk
w(β, γ, θ, T ), ‖T‖ < 1 and

‖T‖ 6= 0. Then

‖A

T
‖ − Aγ(2− β(1 + θ))

n2 + 2γ
‖T‖n ≤ ‖f(T )‖ ≤ ‖A

T
‖+

Aγ(2− β(1 + θ))
n2 + 2γ

‖T‖n. (11)
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The result is sharp for the function F (z) given by (8).

Proof. According to the Theorem 2.1, we get

+∞∑
n=1

an ≤
Aγ(2− β(1 + θ))

n2 + 2γ
.

So we have

‖f(T )‖ ≥ ‖A

T
‖ − ‖T‖n

+∞∑
n=1

an

≥ ‖A

T
‖ − Aγ(2− β(1 + θ))

n2 + 2γ
‖T‖n

and

‖f(T )‖ ≤ ‖A

T
‖+ ‖T‖n

+∞∑
n=1

an

≤ ‖A

T
‖+

Aγ(2− β(1 + θ))
n2 + 2γ

‖T‖2.

Hence the proof is complete.

3. Extreme points and operators

In this section we discuss about extreme points of Nk
w(β, γ, θ, T ) and effect of oper-

ator on functions in this class.
Theorem 3.1. Let f0(z) = A

z−w and

fn(z) =
A

z − w
− Aγ(2− β(1 + θ))

n2 + 2γ
(z − w)n , n ≥ 1.

Then f(z) ∈ Nk
w(β, γ, θ, T ) if and only if it can be expressed by

f(z) =
+∞∑
n=0

tnfn(z),

where tn ≥ 0 and
∑+∞

n=0 tn = 1.

Proof. Let

f(z) =
+∞∑
n=0

tnfn(z)
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=
A

z − w
+

+∞∑
n=1

tn
Aγ(2− β(1 + θ))

n2 + 2γ
(z − w)n.

Since

+∞∑
n=1

n2 + 2γ

Aγ(2− β(1 + θ))
× Aγ(2− β(1 + θ))

n2 + 2γ
tn =

+∞∑
n=1

tn = 1− t0 ≤ 1,

so by Theorem 2.1 we get f(z) ∈ Nk
w(β, γ, θ, T ).

Conversely, suppose that f(z) ∈ Nk
w(β, γ, θ, T ). Then by (10) we have

an ≤
Aγ(2− β(1 + θ))

n2 + 2γ
.

Setting

tn =
n2 + 2γ

Aγ(2− β(1 + θ))
an,

and

t0 = 1−
+∞∑
n=1

tn,

we conclude the required result.
Theorem 3.2. If f(z) ∈ Nk

w(β, γ, θ, T ), then the function Fc(z) defined by

Fc(z) = c

∫ 1

0
[νcf(zν + w(1− ν))]dν, c ≥ 1,

is also in the same class.

Proof. Since f(z) ∈ Nk
w(β, γ, θ, T ) is of the form (4), so

Fc(z) = c

∫ 1

0

{
νc

[
A

ν(z − w)
−

+∞∑
n=1

an[ν(z − w)]n
]}

dν

=
A

z − w
−

+∞∑
n=1

c

c + n + 1
an(z − w)n.

Since c
c+n+1 < 1, by using Theorem 2.1 we conclude that

Fc(z) ∈ Nk
w(β, γ, θ, T ).
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