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ON SOME FENG QI TYPE Q- INTEGRAL INEQUALITIES
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ABSTRACT. In this paper are given several Feng Qi type g-integral inequalities,
by using elementary analytic methods in Quantum Calculus.
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1. INTRODUCTION

In [7] the following problem was posed: Under what conditions does the inequal-

ity
[t [ ww)” (1.1

holds for ¢ > 17 In [1] has been proved the following: Let [a, b] be a closed interval
of R and let p > 1 be a real number. For any real continuous function f on [a,b],
differentiable on ]a, b[, such that f(a) > 0, and f’(z) > p for all x €]a,b[, we have
that

/a P > (b_i)H[ / b f(x)dx]p“. (1.2)

In [2] has obtained the g-analogue of the previous result as follows. Let p > 1 be
a real number and f a function defined on [a, b], (see below for the definitions and
notation), such that f(a) > 0, and D, f(z) > p for all € (a,b],. Then

]pﬂ (1.3)

/ab[f(x)]erqux > (b—}z)’“ [/abf(q:p)dqx

The aim of this paper is to extend this result. This paper will also provide some
more sufficient conditions such that inequalities presented in [6] are valid.
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2. NOTATIONS AND PRELIMINARIES

For the convenience of the reader, we provide a summary of notations and defi-
nitions used in this paper. For details, one may refer to [3] and [5].
Let ¢ € (0,1). The g-analog of the derivative of a function f, denoted by D, f is

Biven by £(@) - Flaa)
_ f(x) = f(qx

If f'(0) exists, then D, f(0) = f/(0). As ¢ tends to 17, the g-derivative reduces to
the usual derivative.
The g-Jackson integral from 0 to a € R is defined by (see [4])

,x # 0. (2.4)

| r@ae = 1= 00 Y flea)a (2
n=0
The g-Jackson integral on a general interval [a, b] may be defined by (see [5])

/ab f(x)dgx = /Ob f(x)dgr — /Oaf(a:)dqx. (2.6)

For any function f one has

D, [ #tdit) = 1o (2.7)
For b > 0 and a = b¢", n € N denote
la,b]y = {bqk :0<k<n} (a,bly = [q_la,b]q.

3. MAIN RESULTS
In order to prove our main results we need the following Lemma from [2].
Lemma 3.1 Letp > 1 and g be a non-negative monotonic function on [a,bly. Then
pg" ! (qz)Dyg(x) < Dqlg?(2)] < pg"~" (2)Dyg(z), x € (a,bl,. (3.8)

Theorem 3.2 If f is a non-negative increasing function on [a,bl, and satisfies

R e == ST L C I

fora>1and B > 2, then

/ab[f(x)]adqx 2 (b_a)12ﬁ—a—1 {/ab f(x)dqa?}ﬁ. (3.10)
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Proof. For z € [a,bl,, let

P = [ 101t - e[ [ 100

and h(z) = [ f(t)dgt. By virtue of Lemma 3.1, it follows that

DyF(@) = 1*(2) = = myzamr Dalh (@)
o B _
> (@)~ gt (@) Deh(a)
. 8 .
> 1) = et @ @)
— f(@)Fi(),
where Fi(z) = f*(z) — (b_a)gﬁalhﬂl(x).
By Lemma 3.1 we have
DyFy(w) = Dy(f*" @) = Gy Dl (2)
> (o= D gDy (o)~ 0 ) ),

Since f is a non-negative and increasing function, then

hx) = / ")yt < Flo) - a),

hence
a—2 /8(/8 B 1)
DyFi(z) > (o — 1) f* “(qz) Dy f(x) — (b=t
which means that D,Fy(x) > 0. Since Fi(a) = f*(a) > 0, we obtain Fj(z) > 0.
Since F'(a) = 0 and D,F(x) > 0 it follows that F'(z) > 0, for all « € [a, b],, which
completes the proof. O

(¢ —a)72 7 (x)

Theorem 3.3 If f is a non-negative and increasing function on [bg™,bly, m € N
and satisfies

BB—-1)

(0 =)Dof(2) 2 (= ggmamt " (- a)’ 2. Aot (g a) (3.11)
on [a,bly for « > 1 and > 2, then
b b
[ 1e@rae > g | [ a0l (3.12)
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Proof. For z € [a,b], let

Py = [ 1OFdt - G—zmamr | [ Ham0d]

and h(x f f(g™t)d,t. Utilizing Lemma 3.1 gives that
DyF(@) = 1*(2) = =y Dalh (@)
> 12(0) ~ Gt @D
> °(0) - G @)
= f(x)F1(x),
where Fy(z) = f* () — (b_a)ﬁw_a_lhﬁ_l(m). By Lemma 3.1, we obtain that
DyFi(w) = Dolf*(@)] = gz Dal 1 (2)

> (= 1)f*"2(qw) Dy f (z) - mhﬁ‘%ﬂq%

Since f is a non-negative and increasing function, then

= [ 1@ < @) - o),

hence

B(B—1)
(b _ a)QB—a—l
= 1) [(a = VD)~ 2 - ) 2 }

which means that D, Fy(x) > 0. Since Fy(a) = f* *(a) > 0, we obtain Fy(z) >0

DyFi(z) = (o = 1) f*7*(qu) Dy F () — (& —a)? 277 (")

Since F(a) = 0 and DyF(xz) > 0 it follows that F'(z) > 0, for all € [a,b]y, as
claimed. a

Corollary 3.4 If f is a non-negative increasing function on [a,b], and satisfies

17 (qz) Dy f(z) > (b_a)%fp(w)(x — a)~! (3.13)

/a )y (o) > (b_z)w [ / bf(x)dq(@}p“. (3.14)
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Proof. In Theorem 3.2 put a =p+2,8=p+ 1. O

At the end of the notes we pose the following problem. Under what conditions

does the inequality
b 1 b B
/a [f(z)]* < m [/ xﬁf(x)dq:c}

a

holds foraa > 1,3 > 17
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