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ON CONVEXITY OF CERTAIN INTEGRAL OPERATOR

D. O. MAKINDE AND T. O. OrooOLA

ABSTRACT. In th1s paper,we obtain the convexity property of the integral oper-
ator [; e (fz(s )ads.
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1. INTRODUCTION
Let H(U) be the set of functions which are regular in the unit disc,
U = {z€C:]z|<1}
A = {f€H(u): f(0)=f(0) =0}
S = {feA:fisunivalent in U, f(0) = f(0) =0}

where f is the function of the form:

f(z):z+§:akzk,n€N (1)
k=2
Furthermore, let
St = {feS:Re(i{éi?) >0,26U} (2)
S¢ = {fGS:Re(l—FZJJ:;ij))>0,Z€U} (3)

2. PRELIMINARIES

Lemma 2.1 [1]:Let M and N be analytic in U with M (0) = N(0) = 0. If N(z) maps

onto a many sheeted regzon which is starlike with respect to the origin and Re{ AA/,[, ((j)} >

0inU, thenRe{N }>OmU
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Lemma 2.2 [2]: Let f, € Tp,,,(: = 1,2, ...,k; k € N*) be defined by
filz)=z+ Z al 2" (4)
n=2

forall i=1,2,...k;a,p € C;R{} >~ and v = Elew(M >1,0< u; <

laf

Lke N*). If |fi(z)| < M(z € U),i = 1,2, ...,k then, the integral operator

z k . 1 1
Fas(s) =5 [ I dany? )
=1

is univalent

Lemma 2.3 [2]: Let h be convex in u and Re{Bh(z)+~} >0,z € U. If p € H(u)
whereH (u) is the class of functions which are analytic in the unit disk, with p(0) =
h(0) and psatisfies the Briot-Bougquet differential subordinations:

p(z) + ﬁ;f();()?v < h(z),z € U. Then, p(z) < h(z),z € U.
In [3],S. Kanas and F. Ronning introduced the following classes of functions for a

fixed point w in U:

Alw) = {feH(U): f(w)= f'(w) - 1=0}
S(w) = {fe€Aw): fisunivalent in U}

2f'(z)
f(z)

The class of S and S* are called univalent and and starlike functions respec-
tively. Let @ € R and w be a fixed point in U . For f € S(w), we define

J(a, fyw;z) ={(1 — a)(z_}u(i);;/(z) +(1+ %), fis w — a — convex function

if %f;f"),z € U and ReJ(a, f,w;z) > 0,z € U. Let this class of functions be de-

noted by Mq(w).Let D(w) = {z € U : Re(%) < 1, and Re((z_zg)%) > 0} with

D(0) =U and s(w) ={f: D(w) — C} N S(w),w is a fixed point in U

S* = {feS:Re(

)>0,z€U}

3. THE MAIN RESULTS

We now give the proof of the following results:
Theorem 3.1: Let F,(z) be the function in U defined by:

zZ k (s 1
Fo(2) :/0 H(f’i))ads,a €C. (6)
=1
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If fi € S* then, F(z) € S* wheref; is as equation (5) above.
k
Proof: By differentiating (6), we obtain: F’(z)=[] (@)é Thus,

=1

(7)
F(z s
( ) fo ] (fzg)) dS
Let
M = 2F'(2), N(2) = F(2) ®)
From (7) and (8) we have: ]\]\/,[:(( )) =1+ Z;Z()
i), T
N'(z) (e
ME) DTS oLl rlrﬁ;”zz> —1
N'(z) T m (FEh)z|
By hypothesis f; € S , this means that: \Z]J:zz) — 1] < 1 which implies that: ]\J\{:(z) -

1| < 1. Thus, Re{352) N, } > 0 and by lemma 2.1 Re{ N(Z)} > 0. This implies that

Re {ZF(Z }>0. HenceFES*
Remark The integral in (6) is equivalent to that in (5) of section 2 with 3 = 1.
Let s={f:U — C}NS. Let F(z) € U be defined by

[P fis)
)= [ T vas )

Theorem 3.2: Let z € U,a € C, Reax > 0 and mqy = MyNs. If F € mg, then F €
S*that is m, C S*

Proof: From (7)above, we have: %F,(Z) # 0 and for F' € m,, we have:
_ 2P'(2) 2F(2)
ReJ(a, f;z) = Re{(1 — «) FC) a(l+ F o) )} (10)
for p(z) Z?ES), Zﬁég) =1+ ZI{T,((ZZ)) (z) This implies that
2F(z) _ 2p'(2)
1+ = + p(z 11
Pl pe) P (1)
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using (9) and (11) in (10), we obtain:

Red(a £32) = Re((1 = appz) + a2 ) 4 p() (12)

Simplifying (12), we obtain:

ReJ(a, f;2) = Re{p(z) + a(zﬁ( )} (13)

p(0)+ a,;;()g()o) = 1 and p(0) = h(0) = 1. Thus, using lemma 2.3 with 5 =1 and 7 = 0,

we have p(z) + %})’z) < h(z) = $£2. This implies that p(z) < h(z)

That is Re{p(z)} > 0. Thus, Re{ zgég)} > 0. Hence, F € S*.
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