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ABSTRACT. In this paper, we introduce several new k—uniformly classes of
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1. INTRODUCTION

Let A denote the class of functions of the form
f(2) :z—i—Zanz” (1.1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. If f and g are analytic
in U, we say that f is subordinate to g, written f < g or f(z) < g(2), if there exists a
Schwarz function w, analytic in U with w (0) = 0 and |w (z)| < 1 (2 € U), such that
f(z) = g(w(z)) (z € U). In particular, if the function g is univalent in U, the above
subordination is equivalent to f(0) = ¢(0) and f(U) C ¢g(U) (see [15] and [16]).
For 0 <+, < 1, we denote by S* (v), C(v), K (v,0) and K* (v, 3) the subclasses
of A consisting of all analytic functions which are, respectively, starlike of order ~,
convex of order =, close-to-convex of order v, and type § and quasi-convex of order
v, and type G in U.
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Now, we introduce the subclasses US* (k;~), UC (k;v), UK (k;~,3) and
UK* (k;~, 3) of the class A for 0 <~,3 < 1, and k > 0, which are defined by

. NEon )
USs (k,w)—{fEA.%<f(z) 7>>kz D) 1}, (1.2)

UC(k;y):{feAzéR<1+zf (ZZ)_7> >k

)
UK (k;v,8) =4 feA:3gecUS (kB),R Zf/(z)—fy >k 1
o T g(2) 9(z) ’
(1.4
(25 ) (2/'()
UK* (k;v,0) = feA:FgeUC (k;v),R| ——~F——7| >k ; -1
g (2) g (2)
(1.5)
We note that
US* (0;7) = 8" (k;7), UC(0;7) =C (7),
K(0;7,8) = K (v,8), UK*(0;7,8) = K* (v,8) (0<v,8<1).
Corresponding to a conic domain €y, , defined by
Qkﬁ:{u—i—w:u>k (u—1)2+v2+’y}, (1.6)

we define the function g () which maps U onto the conic domain €, , such that
1 € Q4 as the following:

12 =0,
_ . z 2_
11—/,32008{2((:03*1 k)zlog ig}— 'f_k;’ 0<k<1),
_ 1.7
Gy (2) 14 205 (10g 1+§> (k=1), (1.7)
1— u k27’y 1
| T sm{ fo VI eviee W} e (k>1).

where u (z) = 12:\/‘/52 and ¢ (k) is such that k = cosh 7;%((;)). By virture of the prop-

erties of the conic domain (2 ,, we have

k:+7

kE+1 (18)

Righy (2)} > 77—
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Making use of the principal of subordination between analytic functions and the
definition of g, , (2), we may rewrite the subclasses US* (k;v), UC (k;v), UK (k; 7, 3)
and UK* (k;~, ) as the following:

US* (ki) = {f ca: ((j)) < i (z)} , (19)
UC (k;v) = LG
)= feA: 1+ 0 =< Qry (2) ¢ s (1.10)
UK (k7. 8) = {f €A:3geUS (kB), ng((z’j) < i, (z)} SRS Y

(=)
UK* (k;y,0) = feA:3geUC(k;y), ~———

7 ) < Qe (2) - (1.12)

For two functions f(z) given by (1.1) and g(z) given by
g(z) = z—i—ibnz”
n=2
their Hadamard product (or convolution) is defined by
Fr) () =2t S anbns = (g5 1) (2).
n=2

For complex parameters
ai,...,aq; b1, ..., bs (bj ¢Zy ={0,-1,-2,...};j=1, ...,3) ,

the generalized hypergeometric function (Fjs (a1, ..., aq; b1, ..., bs; 2) is given by

(@) ), L3

Fs(a,...,aq;b1,...,05;2) =
o (01 iy b 2) = D IR
(¢<s+1;q,s€ Ng=NU{0},N={1,2,..};z€U),

where (z),, is the Pochhammer symbol (or the shifted factorial) defined (in terms of
the Gamma function) by

(z) :F(:U+n):{1 (n=0),
" I (x) z(x+1)...(z+n—-1) (n eN).
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Corresponding to a function h (a1, ..., aq; b1, ..., bs; 2) defined by
h(ai,...,aq;b1,....bs; 2) = 24Fs (a1, ..., aq; b1, ..., bs; 2) (1.14)

Dziok and Srivastava [4] considered a linear operator H (a1, ..., aq; b1,...,bs) : A — A
defined by

H(ai,...,aq;b1,...,05) f(2) = h(al,.. aq;bl,... bs; 2) * f (2)

n

(aq)n z
- z—{—z N j(n_l)!, (1.15)

We note that many subclasses of analytic functions, associated with the Dziok-
Srivastava operator and many special cases, were investigated recently by Aghalary
and Azadi [1], Dziok-Srivastava [5, 6], Liu [11], Liu and Srivastava [12] and others.

Corresponding to the function h (a1, ..., aq; b1, ..., bs; ), defined by (1.14), we in-
troduce a function hy, (a1, ..., aq; b1, ..., bs; 2) given by

h(at,...,aq;b1,...;bs32) x hy (a1, ..., aq; b1, ..., bs3 2) = % (b>0) (1.16)

Analogous to H (ai, ..., aq; b1, ..., bs), Kwon and Cho [8] introduced the linear oper-
ator

H* (ay,...,aq;b1,...,05) : A — A
as follows:
H" (a1, ...,aq;b1,...,b5) [ (2) = hy (a1, ..., aq; b1, ..., bs; 2) * f(2) (1.17)
(ai,bj €eC\Zy,i=1,..,s,j=1,..,q;0>0;f € A;z € U).
For ¢ = s+ 1 and az = b1, ...,ay = bs, we note that
H" (:U/7 '-'7aq;b17 7b8)f(z) = f(Z),

and
H?(1,...yag;b1, ..., bs) £ (2) = 2f (2).

For convenience, we write
H‘;S (al):H“ (al,...,aq;bl,...,bs). (118)
It is easily verified from the definition (1.17) that

2 (HE (1) £(2)) = pHES (@) £ (2) = (u— 1) HE, (a1) £ (2), (1.19)
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and

2 (HE (a1 +1) £ () = arHE, (a1) £ () = (a1 — 1) HY (a +1) £ (). (1.20)

In particular, the operator H* (A+1,1;1) (x> 0; A > —1) was introduced by
Choi et al. [3], who investigated (among other things) several inclusion properties
involving various subclasses of analytic and univalent functions. For A =n (n € Npy)
and p = 2, we also note that the Choi-Saigo-Srivastava operator H* (A +1,1;1) is
the Noor integral operator of n—th order of f studied by Liu [10] and Noor [17] and
Noor and Noor [18].

Next, by using the operator Hj's (a1), we introduce the following k—uniformly
classes of analytic functions for a; € C\Zj,s,q € No,u > 0,k >0and 0 <v,8<1:

USy . (wsarsksy) ={f e A: Ht (a1) f (z) e US* (k;7)}, (1.21)
UCqs (;a15k;7) = {f € A: HE ((a1) f (2) € UC (5013 k357) } (1.22)
UKqys (5015 k57, 8) = {f € A: HY ;(a1) f (2) € UK (k;7,8)} (1.23)
UK} (wsar;k;y,8) ={f € A: H' (a1) f (2) e UK* (k;7,8) } . (1.24)

We also note that

f(2) €USE, (wiarsksy) & 2f (2) € UCys (mwa1i ks ), (1.25)

and

f(2) € UKy (sa1:k;y, ) & 2f (2) € UK} (pia1; k3, ) . (1.26)

In this paper, we investgate several inclusion properties of the classes USy
(13 a15k57), UCy s (1 a15 k5 7), UKy s (1 a1; ks vy, 3), and UK ¢ (p; a1; k3, ) associ-
ated with the operator H s (a1). Some applications involving integral operators are
also considered.

2. INCLUSION PROPERTIES INVOLVING THE OPERATOR H}'s (a1)

In order to prove the main results, we shall need The following lemmas.

Lemma 1 [7]. Let h (z) be convex univalent in U with h (0) =1 and R{nh (z) +~}
>0 (n,y€C). If p(z) is analytic in U with p(0) =1, then

zp (2)

EET] < h(z) (2.1)

p(z)+
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implies
p(z) < h(z). (2.2)

Lemma 2 [14]. Let h(z) be convexr univalent in U and let w be analytic in U
with R{w (z)} > 0. If p(z) is analytic in U and p(0) = h(0), then

p(2)+w(z)zp (2) < h(z) (2.3)
implies
p(z) < h(z). (2.4)
Theorem 1. Let > 1777 Then
. at, W k T 1 ) y
USys (n+1ia1sk;y) CUSy; (5a1;k;y) CUSG s (p5a1 + 15 k5 7) (2.5)

Proof. First of all, we will show that
USys (41 a1;k;y) CUSy s (w5 ar; ks ) - (2.6)
Let f € US;; (1 + 1;a15k;7y) and set

2 (H (1) f(2)
)= T (a7 (2)

where p (z) is analytic in U with p (0) = 1. Using (1.19), (2.6) and (2.7), we have

(z € U), (2.7)

2 (i (@) £ () )
Hg:l (al) f (Z) =D (Z) + m < Ak~ (Z) (Z S U) . (28)

Since p > llf%rfly and R {qr (2)} > ],?“TA{, we see that
R{qp~(2) +p—-1} >0 (2€U). (2.9)

Applying Lemma 1 to (2.8), it follows that p (2) < qx (2), thatis, f € USy ; (15 a1; k; 7).
To prove the second part, let f € US; ; (113 a1; k;y) and put

2 (HE (ar + 1) f (2))
HYs (a1 +1) f (2)

s(z) = (z € U), (2.10)

where s (2) is analytic function with s(0) = 1. Then, by using the arguments similar
to those detailed above with (1.20), it follows that s (2) < g (2) in U, which implies
that f € US] ; (u;a1 + 1; k;y). Therefore, we complete the proof of Theorem 1.
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I—~
Th 2. Let aj,pu > ——. Then,
eorem et ai, 1 E 1 en

UCys (n+15a15k;7) CUCqys (s a15k;y) CUCqs (301 + 13k 7) (2.11)

Proof. Applying (1.25) and Theorem 1, we observe that

f(z) € UCys(p+1;a1;k;7) <= zf (2) €US, s (n+ ;a1 k) (2.12)
— z2f (2) € US, s (u;a15k;v)  (by Theorem 1)
= [(2) € UCys (15 k57)

and

f(2) € UCus(waisksy) <= zf (2) € US], (1 a13 k3 )
— zf (2) € US; s (a1 + 15k5y)  (by Theorem 1)
= f(2)€eUC,s(war+1;k;v).
which evidently proves Theorem 2.
Next, by using Lemma 2, we obtain the following inclusion relation for the class

UKy (1 a15 k37, 3).

1—7
Th 3. Let — . Th
eorem et a1, > rr1 en,

UKgs (n+ 15015k, 8) CUKqs (s a1;:k;7,6) CUKgs (w501 + 13 k579, 8) . (2.13)

Proof. We begin by proving that
UKqs (1 + 13015k, 8) C UKgs (5015 k57, 3) - (2.14)

Let f € UKy s (1t + 1; a1 k; v, 8). Then, from the definition of UK, s (1 + 1; a1 k; v, 5),
there exists a function r (z) € US* (k;~y) such that

2 (H @) 1)
@)

Choose the function g such that H-4" (a1) g (2) = 7 (2). Then, g € US; s (n+15a15k;57)
and

<@y (2) (2€U). (2.15)

2 (H ) £ ()
Hclzfjl (a1) g (2)

< iy (2) (z€U). (2.16)
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Now let ,
_ 2 (Hgs (1) [ (2))

a5 (a1) g (2)
where p(z) is analytic in U with p(0) = 1. Since g € US;, (1 + 1;a1;k;7), by
Theorem 1, we know that g € US; ; (5 a1; k; 7). Let

(2.17)

2 (H S (a1) g ()
His (a1) g (2)

where ¢ (z) is analytic in U with ®{t(2)} > % Also, from (2.17), we note that

t(z) = (z € U), (2.18)

HY () zf (2) = Hf, (1) g (2) (=) (2.19)

Differentiating both sides of (2.19) with respect to z, we obtain
S (Hiale) = 2) g ()9 ()

His (a1) g () Hgs (a1) g (2)
= t(2)p(z)+2p (2). (2.20)

Now using the identity (1.19) and (2.22), we obtain

p(2) +2p (2)

z (Héfil (a1) (Z))/ HIFY (a) 2f (2)
HS (a1) g (2) H (a1) g (2)
2 (Hfs (@) 2f () + (= 1) Hfs (an) 21 (2)
2 (Hjs (1) g () + (= 1) Hiys (a1) 9(2)

2(HY o (@)=1(2)) 2(HE () f(2)
Hét,s(al)g(z) + (M B 1) Hét,s(al)g(z)
z(HY s(a1)g(2))
Hys(a1)g(z)
t(z)p(z)+2p (2) + (u—1)p(2)
t(z)+p—1
2p (2)
t(z)+p—1

~

+pu—1

= p(2)+ (2.21)

Since p > llc;ﬁ and R{t(2)} > %, we see that

R{t(z)+p—-1}>0 (2€U). (2.22)
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Hence, applying Lemma 2, we can show that p (2) < qx (2) so that f € UK, s(u+1;
ay; k;v, ). For the second part, by using the arguments similar to those detailed
above with (1.20), we obtain

UKqs (1 a15 k37, 8) C UKgs (501 + 15 k59, 3) - (2.23)
Therefore, we complete the proof of Theorem 3.

1—7
Th 4. Let >— L' Th
eorem et ay, W 1 en,

UKgs(p+Lsa13k;7,8) CUKys (3015 k;7,8) CUKgs (a1 + 15 k5, 8) . (2.24)

Proof. Just as we derived Theorem 2 as consequence of Theorem 1 by using
the equivalence (1.25), we can also prove Theorem 4 by using Theorem 3 and the
equivalence (1.26).

3. INCLUSION PROPERTIES INVOLVING THE INTEGRAL OPERATOR F,

In this section, we consider the generalized Libera integral operator F. (see [2] ,
[9] and [13] ) defined by

1 z
() () =% / e dE (f e Aie>—1). (3.1)
0
k4~ .
Theorem 5. Let ¢ > e If f e US; s (u;a1;k;7), then

E, (f) € US;,S (:u; ag; k;’)/) .
Proof. Let f € US; ; (15 a1; k;y) and set

2 (HY (a1) Fe (f) (2))
HY (a1) Fe (f) (2)

where p (z) is analytic in U with p (0) = 1. From (3.1), we have

p(z) =

(z € U), (3.2)

2 (HE () Fo (£) () = (c+ 1) HE, (a1) £ (2) — cHE, () Fe (£) (). (3.3)
Then, by using (3.2) and (3.3), we obtain

Hgs (a1) f
Hys (a1) Fe (

2) =p(z)+ec (3.4)

(
(e+1) @)
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Taking the logarithmic differentiation on both sides of (3.4) and multiplying by z,
we have

z(Hfs (a 2)) 0 (2
e POy e < )

(z € U). (3.5)
Hence, by virtue of Lemma 1, we conclude that p (2) < g~ (2) in U, which implies
that Fe (f) € USy (13 a1; k3 7).

Next, we derive an inclusion property involving Fj, . (f), which is given by the
following.

k+~y

Theorem 6. Let ¢ > hr L If feUCys (p;a1;k;y), then

Fo(f) € UCqs (ps a1; ks ).

Proof. By applying Theorem 5, it follows that

f(z) UChys (3015 k) <= 2f (2) € US;, (13015 k3 7)

S
= F, (zf/ (z)) e US, s (p;a1;k;7)  (by Theorem 5)
-

2 (F.(f) (2)) € USE, (s a1: k3 7) (3.6)
& F(f)(2) € UCys (a1 k357)

which proves Theorem 6.

k
Theorem 7. Let ¢ > —ﬂ. If fe UKy (w;a1;k;v,0), then
Fe(f) € UKy s (5 a15 k35, B).

Proof. Let f € UKy s (115 a15k;y,3). Then, in view of the definition of the class
UKys (15 a15k;, 3), there exists a function g € US ¢ (5 a1; k;y) such that

’

2z (Hys (a1) f ()
Hg,s (a1) g (2)

< qpy(2) (2€U). (3.7)

Thus, we set

!

) = 2k @) B () 2)
Hiys (a1) Fe (g) (2)
where p(z) is analytic in U with p(0) = 1. Since g € US;  (u;a1;k;7), we see
fromTheorem 5 that Fe. (f) € USy ; (5 a15k;7). Let

(» € U), (3.8)

/

2 (Hys (a1) Fe (9) (2))
His (a1) Fe (9) ()

t(z) = (z € U), (3.9)
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where ¢ (z) is analytic in U with R {t (2)} > iiﬁg Also, from (3.8), we note that

Hi (an) 2F((f) (2) = Hi (a1) Fe (9) (2) p(2). (3.10)

Differentiating both sides of (3.10) with respect to z, we obtain

/

(@)D ) 2@ B @)
A @) F () (z) Haa) Flg) () DT
= t(2)p(2)+2p (2). (3.11)

Now using the identity (3.3) and (3.11), we obtain

2(Hbs (@) f(2) 2 (HEs (a1) 2FL(f) (2)) + cHEs (a
His (a1) g (2) 2 (HY, (a1) F,

) )2F(f) (2)
e (9) (2)) +cHls (a1) Fe(g) (2)

(Hés(al)zF’(f)( ) L A(HE(a)F()(2)

HE (1) Fe(9) (2) HE L (a1) Fol(9)(2)

2(HE (a1) Fel(9)(2))
T (a1)Fol9)(2)
t(z)p(2)+2p (2) +cp(2)

t(z)+c

= p(z)—l—izp/( ) . (3'12)

)—i-c

+c

Since ¢ > —% and R{t(2)} > %, we see that

R{t(z)+c} >0 (2€U). (3.13)

Hence, applying Lemma 2 to (3.12), we can show that p(z) < gqr~(2) so that
[ e UKy (p;a15 k3, 3).
k+~

Theorem 8. Let ¢ > “TET If f € UK;s(p;a1;k;,0), then F.(f) €
UK, o (1501537, 8).

Proof. Just as we derived Theorem 6 as consequence of Theorem 5, we easily
deduce the integral-preserving property asserted by Theorem 8 by using Theorem
7.
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