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1. INTRODUCTION

Let ¥, ndenote the class of functions of the form:

f(2) :z—lp+zakzk (peN=1{1,2,..};in> —p}), (1.1)
k=n

which are analytic and p-valent in the punctured open unit disk U* = {2z : z € C
and 0 < |z| < 1} = U\{0}.

For two functions f and ¢ analytic in U, we say that f is subordinate to g,
written symbolically as f(z) < g(z), if there exists a Schwarz function w, which
(by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 (2 € U) such that
f(2) = g(w(2)). In particular, if the function g is univalent in U, then we have the
following equivalence (see [8, p.4]):

f(z) <9(z) < f(0) = g(0) and f(U) C g(U).

Let ¢(r,s;2) : C2 x U — C and h(z) be univalent in U. If p(2) is analytic in U
and satisfies the first order differential subordination:

p(p(2),2p (2);2) < h(2) (1.2)

then p(z) is a solution of the differential subordination (1.2). The univalent function
q(z) is called a dominant of the solutions if p(z) < ¢(z) for all p(z) satisfying (1.2).
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A univalent dominant ¢ that satisfies ¢ < ¢ for all dominants of (1.2) is called the
best dominant (see [8]).
For two functions f;(z) € £,, (j = 1,2), given by

R .
= 5+Zakﬁjz’f (j=1,2), (1.3)
k=n

we define the Hadamard product (or convolution) of fi(z) and fa(z) b
(f1= f2)(= *Jrzaklakzz (f2x f1)(2).

For £ > 0,A > 0 and m € Ny = NU {0}, El-Ashwah [5] defined the multiplier
transformations J;*(A, £) of functions f € X, , by

IO f Z<“A ))makzk (U>0A>0;2€U%). (14)

Obviously, we have
Tyt O (N0 (2) = Ty T2 (N0 f(2) = B2 (0O (X 0 (=), (1.5)
for all integers m; and meo.
We note that
(1) J7*(1,0)f(z) = I(m,€) f(2) (see Cho et al. [3, 4]);
(i) JI"(A\ 1) f(2) = DY, f(2) (see Al-Oboudi and Al-Zkeri [1]);
(iii) J7™(1,1)f(2) = I"™ f(=) (see Uralegaddi and Somanatha [9]).
Now, we define the integral operator £3'(\, £)f(2) (A, £ > 0) as follows:
LyNOf(z) = f(2),

Loofe = (£ %) / 57 ) par (f € Bz e U7,
0

2005e) = (4 G) /t(ﬁwl)ﬁl(xz)f(t)dt (f € Bpmiz € UY),
0

and, in general,
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[e=]

(feXpnmeNypeN;zeU”). (1.6)
We note that if f(z) € >_,,, then from (1.1) and (1.6), we have

1 [e.e] E m
LPMNOf(z)=—+ [} apz”
P 2P /;L L+ Ak +p)

(>0;,A>0;peN;m e Ng;ze U"). (1.7)
From (1.7), it is easy verify that

A2(LITE N0 f(2)) = LN f(2) = (C+ LN Of(2)  (A>0). (1.8)

We note that:
(1) L (1,1)f(2) = Pg'f(2) (see Aqlan et al. [2]);
(i) L3(1,8)f(2) = Pg f(z) (see Lashin [7]).

Also we note that

(i) Ly (1,0 f(2) = LI f(2), where LI, f +k n<“’f+p> apz";

>
(id) LN, 1) f(2) = L1 f(2), where LI f(2) +kzo (1 - k+p)> arpz®;
>

(i#i) £(1,1)f() = L1 f(2), where £\ f(2) = ip +

< )m
k
apz”.
prd E+p+1

2. MAIN RESULTS
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Unless otherwise mentioned we shall assume throughout the paper that A, ¢ >
0,peN,mMmeN) and —1<B<A<LI.

To prove our results we need the following lemma.
Lemma 1 [6]. Let h(z) be analytic and convex (univalent) in U, h(0) =1, and let

0(2) =1+ cppn2?T" + .. (2.1)

be analytic in U. If
1
ol2) + 529 () < h(2),
then for § #0 and Red >0

p(2) < P(z) = (L) z‘(ﬁ)ft(zﬁ)‘lh(t)dt (z€U) (2.2)

+n
P 0

and (z) is the best dominant of (2.2).
Theorem 1. If f(z) € 3,, and 0 <y< 1. Suppose that

o0

kz Cl |ak| S 1, (23)
where 1= B 0+ (1— Ak +p)]
1 —y p
FTATBT Akt 24
(i) If -1 < B <0, then
Az
(1= PLPA O () + 1L 0 OF () < o (2.5)

(ii) If =1 < B <0 and p > 1, then for z€ U

/ 1-A %
— At
ST ) a s
}>{<)\(1 p+n>/t o <1—Bt) }
0

S

Re {(zpﬁg(A, 0f(2))

(2.6)
The result is sharp.
Proof. (i) Let
G(2) = (L =)L N O f(2) + 2P Ly (N0 f(2), (2.7)
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then 00 4 (1= Ak + )]
e+ (1 - +p ket
Gz)=1+ PARES 2.8
(2) = En [0+ Ak +p)]™ ! (2:8)
Using (2.3) for —1 < B <0 and z € U, we have
S A= DAKAD)] ktp
‘ Giz)—1| kZ::n Ak p) T RS
A—BG(z)| Q=DM RAP)]  k
A-B-B Z:: [e+A(k+p)}m“ L
> ¢k |ag|
< k=n
1—B+B ) clakl
k=n
< 1,
which proves (i) of Theorem 1.
(ii) Put
p(z) = 2T (N O f(2). (2.9)

Then the function ¢(z) take the form (2.1) and analytic in U. Differentiating (2.9)
with respect to z and using (1.8), we obtain

(L= )LPLI MO F () v L N0 f(2) = olz)+ L2
1+ Az
1+ Bz’

Application of Lemma 1 gives

- 3 R £ 1 (1+A
wlz) < (W) z (A“‘”)W")>b[t(k(1—v)(p+n)> ! (1 - Bi) dt

which is equivalent to,
N A
p pmtl _ ( p+n))—1 1+ Auw(z)
L0 (2) = (555 ) fu Tt g ) du, - (21)

where w(z) is analytic in U with w(0) =0 and |w(z)| <1 (z € U).
It follows from (2.11) that

1

N V(1 Au
Re {Zpﬁp +1(A,£)f(2’)} > (W) JU(A(I_V)(IJ-F”)) (1 — Bu) du >0 (Z € U)
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Therefore, with the elementary inequality Re(w%) > (Re(w))% for Re(w) > 0and p €
N, the inequality (2.6) follows immediately.
To show the sharpness of (2.6), we take f(z) € >_,, defined by

. # 14+ Auz™
LY +1(>\,€)f(2’) _ ( 'Y)(ern ) fu< p+n)) <1+Buz"> du. (2.12)
For this function we find that
14+ Az"
. D pm p pm+1 =
(1 ’y)Z ﬁp (A,E)f(z) +’7Z ﬁp <)\7£)f(z) 1 _|_an’

and

PLINO() — (s ) fu(m)_l (1 —ED e

Hence the proof of Theorem 1 is complete.
Theorem 2. Let f(z) € >_,, be given by (1.1) and
1, k=n,n+1,..,q
>
Ck_{cq+17 kZQ+1aq+2>>

where ¢y, is given by (2.4) and satisfying the condition (2.3), define the partial sums
5,(2) and sq(2) as follows:

s,(z)=27?
and .

z):z_p+2|ak|zk (g € N;qg>n), (2.13)

then we }LELU)@ .
. z .
(z);{e{sq(z)} > 1_Cq+1 (z€U;q€N,qg>n), (2.14)
an
(ii)Re{‘?((j))} >1—1+1C+1 (z€U;q €N, q> n). (2.15)
q

The estimates in (2.14) and (2.15) are sharp for ¢ € N,q > n.
Proof. (i) Under the hypothesis of Theorem 2, we can see from (2.3) that

q 00 o]
D larl +eqir > lanl D erlar] <1, (2.16)

k=n k=q+1 k=n
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By setting

91(2)—cq+1{$_(1_ 1 )}

Cq+1

o0
k
Cor1 D, a2t

=1+ k:;“ ,
1+ E: akzk+p
k=n
and applying (2.16), we find that
o0
(2) -1 Cq+1kz |a|
z) — =q+1
gl<>+1‘S sl (eU)
z
o 2-2 % Jax| — g1 X lakl
k=n k=q+1

which readily yields the assertion (2.14) of Theorem 2 If we take

Zq—i—l
flz) =27+ :
Cq+1
T
with z = re¢tptland let r — 17, we obtain
) _ I
s¢(2) Cq+1 Cq+1

which shows that the bound in (2.14) is best possible for each ¢ € N, ¢ > n.

(ii) Similarly, if we put

S

oo
(L+cqr1) 2 law| 2547

k=q+1
—1— 4 7

o0
L4+ 3 Jag] +40

k=n

and make use of (2.16), we can deduce that

o0
(-1 (1+0q+1)k2 k|
Z - el
s — L <1 (zeD),
9 223 Japl+ (1 —cor1) > al
k=n k=q+1
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which yields inequality (2.15) of Theorem 2. The bound in (2.15) is sharp for each
q € N, q > n, with the extremal function f(z) given by (2.19). The proof of Theorem
2 is now complete.

Theorem 3. Let f(z) € 3_,, be given by (1.1) and

{ (k/p) , ifk=n,n+1,..,.q,

2y Sl g ifh=q+1,q+2

q+1(/p), i q+1,q+2,.. .

where ¢y is given by (2.4) and satisfying the condition (2.3), then we have

, f’(Z)} q+1

1) Re >1— zeU;qeN,g>n), 2.21

Re{ZEO > 1 evigenasn (2:21)
and /()

. Sq\Z q+1

ii)Re { -2 }>1— zeU;reN,g>n). 2.22

iy Re{ 5 > 1- A 7> ) (2.2

The estimates in (2.21) and (2.22) are sharp for ¢ € N,q > n.
The results are sharp with the function f(z) given by (2.19).

_ Gt f/(z) o _Q‘|‘1
)= {s’q(z) (-4 )}

q
Cq+1
1 g+ k k+p k k+p
+q+1k_2+1(/p>akz +§(/p)akz
_ =4 = . (223)

1+ Z (k/p) apzh+p

k=n

Proof. By setting

Then we have

ST (kD) |l

g(z) —1 ¢+ k=q+1
[o¢]

223" (k/p) lal — 2 ST (k/p) a]
k=n

N

(2.24)

q +1 k=q+1

Now

if
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q 0o
Cq+1
> (k/p) lax| + qul > (k/p)lar| <1, (2.25)
k=2 k=q+1

o0
since the left hand side of (2.25) is bounded above by Z cx |ag| if
k=2

q [e%9)
OIS (ck— Cat1 <k/p>) wl>0  (226)

k=n k=q+1 q+ 1

and the proof of (2.21) is completed.
To prove the result (2.22), we define the function h(z) by

_ (et 1t 821(3)_ Cq+1
h(z)_< q+1 >{f’(2') q+1+cq+1}

(1+ Cq“) i (k/p) ayz"+P

q + 1 k=q+1

1+ Z (k/p) apzk+rp

k=n

and making use of (2.26), we deduce that

(1+ 22 S (/) o

il 3 R el
_ ar| — qu—‘,—l a
223 (/) o <1+q+1>k;ﬁl(k/p” 3

which leads us immediately to the assertion (2.22) of Theorem 3.

Remark. By specializing the parameters p, A, £ and m we obtain various results
for different operators.
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