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SOME RESULTS OF p−VALENT FUNCTIONS DEFINED BY INTEGRAL
OPERATORS

Gulsah Saltik Ayhanoz and Ekrem Kadioglu

Abstract. In this paper, we derive some properties for Gp,n,l,δ(z) and Fp,n,l,δ(z)
considering the classes MT (p, βi, µi) , KD (p, βi, µi) and Np (γ). Two new subclasses
KDFp,n,l (β, µ, δ1, δ2, ..., δn) and KDGp,n,l (β, µ, δ1, δ2, ..., δn) are defined. Necessary
and sufficient conditions for a family of functions fi and gi, respectively, to be in the
KDFp,n,l (β, µ, δ1, δ2, ..., δn) and KDGp,n,l (β, µ, δ1, δ2, ..., δn) are defined. As special

cases, the properties of
z∫
0

n∏
i=1

(f ′(t))δdt and
z∫
0

n∏
i=1

(
f(t)
t

)δ
dt are given.

2000 Mathematics Subject Classification: 30C45.
Key Words and Phrases. Analytic functions; Integral operators; β uniformly

p−valently starlike and β uniformly p−valently convex functions.

1. Introduction and preliminaries

Let Ap denote the class of the form

f(z) = zp +

∞∑
m=p+1

amz
m, (p ∈ N = {1, 2, ..., }) , (1)

which are analytic in the open disc U = {z ∈ C : |z| < 1} . Also denote Tp the
subclass of Ap consisting of functions whose nonzero coefficients, from the second
one, are negative and has the form

f(z) = zp −
∞∑

m=p+1

amz
m, am ≥ 0, (p ∈ N = {1, 2, ..., }) . (2)

Also A1 = A, T1 = T.
A function f ∈ Ap is said to be p−valently starlike of order α (0 ≤ α < p) if and

only if

<
{
zf ′(z)

f(z)

}
> α, (z ∈ U) .
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We denote by S∗p (α), the class of all such functions. On the other hand, a function
f ∈ Ap is said to be p−valently convex of order α (0 ≤ α < p) if and only if

<
{

1 +
zf ′′(z)

f ′(z)

}
> α, (z ∈ U) .

Let Cp (α) denote the class of all those functions which are p−valently convex of
order α in U .

Note that S∗p (0) = S∗p and Cp(0) = Cp are, respectively, the classes of p−valently
starlike and p−valently convex functions in U . Also, we note that S∗1 (0) = S∗ and
C1 = C are, respectively, the usual classes of starlike and convex functions in U .

Let Np (γ) be the subclass of Ap consisting of the functions f which satisfy the
inequality

<
{

1 +
zf ′′(z)

f ′(z)

}
< γ, (z ∈ U) , γ > p. (3)

Also N1 (γ) = N (γ) . For p = 1, this class was studied by Owa (see [12]) and
Mohammed (see [9]).

For a function f ∈ Ap, we define the following operator

D0f(z) = f(z)

D1f(z) =
1

p
zf ′(z)

...

Dkf(z) = D
(
Dk−1f(z)

)
, (4)

where k ∈ N0 = N ∪ {0}. The differential operator Dk was introduced by Shenan et
al. (see [18]). When p = 1, we get Sălăgean differential operator (see [15]).

We note that if f ∈ Ap, then

Dkf(z) = zp +

∞∑
m=p+1

(
m

p

)k
amz

m, (p ∈ N = {1, 2, ...}) (z ∈ U) .

We also note that if f ∈ Tp, then

Dkf(z) = zp −
∞∑

m=p+1

(
m

p

)k
amz

m, (p ∈ N = {1, 2, ...}) (z ∈ U) .
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Let MT (p, β, µ) be the subclass of Ap consisting of the functions f which satisfy
the analytic characterization∣∣∣∣∣z

(
Dlif(z)

)′
Dlif(z)

− p

∣∣∣∣∣ < β

∣∣∣∣∣µz
(
Dlif(z)

)′
Dlif(z)

+ p

∣∣∣∣∣ , (5)

for some 0 < β ≤ p, 0 ≤ µ < p, li ∈ N0 = N ∪ {0} and z ∈ U . For p = 1,
l1 = l2 = ... = ln = 0 for all i = {1, 2, ..., n} this class was studied (see [2]).

Definition 1. A function f ∈ Ap is said to be in the class KD (p, β, µ) if satisfies
the following inequality:

<

{
1 +

z
(
Dlif(z)

)′′
(Dlif(z))

′

}
≥ µ

∣∣∣∣∣1 +
z
(
Dlif(z)

)′′
(Dlif(z))

′ − p

∣∣∣∣∣+ β, (6)

for some 0 ≤ β < p, µ ≥ 0, li ∈ N0 = N ∪ {0} and z ∈ U . For p = 1,
l1 = l2 = ... = ln = 0 for all i = {1, 2, ..., n} this class was studied (see [17], [9]).

Definition 2. Let l = (l1, l2, ..., ln) ∈ Nn0 , δ = (δ1, δ2, ..., δn) ∈ Rn+ for all
i = {1, 2, ..., n}, n ∈ N. We define the following general integral operators

I l,δp,n (f1, f2, ..., fn) : Anp → Ap

I l,δp,n (f1, f2, ..., fn) = Fp,n,l,δ(z),

Fp,n,l,δ(z) =

∫ z

0
ptp−1

n∏
i=1

(
Dlifi(t)

tp

)δi
dt, (7)

and
J l,δp,n (g1, g2, ..., gn) : Anp → Ap

J l,δp,n (g1, g2, ..., gn) = Gp,n,l,δ(z),

Gp,n,l,δ(z) =

∫ z

0
ptp−1

n∏
i=1

((
Dligi(t)

)′
ptp−1

)δi
dt, (8)

where fi, gi ∈ Ap for all i = {1, 2, ..., n} and D is defined by (4).
Remark 1. (7) integral operator was studied and introduced by Saltık et al.

(see [16]). We note that if l1 = l2 = ... = ln = 0 for all i = {1, 2, ..., n}, then
the integral operator Fp,n,l,δ(z) reduces to the operator Fp(z) which was studied by
Frasin (see [6]). Upon setting p = 1 in the operator (7), we can obtain the integral
operator DkF (z) which was studied by Breaz (see [5]) and Breaz (see [4]). For p = 1
and l1 = l2 = ... = ln = 0 in (7), the integral operator Fp,n,l,δ(z) reduces to the
operator Fn(z) which was studied by Breaz, Breaz (see [2]) and Mohammed (see
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[10]). Observe that p = n = 1, l1 = 0 and δ1 = δ, we obtain the integral operator
Iδ(f)(z) which was studied by Pescar and Owa (see [13]), D. Breaz (see [5]) and
Mohammed (see [11]) for δ1 = δ ∈ [0, 1] special case of the operator Iδ(f)(z) was
studied by Miller, Mocanu and Reade (see [8]). For p = n = 1, l1 = 0 and δ1 = 1 in
(7), we have Alexander integral operator I(f)(z) in (see [1]).

Remark 2. (8) integral operator was studied and introduced by Saltık et al.
(see [16]). For l1 = l2 = ... = ln = 0 in (8) the integral operator Gp,n,l,δ(z) reduces
to the operator Gp(z) which was studied by Frasin (see [6]). For p = 1 and l1 =
l2 = ... = ln = 0 in (8), the integral operator Gp,n,l,δ(z) reduces to the operator
Gδ1,δ2,...,δn(z) which was studied by Breaz, Breaz and Owa (see [3]) and Mohammed
(see [10]). Observe p = n = 1, l1 = 0 and δ1 = δ, we obtain the integral operator
G(z) which was introduced and studied by Pfaltzgraff (see [14]), Mohammed (see
[11]), D.Breaz (see [5]) and Kim and Merkes (see [7]).

Now, by using the equations (7) and (8) and the Definition 1 we introduce the
following two new subclasses of KD (p, β, µ) .

Definition 3. A family of functions fi, i = {1, 2, ..., n} is said to be in the class
KDFp,n,l (β, µ, δ1, δ2, ..., δn) if satisfies the inequality:

<

{
1 +

z
(
DliFp,n,l,δ(z)

)′′
(DliFp,n,l,δ(z))′

}
≥ µ

∣∣∣∣∣1 +
z
(
DliFp,n,l,δ(z)

)′′
(DliFp,n,l,δ(z))′

− p

∣∣∣∣∣+ β, (9)

for some 0 ≤ β < p, µ ≥ 0, li ∈ N0 = N ∪ {0} and z ∈ U where Fp,n,l,δ is defined
in (7).

Definition 4. A family of functions gi, i = {1, 2, ..., n} is said to be in the class
KDGp,n,l (β, µ, δ1, δ2, ..., δn) if satisfies the inequality:

<

{
1 +

z
(
DliGp,n,l,δ(z)

)′′
(DliGp,n,l,δ(z))′

}
≥ µ

∣∣∣∣∣1 +
z
(
DliGp,n,l,δ(z)

)′′
(DliGp,n,l,δ(z))′

− p

∣∣∣∣∣+ β, (10)

for some 0 ≤ β < p, µ ≥ 0, li ∈ N0 = N ∪ {0} and z ∈ U where Gp,n,l,δ is defined
in (8).

2. Sufficient conditions of the operator Fp,n,l,δ(z)

First, in this section we prove a sufficient condition for the integral operator
Fp,n,l,δ(z) to be in the class Np(η).

Theorem 1. Let l = (l1, l2, ..., ln) ∈ Nn0 , δ = (δ1, δ2, ..., δn) ∈ Rn+, 0 ≤ µi < p,

0 < βi ≤ p and fi ∈ Ap for all i = {1, 2, ..., n}. If

∣∣∣∣∣(Dlifi)
′
(z)

Dlifi(z)

∣∣∣∣∣ < Mi and fi ∈

MT (p, βi, µi) , then the integral operator
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Fp,n,l,δ(z) =

z∫
0

ptp−1
n∏
i=1

(
Dlifi(t)

tp

)δi
dt,

is in Np(η), where

η =

n∑
i=1

δiβi (p+ µiMi) + p. (11)

Proof. From the definition (7), we observe that Fp,n,l,δ(z) ∈ Ap. On the other
hand, it is easy to see that

F ′p,n,l,δ(z) = pzp−1
n∏
i=1

(
Dlifi(z)

zp

)δi
. (12)

Now, we differentiate (12) logarithmically and multiply by
z, we obtain

1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

= p+

n∑
i=1

δi

(
z
(
Dlifi

)′
(z)

Dlifi(z)
− p

)
.

We calculate the real part from both terms of the above expression and obtain

<

{
1 +

zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
=

n∑
i=1

δi<

{
z
(
Dlifi

)′
(z)

Dlifi(z)
− p

}
+ p.

Since <w ≤ |w| , then

<

{
1 +

zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
≤

n∑
i=1

δi

∣∣∣∣∣z
(
Dlifi

)′
(z)

Dlifi(z)
− p

∣∣∣∣∣+ p.

Since fi ∈MT (p, βi, µi) for all i = {1, 2, ..., n} , we have

<

{
1 +

zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
≤

n∑
i=1

δiβi

∣∣∣∣∣µi z
(
Dlifi

)′
(z)

Dlifi(z)
+ p

∣∣∣∣∣+ p, (13)

≤
n∑
i=1

δiβiµi

∣∣∣∣∣z
(
Dlifi

)′
(z)

Dlifi(z)

∣∣∣∣∣+ p
n∑
i=1

δiβi + p.

Since (13) and

∣∣∣∣∣(Dlifi)
′
(z)

Dlifi(z)

∣∣∣∣∣ < Mi , we obtain
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<

{
1 +

zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
<

n∑
i=1

δiβiµiMi + p
n∑
i=1

δiβi + p =
n∑
i=1

δiβi (p+ µiMi) + p.

Hence Fp,n,l,δ(z) ∈ Np(η), η =
∑n

i=1 δiβi (p+ µiMi) + p.

Remark 3.For p = 1, li = 0 for all i = {1, 2, ..., n} in Theorem 1, we obtain
Theorem 1 (see [9]).

Putting p = 1 in Theorem 1, we have
Corollary 1. Let l = (l1, l2, ..., ln) ∈ Nn0 , δ = (δ1, δ2, ..., δn) ∈ Rn+, 0 ≤ µi <

1, 0 < βi ≤ 1 and fi ∈ A for all i = {1, 2, ..., n}. If

∣∣∣∣∣(Dlifi)
′
(z)

Dlifi(z)

∣∣∣∣∣ < Mi and fi ∈

MT (1, βi, µi) then the integral operator

F1,n,l,δ(z) =

z∫
0

n∏
i=1

(
Dlifi(t)

t

)δi
dt,

is in N (η), where

η =
n∑
i=1

δiβi (1 + µiM) + 1.

Putting p = n = 1, l1 = 0, δ1 = δ, µ1 = µ, β1 = β, M1 = M and f1 = f in
Theorem 1, we have

Corollary 2. Let δ ∈ R+, 0 ≤ µ < 1, 0 < β ≤ 1 and f ∈ A. If

∣∣∣∣f ′ (z)f(z)

∣∣∣∣ < M

and f ∈ MT (1, β, µ) then the integral operator
∫ z
0

(
f(t)
t

)δ
is in N (η), where η =

δβ (1 + µM) + 1.

3.Sufficient conditions of the operator Gp,n,l,δ(z)

Next, in this section we give a condition for the integral Gp,n,l,δ(z) to be p −
valently convex.

Theorem 2. Let l = (l1, l2, ..., ln) ∈ Nn0 , δ = (δ1, δ2, ..., δn) ∈ Rn+, µi ≥ 0,
gi ∈ KD (p, βi, µi) and let βi ≥ 0 be real number with the property 0 ≤ βi < p
for all i = {1, 2, ..., n}. Moreover suppose that 0 <

∑n
i=1 δi (p− βi) ≤ p, then the

integral operator

Gp,n,l,δ(z) =

∫ z

0
ptp−1

n∏
i=1

((
Dligi(t)

)′
ptp−1

)δi
dt,

74



Gulsah Saltik Ayhanoz and Ekrem Kadioglu-Some Results of p-valent ...

is convex order of σ = p−
∑n

i=1 δi (p− βi) .
Proof. From the definition (8), we observe that Gp,n,l,δ(z) ∈ Ap. On the other

hand, it is easy to see that

G′p,n,l,δ(z) = pzp−1
n∏
i=1

((
Dligi(z)

)′
pzp−1

)δi
. (14)

Now, we differentiate (14) logarithmically and make the similar operators to the
proof of the Theorem 2, we obtain

1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

= p+
n∑
i=1

δi

(
z
(
Dligi(z)

)′′
(Dligi(z))

′ − p+ 1

)
.

We calculate the real part from both terms of the above expression and obtain

<

{
1 +

zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

}
=

n∑
i=1

δi<

{
1 +

z
(
Dligi(z)

)′′
(Dligi(z))

′

}
− p

n∑
i=1

δi + p.

Since gi ∈ KD (p, βi, µi) for all i = {1, 2, ..., n} ,we have

<

{
1 +

zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

}
>

n∑
i=1

δi

(
µi

∣∣∣∣∣1 +
z
(
Dligi(z)

)′′
(Dligi(z))

′ − p

∣∣∣∣∣+ βi

)
− p

n∑
i=1

δi + p.

Since δiµi

∣∣∣∣1 +
z(Dligi(z))

′′

(Dligi(z))
′ − p

∣∣∣∣ > 0, we obtain

<

{
1 +

zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

}
≥ p−

n∑
i=1

δi (p− βi) ,

which implies that Gp,n,l,δ(z) is p−valently convex of order σ = p−
∑n

i=1 δi (p− βi) .

Remark 4. Setting p = 1, li = 0 and gi = fi for all i = {1, 2, ..., n} in Theorem
2, we have obtain Theorem 2 in (see [9]).

Putting p = 1 in Theorem 2, we have
Corollary 3. Let l = (l1, l2, ..., ln) ∈ Nn0 , δ = (δ1, δ2, ..., δn) ∈ Rn+, µi ≥ 0,

gi ∈ KD (1, βi, µi) and let βi ≥ 0 be real number with the property 0 ≤ βi < 1
for all i = {1, 2, ..., n}. Moreover suppose that 0 <

∑n
i=1 δi (1− βi) ≤ 1, then the

integral operator G1,n,l,δ(z) =
∫ z
0

∏n
i=1

((
Dligi(t)

)′)δi
dt is convex order of σ = 1 −∑n

i=1 δi (1− βi) .
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Putting p = n = 1, l1 = 0, δ1 = δ, µ1 = µ, β1 = β and g1 = g in Theorem 2, we
have

Corollary 4. Let δ ∈ R+, µ ≥ 0, g ∈ KD (1, β, µ) and let β ≥ 0 be real number
with the property 0 ≤ β < 1. Moreover suppose that 0 < δ (1− β) ≤ 1, then the
integral operator G1,1,0,δ(z) =

∫ z
0 (g′(t))δ dt is convex order of σ = 1− δ (1− β) .

4. A necessary and suffficient condition for a family of analytic
functions fi ∈ KDFp,n,l (β, µ, δ1, δ2, ..., δn)

In this section, we give a necessary and sufficient condition for a family of func-
tions fi ∈ KDFp,n,l (β, µ, δ1, δ2, ..., δn). Before embarking on the proof of our result,

let us calculate the expression
zF ′′

p,n,l,δ(z)

F ′
p,n,l,δ(z)

, required for proving our result.

Recall that, from (7), we have

F ′p,n,l,δ(z) = pzp−1
n∏
i=1

(
Dlifi(z)

zp

)δi
. (15)

Now, we differentiate (15) logarithmically and multiply by z, we obtain

1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p =
n∑
i=1

δi

(
z
(
Dlifi

)′
(z)

Dlifi(z)
− p

)
.

Let Dlifi(z) = zp −
∞∑

m=p+1

(
m
p

)li
am,iz

m,(
Dlifi

)′
(z) = pzp−1 −

∞∑
m=p+1

(
m
p

)li
mam,iz

m−1 and we get

1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p =

n∑
i=1

δi


pzp −

∞∑
m=p+1

(
m
p

)li
mam,iz

m

zp −
∞∑

m=p+1

(
m
p

)li
am,izm

− p

 , (16)

= −
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p

 .
Theorem 3. Let the function fi ∈ Tp for i ∈ {1, 2, ..., n} . Then the functions
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fi ∈ KDFp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} if and only if

n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
(m− p) (µ+ 1) am,i

1−
∞∑

m=p+1

(
m
p

)li
am,i

 ≤ p− β. (17)

Proof. First consider

µ

∣∣∣∣∣1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p

∣∣∣∣∣−<
{

1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
≤ (µ+ 1)

∣∣∣∣∣1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p

∣∣∣∣∣ .
From (16), we obtain

(µ+ 1)

∣∣∣∣∣1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p

∣∣∣∣∣ ,
= (µ+ 1)

∣∣∣∣∣∣∣∣∣
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p


∣∣∣∣∣∣∣∣∣ ,

≤ (µ+ 1)

n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
(m− p) |am,i| |z|m−p

1−
∞∑

m=p+1

(
m
p

)li
|am,i| |z|m−p

 ,

≤ (µ+ 1)
n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
(m− p) am,i

1−
∞∑

m=p+1

(
m
p

)li
am,i

 .
If (17) holds then the above expression is bounded by p− β and consequently

µ

∣∣∣∣∣1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p

∣∣∣∣∣−<
{

1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
< −β,

which equivalent to

<

{
1 +

zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

}
≥ µ

∣∣∣∣∣1 +
zF ′′p,n,l,δ(z)
F ′p,n,l,δ(z)

− p

∣∣∣∣∣+ β.
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Hence fi ∈ KDFp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} .
Conversely, let fi ∈ KDFp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} and prove

that (17) holds. If fi ∈ KDFp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} and z is real,
we get from (7) and (16)

p−
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p

 ,

≥ µ

∣∣∣∣∣∣∣∣∣
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p


∣∣∣∣∣∣∣∣∣+ β,

≥ µ
n∑
i=1

δi


(m− p)

∞∑
m=p+1

(
m
p

)li
am,iz

m−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p

+ β.

That is equivalent to

n∑
i=1


∞∑

m=p+1
δiµ
(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p

+
n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p

 ,
≤ p− β.

The above inequality reduce to

n∑
i=1


∞∑

m=p+1
δi (µ+ 1)

(
m
p

)li
(m− p) am,izm−p

1−
∞∑

m=p+1

(
m
p

)li
am,izm−p

 ≤ p− β.
Let z → 1− along the real axis, then we get

n∑
i=1


∞∑

m=p+1
δi (µ+ 1)

(
m
p

)li
(m− p) am,i

1−
∞∑

m=p+1

(
m
p

)li
am,i

 ≤ p− β,
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which give the required result.
Remark 5. Setting p = 1, li = 0 for i ∈ {1, 2, ..., n} in Theorem 3, we have

obtain Theorem 3 in (see [9]).
Putting p = 1 in Theorem 3, we have

Corollary 5.Let the function fi ∈ T for i ∈ {1, 2, ..., n} . Then the functions
fi ∈ KDF1,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} if and only if

n∑
i=1


∞∑
m=2

δi (m)li (m− 1) (µ+ 1) am,i

1−
∞∑
m=2

(m)li am,i

 ≤ 1− β.

Putting p = n = 1, l1 = 0, δ1 = δ and f1 = f in Theorem 3, we have
Corollary 6. Let the function f ∈ T. Then the functions f ∈ KDF1,1,0 (β, µ, δ)

if and only if

∞∑
m=2

δ (m− 1) (µ+ 1) am,1

1−
∞∑
m=2

am,1

≤ 1− β.

5.A necessary and suffficient condition for a family of analytic functions
gi ∈ KDGp,n,l (β, µ, δ1, δ2, ..., δn)

In this section, we give a necessary and sufficient condition for a family of func-

tions gi ∈ KDGp,n,l (β, µ, δ1, δ2, ..., δn). Let us calculate the expression
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

,

required for proving our result.
Recall that, from (8), we have

G′p,n,l,δ(z) = pzp−1
n∏
i=1

((
Dligi(z)

)′
pzp−1

)δi
. (18)

Now, we differentiate (18) logarithmically and multiply by z, we obtain

1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p =
n∑
i=1

δi

(
z
(
Dligi(z)

)′′
(Dligi(z))

′ − p+ 1

)
.

LetDligi(z) = zp−
∞∑

m=p+1

(
m
p

)li
am,iz

m,
(
Dligi

)′
(z) = pzp−1−

∞∑
m=p+1

(
m
p

)li
mam,iz

m−1

and
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(
Dligi

)′′
(z) = p (p− 1) zp−2 −

∞∑
m=p+1

(
m
p

)li
m (m− 1) am,iz

m−2, we

1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p (19)

=

n∑
i=1

δi


p (p− 1) zp−1 −

∞∑
m=p+1

(
m
p

)li
m (m− 1) am,iz

m−1

pzp−1 −
∞∑

m=p+1

(
m
p

)li
mam,izm−1

− p+ 1

 ,

= −
n∑
i=1

δi


∞∑

m=p+1

(
n
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p

 .
Theorem 4. Let the function gi ∈ Tp for i ∈ {1, 2, ..., n} . Then the functions

gi ∈ KDGp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} if and only if

n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
m (m− p) (µ+ 1) am,i

p−
∞∑

m=p+1

(
m
p

)li
mam,i

 ≤ p− β. (20)

Proof. First consider

µ

∣∣∣∣∣1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p

∣∣∣∣∣−<
{

1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

}
≤ (µ+ 1)

∣∣∣∣∣1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p

∣∣∣∣∣ .
From (19), we obtain
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(µ+ 1)

∣∣∣∣∣1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p

∣∣∣∣∣
= (µ+ 1)

∣∣∣∣∣∣∣∣∣
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p


∣∣∣∣∣∣∣∣∣ ,

≤ (µ+ 1)

n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
m (m− p) |am,i| |z|m−p

p−
∞∑

m=p+1

(
m
p

)li
m |am,i| |z|m−p

 ,

≤ (µ+ 1)

n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
m (m− p) am,i

p−
∞∑

m=p+1

(
m
p

)li
mam,i

 .
If (20) holds then the above expression is bounded by p− β and consequently

µ

∣∣∣∣∣1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p

∣∣∣∣∣−<
{

1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

}
< −β,

which equivalent to

<

{
1 +

zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

}
≥ µ

∣∣∣∣∣1 +
zG′′p,n,l,δ(z)
G′p,n,l,δ(z)

− p

∣∣∣∣∣+ β.

Hence gi ∈ KDGp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} .
Conversely, let gi ∈ KDGp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} and prove

that (20) holds. If gi ∈ KDGp,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} and z is real,
we get from (8) and (19)
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p−
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p

 ,

≥ µ

∣∣∣∣∣∣∣∣∣
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p


∣∣∣∣∣∣∣∣∣+ β,

≥ µ
n∑
i=1

δi


∞∑

m=p+1

(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p

+ β.

That is equivalent to

n∑
i=1


∞∑

m=p+1
δiµ
(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p

+

n∑
i=1


∞∑

m=p+1
δi

(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p

 ,
≤ p− β.

The above inequality reduce to

n∑
i=1


∞∑

m=p+1
δi (µ+ 1)

(
m
p

)li
m (m− p) am,izm−p

p−
∞∑

m=p+1

(
m
p

)li
mam,izm−p

 ≤ p− β.

Let z → 1− along the real axis, then we get
∑n

i=1

 ∞∑
m=p+1

δi(µ+1)
(
m
p

)li
m(m−p)am,i

p−
∞∑

m=p+1

(
m
p

)li
mam,i

 ≤
p− β,

which give the required result.
Remark 6. Setting p = 1, li = 0 for i ∈ {1, 2, ..., n} in Theorem 4, we have

obtain Theorem 4 in (see [9]).
Putting p = 1 in Theorem 4, we have
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Corollary 7. Let the function gi ∈ T for i ∈ {1, 2, ..., n} . Then the functions
gi ∈ KDG1,n,l (β, µ, δ1, δ2, ..., δn) for i ∈ {1, 2, ..., n} if and only if

n∑
i=1


∞∑
m=2

δi (µ+ 1) (m)lim (m− 1) am,i

1−
∞∑
m=2

(m)limam,i

 ≤ 1− β.

Putting p = n = 1, l1 = 0, δ1 = δ and g1 = g in Theorem 4, we have
Corollary 8. Let the function g ∈ T . Then the functions g ∈ KDG1,1,0 (β, µ, δ) if

and only if

∞∑
m=2

δ(µ+1)m(m−1)am,1

1−
∞∑
m=2

mam,1

≤ 1− β.
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