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ABSTRACT. The Generalized Minimum Spanning Tree Problem denoted
by GMST is a generalization of the well-known minimum spanning tree prob-
lem and belongs to the hard-core of the N'P-hard problems. The paper fo-
cuses on some special cases when effective polynomial algorithms for solving
the GMST problem can be constructed.
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1. INTRODUCTION

We are concerned with the generalized version of the minimum spanning
tree problem (MST) called the generalized minimum spanning tree problem
(GMST). Given an undirected graph whose nodes are partitioned into a num-
ber of subsets (clusters), the GMST problem is then to find a minimum-cost
tree which includes ezactly one node from each cluster. Therefore, the MST
is a special case of the GMST problem where each cluster consists of exactly
one node.

The model fits various problems of determining the location of regional service
centers (e.g. public facilities, branches, distribution centers) which should
be connected by building links (e.g. highways, communication links). For
example, when a company tries to establish marketing centers, one for each
market segment, and construct a communication network which interconnects
the established centers, the company faces a GMST problem. For another
example, when designing metropolitan area networks [6] and regional area
networks [15], we are to interconnect a number of local area networks. For this
model, we must select a node in each local network as a hub (or a gateway)
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and connect the hub nodes via transmission links such as optical fibers. Then,
such a network design problem reduces to a GMST problem.

The GMST problem has been introduced by Myung, Lee and Tcha in [9].
Since then it appeared several papers studying different aspects of the GMST
problems: Feremans, Labbé and Laporte in [4] and Pop in [10] present several
integer formulations of the GMST problem, in [4] Feremans et al. study the
polytope associated with the GMST problem, in [12] Pop presents approxima-
tion results of the problem, etc. The GMST problem was solved to optimality
for graphs with up to 200 nodes by Feremans [3] using a branch-and-cut al-
gorithm and by Pop [13] for graphs with up to 240 nodes using a so-called
rooting procedure.

A variant of the GMST problem is the problem of finding a minimum cost tree
including at least one vertex from each cluster. This problem was introduced
by Dror et al. in [2]. These authors provide also five heuristics including a
genetic algorithm [7]. In the present paper we confine ourselves to the problem
of choosing exactly one vertex per cluster.

2. DEFINITION AND COMPLEXITY OF THE PROBLEM

We begin this section with the definition of the well-known minimum span-
ning tree problem.

Let G = (V, E) be a connected graph. A spanning tree is a graph where all
the nodes in the graph are connected in some way with the requirement that
there are no cycles in the graph. If each edge has a weight or cost connected
to it, denoting how much you have to pay in order to use the edge, the total
sum of the costs of the edges can vary from one edge to another, in the same
graph. The one of these possibilities which has the lowest sum is called the
minimum spanning tree.

The minimum spanning tree problem can be solved by a polynomial time
algorithm, for instance the algorithms of Kruskal [8] or Prim [14]. However as
we will show the GMST problem is N'P-hard.

The GMST problem is defined on an undirected graph G' = (V, E') with nodes
partitioned into m clusters. Let |V| =n and K = {1,2,...,m} be the index
set of the node sets (clusters). Then, V =V, UV, U...UV,, and VNV, =0
for all [,k € K such that [ # k. We assume that edges are defined only
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between nodes belonging to different clusters and each edge e = {i, j} € F has
a nonnegative cost denoted by ¢;; or by c(, j).

The GMST problem is the problem of finding a minimum-cost tree spanning
a subset of nodes which includes exactly one node from each cluster. We will
call a tree containing one node from each cluster a generalized spanning tree.

Garey and Johnson [5] have shown that for certain combinatorial optimization
problems, the simple structure of trees can offer algorithmic advantages for
efficiently solving them. Indeed, a number of problems that are N'P-complete,
when are formulated on a general graph, become polynomially solvable when
the graph is a tree. Unfortunately, this is not the case for the GMST problem.
We showed in [10] that on trees the GMST problem is N'P-hard.

Let us consider the case when the GMST problem is defined on trees, i.e. the
graph G = (V, E) is a tree.
To show that the GMST problem on trees is N'P-hard we introduce the so-

called set cover problem which is known to be N'P-complete (see [5]).

Given a finite set X = {x1,..., 2.}, a collection of subsets, Sy, ..., 5 C X and
an integer k < |X|, the set cover problem is to determine whether there exists
a subset Y C X such that |Y| < k and

S.NY #0, Vewithl <c<b.

We call such a set Y a set cover for X.

THEOREM 1. The Generalized Minimum Spanning Tree problem on trees
is N'P-hard.

The proof of this results is based on the fact that the set cover problem can be
polynomially reduced to the GMST problem. We showed in [10] that we can
construct a graph G = (V, E) having a tree structure such that there exists a
set cover Y C X |Y| < k if and only if there exists a generalized spanning
tree in G of cost at most k.

The following theorem due originally to Myung et al. [9] is an easy consequence
of Theorem 1.

THEOREM 2. The Generalized Minimum Spanning Tree problem is N'P-
hard.
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REMARK 3. To show that the GMST problem is N'P-hard, Myung, Lee and
Tcha [9] used the so-called node cover problem which is known that is N'P-
complete (see [5]) and showed that it can be polynomially reduced to GMST
problem. Recall that given a graph G = (V, E) and an integer k < |V|, the
node cover problem is to determine whether a graph has a set C' of at most k
nodes such that all the edges of G are adjacent to at least one node of C'. We
call such a set C' a node cover of G.

3. POLYNOMIALLY SOLVABLE CASES OF THE GMST PROBLEM

As we have seen the GMST problem is NP-hard. In this section we present
some cases when the GMST problem can be solved in polynomial time.

A special case in which the GMST problem can be solved in polynomial time
is the following:

REMARK 4. If Vx| = 1, for all k = 1,...,m then the GMST problem
trivially reduces to the classical Minimum Spanning Tree problem which can be
solved in polynomaial time, by using for instance the algorithm of Kruskal or
the algorithm of Prim.

Another case in which the GMST problem can be solved in polynomial time
is given in the following proposition:

PROPOSITION 5. If the number of clusters m s fized then the GMST
problem can be solved in polynomial time (in the number of nodes n).

Proof. We present a polynomial time procedure based on dynamic program-
ming which solves the GMST problem in this case.

Let G' be the graph obtained from G after replacing all nodes of a cluster
V; with a supernode representing V;, that we will call the global graph. For
convenience, we identify V; with the supernode representing it. We assume
that G’ with vertex set {V1, ..., V,,,} is complete.

Given a global spanning tree of G, which we shall refer to as the global span-
ning tree, we use dynamic programming in order to find the best (w.r.t. cost
minimization) generalized spanning tree.

Fix an arbitrary cluster V. as the root of the global spanning tree and orient
all the edges away from vertices of V,.,,; according to the global spanning tree.
A directed edge (Vi,V}) resulting from the orientation of edges of the global
spanning tree defines naturally an orientation (i, j) of an edge (i, j) € E where
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1 € Vi and 57 € V. Let v be a vertex of cluster Vj for some 1 < k < m. All
such nodes v are potential candidates to be incident to an edge of the global
spanning tree.

The ”subtree” rooted at a vertex v, v € Vi with k& < m, denoted by T'(v)
includes all the vertices reachable from v under the above orientation of the
edges of GG, based on the orientation of the edges of the global spanning tree of
G'. The children of v denoted by C(v) are all those vertices u with a directed
edge (v,u). Leaves of the tree have no children.

Let W(T'(v)) denote the minimum weight of a generalized ”subtree” rooted at
v. We want to compute:

min W(T'(r)).

7E€Vroot

We give now the dynamic programming recursion to solve the subproblem
W (T'(v)). The initialization is:

W(T(v)) =0 ifv € V; and V} is a leaf of the global spanning tree.

The recursion for v € V an interior vertex is then as follows:

W(Tw)= ). min {c(v, u) + W(T'(u))},

ueVy
1,C(v)NV,#0

where by ¢(v, u) we denoted the cost of the edge (v, u).

For computing W(7T(v)), i.e. find the optimal solution of the subproblem
W (T'(v)), we need to look at all the vertices from the clusters V; such that
C(v) NV, # . Therefore for fixed v we have to check at most n vertices. So
the overall complexity of this dynamic programming algorithm is O(n?), where

n=|V|.

Notice that the above procedure leads to an O(m™ ?n?) time exact algorithm
for GMST problem, obtained by trying all the global spanning trees, i.e. the
possible trees spanning the clusters, where m™~2 represents the number of dis-
tinct spanning trees of a completely connected undirected graph of m vertices
given by Cayley’s formula [1]. Therefore when the number of clusters m is
fixed the above procedure leads to a polynomial time algorithm for solving the

GMST problem. O
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The last case when the GMST problem can be solved in polynomial time is
given in the following proposition:

PROPOSITION 6. Consider the GMST problem on trees. If the number of
leaves is bounded then the problem can be solved in polynomial time.

Proof. Because the number of leaves of the graph G = (V, E) (having a tree
structure) is bounded, the number of possible generalized spanning trees, i.e.
trees containing exactly one node from each cluster is finite. Therefore the
GMST problem in this case is solvable in polynomial time. O
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