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ON SOME PROPERTIES OF KANTOROVICH BIVARIATE 
OPERATORS 

 
by  

Lucia A. Căbulea and Mihaela Aldea 
 
 
Abstract. In this paper we continue our earlier investigations concerning the use of 
probabilistic methods for constructing linear positive operators useful in approximation theory 
of functions. The main result of this paper consists in introducing and investigating the 
approximation properties of Kantorovich bivariate operator, which is an integral linear positive 
operator reproducing the linear functions. 
 
Keywords: bivariate operator 
 
1. THE OPERATORS OF KANTOROVICH 
 

Let Nm∈ be fixed. The operators ])1,0([])1,0([: 1 CLKm → , defined by 
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are the operators of Kantorovich. 

If we noticed mχ  the characteristic function of 
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(1.1) can be define 
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Lemma[1]. The operators of Kantorovich satisfy the relations 
 
i) ( ) 1)(0 =xeKm , 
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)1()(  , [ ]1,0∈x  are the operators of Bernstein. 

  
Theorem [8]. The operators of Kantorovich have the properties 
 
i) ffKmm

=
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lim , uniformly on [0,1], [ ]1,0)( Cf ∈∀  . 
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lim , [ ]1,0)( pLf ∈∀  , 1≥p . 

 
2. THE OPERATORS OF STANCU-KANTOROVICH 

 
 The Stancu polynomials [7] defined by  
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used for constructing the operators of Stancu-Kantorovich[5] 
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 It is clear that the operators defined by (2.1) are linear and positive too. In the 
particular case 0=α , the operator reduces obviously to the thn  classical Kantorovich 
operator defined by (1.1). 
  
Lemma [3]. The operators defined by (2.1) satisfy the relations 
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iv) If 
n
C

≤≤ α0  , with C a positive constant, it follows 
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Theorem. Let ( )( ) 1≥nnK α  be defined by (2.1) and 
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 If 3≥r  is an integer number and ( )
r
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2
1,/1 ≤β  , Nn∈ , the for every 

function [ ]1,0pLf ∈  we have 
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with rpC ,  a positive constant independent of f and n. 
 
 
3.THE BIVARIATE OPERATORS OF KANTOROVICH 

 
We consider the operators defined by 
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where f belongs to the spaces [ ] [ ]( )1,01,01 ×L . 
 The operators defined by (3.1) are the bivariate operators of Kantorovich. 
 
Lemma . The bivariate operators of Kntorovich satisfy the relations: 
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Theorem . The bivariate operators of Kantorovich have the properties 
 
i)  ffKmnn

=
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lim , uniformly on [ ] [ ]1,01,0 × , ( ) [ ] [ ]( )1,01,0 ×∈∀ Cf  , 
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lim ,  ( ) [ ] [ ]( )1,01,0 ×∈∀ pLf  , 1≥p . 

 
 
4.THE BIVARIATE OPERATORS OF STANCU–KANTOROVICH 

 
Now, we consider the operators defined by 
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The operators defined by (4.1) are the bivariate operators of Stancu-
Kantorovich. 

 
Lemma . The operators defined by (4.1) satisfy the relations 
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