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ON SOME PROPERTIES OF KANTOROVICH BIVARIATE
OPERATORS

by
Lucia A. Cabulea and Mihaela Aldea

Abstract. In this paper we continue our earlier investigations concerning the use of
probabilistic methods for constructing linear positive operators useful in approximation theory
of functions. The main result of this paper consists in introducing and investigating the
approximation properties of Kantorovich bivariate operator, which is an integral linear positive
operator reproducing the linear functions.
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1. THE OPERATORS OF KANTOROVICH
Let m € N be fixed. The operators K, : L, ([0,1]) = C([0,1]), defined by
k+1

(K, )x) = (m+1>2[’gx"<l—x>m-k [ r@ar (1.1)
k=0

m+1

are the operators of Kantorovich.

! J then the operators

If we noticed y,, the characteristic function of [O,
m+

(1.1) can be define

m 1 k
(Ko X = 0+ D2 pas O 1012 (r - mjdr : (1.2)

m —_—
where p,, = [ijk (1-x)"* , k=0,m , x €[0,1] are the Bernstein polynomials.

Lemma|1]. The operators of Kantorovich satisfy the relations

i) (K,e )x)=1,
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m 1
X+ ,
m+1 2(m+1)

i) (K, e Xx)=

m(m — 1) 2, 2m 4 1
(m+1)* (m+1D*  3(m+1)?

iil) (K, e, )x) =

iv) For all feL(01]), (K, f)(x)— (BmHF)(x) , where F(x)= j f(dt and

(Bm f )(x) = Z(’ijk A-x)"*r (%) , X € [0,1] are the operators of Bernstein.
k=0

Theorem [8]. The operators of Kantorovich have the properties

i) lim K, f = f, uniformly on [0,1], (V) f e C[0,1] .

i) imK,, =/, (V)feL,[0l], p=1.

2. THE OPERATORS OF STANCU-KANTOROVICH

The Stancu polynomials [7] defined by

nfx ank (_),XEI:[O,I],(ZZO

, xlma) — x(x+a)..(x+(k-1a) , can be

(k,—ar) _ (n—k,~a)
where wy, (x)= (n] al U=

k 1("r0€ )
used for constructing the operators of Stancu-Kantorovich[5]

k+1

K(f;x)= n+12wnk j”“f) 2.1

n+l

It is clear that the operators defined by (2.1) are linear and positive too. In the

particular case @ = 0, the operator reduces obviously to the n” classical Kantorovich
operator defined by (1.1).

Lemma [3]. The operators defined by (2.1) satisfy the relations
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i) K (5x)=1,

1-2x

i) K(t—x;x) = 2D’

na +1

n
b Ka t— 2; — 1_ \ a+1 1 ,
i) "(( ) x) =) (n+1?  3(n+1)

-1

. c . . .
iv) If 0 <o <— , with C a positive constant, it follows
n

K,f‘((t—x)z;x)SC( e () l//n(x)]

(el el

,with £, = {é,l —ﬁ} and A > 0 fixed.

n n

I, xek,
where v, (x)=1 0" vk

Theorem. Let (K ,5“))"21 be defined by (2.1) and

a(n)+(n+1)" N 1
(p+1”p) 3(n+1) '

Bln, p)=

If »>3 is an integer number and 8" (n,p)ézL , he N, the for every
r

function fe L, [0,1] we have

[k s - =c, Bpls], +o 8" (000 ),)

with €, a positive constant independent of f and n.

r

3.THE BIVARIATE OPERATORS OF KANTOROVICH

We consider the operators defined by
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n k+1  h+l

(Kmnf)(x’y) m+1)(n+l i xk 1 X m * h 1_ " hJAm"'lJ"Hl u, V dudv

k=0 h=0 m+l n+l

where f belongs to the spaces L, ([0,1]x[0,1]).
The operators defined by (3.1) are the bivariate operators of Kantorovich.

Lemma . The bivariate operators of Kntorovich satisfy the relations:
1) (KmneOO )()C, y) =1 ’

m 1
X+ ,
m+1 2(m+1)

ll) (Kmnelo )(x’ y) =

n 1
m) (K, ey (x,y)= + R
)( mn 01)( y) }’l+1y 2(7’[-‘1-1)

. [ m 1 n 1
W) (K'"”e”)(x’y)_(mﬂﬁ 2(m+1)J(n+1y+ 2(n+l)J ’

m(m—l) 2, 2m ‘i 1
(m+1)* (m+1)?*  3(m+1)?

V) (Kmn € )(X, y)

n(n—1) 2, 2n N
(n+l)2y (n+1)2y 3(n+1)?

Vl) (KmneOZ )(x’ y) =

Theorem . The bivariate operators of Kantorovich have the properties

i) limK,,f = f,uniformly on [0,1]x[0,1], (V)f e C([0,1]x[0,1]) ,

ii) imK,,,f =/, (V)f eL,(01]x[01]), p=1.

4.THE BIVARIATE OPERATORS OF STANCU-KANTOROVICH

Now, we consider the operators defined by
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nm kel

Ko (f56,9) = (e Dom+ 1D > i, (e O0) 3 7 v ) (4.1)
i

0 h=0 n+l m+l

, xme) = x(x+a)..(x+(k—-1)a) and

(k,—a) _ (n—k,—a)
where w;, (x)= (ZJ al (ll(n jg

m (h,-a) 1- (m—h,~a) ~
i () = ( h] . (1(,,,,_{)) P =y @)+ (h-Da)

The operators defined by (4.1) are the bivariate operators of Stancu-
Kantorovich.

w

Lemma . The operators defined by (4.1) satisfy the relations

i) K% (x,y)=1,

.. 1-2x
K2 (u—x;x,y)=

11) nm(u x’x’y) 2(I’l+1) >

e a 1-2y
Ko (v—y;x,y)=—""—

111) nm(v y’x’y) 2(m+1) >

. ) 1-2 1-2
) Ko (e =xf =y )= j) 2(m +y1)

noz+1_1

ni
K (= xV iz, v) = x(1 - x)—2 1 1 ’
V) nm((u x) X y) X( x) (I’l+1)2 +3(}’l+1)2

mo +1
m

i) K2, (v—y)ix,p)= y(1 - y)—2H 1 :
vi) nm((v y) xy) y( Y (m+1)2 3(m+1)?

-1
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