ACTA UNIVERSITATIS APULENSIS Special Issue

RESULTS ON THE CONVERGENCE OF THE WEAK
SOLUTION FOR THE STATIC PROBLEM OF PERIODIC
ELASTIC MEDIA PROBLEMS
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ABSTRACT. The static equations governing the stress state and the de-
formation of a periodic medium are established based on the homogenization
method. Properties of the stress and elasticity tensors are obtained. The weak
convergence of the solution of the microscopic problem is proven.
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1. THE PHISICAL PROBLEM: HOMOGENIZED EQUATIONS

When the material has a strong heterogeneous structure, it is practically
impossible to determine its properties in each point. As a result, the porous
media study is performed by approximation with periodic media which allow to
the microscopic equations to had through homogenization to macroscopic laws
and in certain conditions the solution of the microscopic problem is convergent
to the solution of the macroscopic one.

In [5] Sanchez-Palencia applies the homogenization method to the case of
composite materials. He investigates static problems such as: the thermal
conduction problem in a periodic medium with Dirichlet and Neumann type
boundary conditions, the elasticity problem with Dirichlet type boundary con-
ditions. For the thermal conduction equation he proved a weak convergence
of the weak solution of the microscopic problem to the weak solution of the
macroscopic one.

Based on Sanchez-Palencia techniques, for the linear elasticity static prob-
lem, the macroscopic equations for porous media are established and the weak
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solution convergence of the microscopic problem toward the weak solution of
the macroscopic one is investigated.

This procedure implies that the medium is considered as having a periodic
structures.

The homogenization method in elasticity problems is used also by Abdulle
[1] for a polygonal domain with the numerical investigation of the homogenized
equations based on the finite elaments method (FEM).

Let us consider a porous body which occupies the region  C R* (having
the characteristic dimension L) with a piecewise smooth boundary 0. The
coordinates of a certain point in the domain T = (21, x9, x3) € Q are written
with respect to the well known coordinate system R = {O;e;,e,,e3}. Follow-
ing [3], [5], 2 is assumed to be periodically domain. The microstructure is
defined by periodic cell P (having the characteristic dimension ) with a solid
part Pg and a empty part Py,. For example, see the next figure:

e Nomenclature:
(a) the porous medium is enclosed in 2 = (0, L)3;

(b) the microstructure is defined by w! = (0, 1)* with a solid part wk (wk C

w') and a empty part wi, = w! — w!;

(c) the cube Q has N cells ('), ie, Q = UL, wh, where ) = z; + o',

_ L3 I _ l I _ l .
N =7 e N, wg, = z; +wg and wy, = x; +wy;

394



R. Ene, T. Binzar - Results on the convergence of the weak solution for...

(d) denote e = £ =

N
Q= ng, r= &ufgj;
j=1
We have 9Q¢ = T'“|J 09,

(e) The basic cell is Y = 1! = (0, L)* with the solid part Ys = tw} and
the empty part Yy = %w{/;

(f) In dimensionless variables zj = %, i = 1,2, 3, we have:

Qo0 =10=(0,1°, Q@ =210 T¢oI"=1re

o = Bl = (0,6, oW = bk, wh o = bl
Y=V =1V =017 Ys—Vis=1Ys, Yv—Yy=1¥y
(g) The following relations are valid:
W'y, = 13 + 'S
Q= Ué.v:l wj, where W' = %mj + &' and ; X e
Y =Ujn w0, [ = i Ow's,, where
'y, = Tx; + 0w, OV =T U, 9Y's = Low's;
(h) The porosity is denoted by ITy = |Y'y/|.
The dimensionless microscopic problem is written:
1 0.1 ¢ € £ (oI i A€
Z%[Eagjklekl(ﬂ, )] = —pof (@) in Q°, i=1,2,3. (1)
J
Let us assume the asymptotic expansion:
7 =7, 7) + e (@, 7) + T, T) + (2)

with ' = %, € Ys, 7 € ) and the functions @’ 0 @, ... are periodic functions
.
in 7.
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The small deformations tensor can be written

—re\ __ 1 (0u} u'i\ _ 1 6u’2 Bu’?
ekl(u ) - 2(696’1 -

11 (0uy ‘9“1
oz’ 2\ 0z/y Bz’k>+62<6yl + +

21 ou'? ou'? ou'? ou'? _
)+€2(6$’l+3$’k T 8yl+8y/k T

“L) + (@, T) + eeh (@, 7) + -

where the folowing notation were introduced

1(0u'y ou’; 1 o'}, 8ul
+€2(3x’l+dwk +2 ayl+

o=

1(ou'y aul
2(391 T

N (@, Y) = epw (*'0

u ) + ey (ﬂll)

en (T, Y) = epw (*'1

u ) + ey (ﬂﬂ)

(4)
en(T.Y) = enw (HIQ) + Cry (5'3)

with

erz (V) = %(?”’f + 3”!)

, Vu=9(7,7). (5)
ey (V) = %(avk + avl)

Jy; Jy;,
With (4) the small deformation tensor (e;;(@))?._; has the form
c 1
eij(W") = Gy @) + e(@ . 7) + eel; (@

TY)+ ..., 1,7=1,2,3, (6)
3
leading to the stress tensor (o ”)l i1
0% = g Leway (@) + e 7) + el (@, 7) + @@, T) + .| =
(7)
= La§meuy (T %) + o (T,Y) + €0y (T, Y) + €05,(T,7) + ..
where

5T 7)) = agjklegl (@, 7)

U,}j(f’,@’) =aq

Ejkzellcl @7) .
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d _ & 10 ;_
Let us assume the operator & = B + oy 1= 1,2, 3.

Replacing (7) in (1) we get:

12 (ai;. + %a%) (%azﬁ‘jkleklgl @°) + 0T, ) + ol (T, 7))+
+e2o? (', 7) + ) = —pof!, InQ° i=1,2,3

(9)

In (9) considering the coefficients of €%, i = 2, 1,0, we have:

9 € —/0 N .
ay}(aijklekly/ (u/ )) = 07 m Yé’? 1= 17 27 37 (10)
i(aﬁ ey (0°)) + 0 (5@, 7)) =0, Y i=123 (11)
15kl ! %7 ) - Y% ) — &Y
Ol \ IR oy; N Y
1 0 o 1 0 o . .
ﬁ@(a?j(x’,y’)) + ﬁa—y(a}j(x',y’)) = —pof,, In Y4 i=1,2,3 (12)
j J
Relation (10) shows the dependence of @ % only on the macroscopic variable
7'
Equations (11), (12) can be rewritten:
%(afjkzek@’ (U/O)) + {%}(a;jklekli’ (@°) + agueny (ﬁll)) =0, InYg,
w~ Y’ — periodica (1=1,2,3)
1 L ) “y
dy =0
bt
(13)
and
1 0 —/0 /1 1 0 /1 € —/2 ’
w577 @merr (W) +aGeny (W) )+ 75 2= (@ uens (W) +ageny (W) ) = —pofi,
Lzax;(J J Y ) LQayg(J J Y )
(14)

in Y¢,i=1,2,3, respectively.
The homogenized elasticity tensor can be evaluated from the simplified
form of (13):

¢ 1 day; —0 .
a%;_(az‘jklekly’ (@ )) = 35;1 epw (W), inYg
@' Y’ — periodic (i=1,2,3). (15)
1 1
a' dy =0
vkt
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Based on the liniarity of (15); we seak for a solution of the form :

' =" e (W), in YL, (16)

with @w™" Y'- periodic functions. Let use assume fixed m,h € {1,2,3} such
that e, (@°) = 1. We have (15) and the variational formulation:

Find w™ e H!, (V") such that

per
da; —~ (1=1,2,3)
€ —mh —\ 7 ijmh — — 1 y 4y 90).
/Yé agjphry (W) - €5 (V) dy = v 8;/; v dy, YU € Hpy, (Y)
(17)
From relations (8);, (4); and (16) we obtain:
0% @) = a5y [kmOin + exi (@™ iz (@),
in which mediation relative to the Y’ cell, we obtain the relation:
1
~0 (=1 _ 0 (5 =1\ gl —
Oz’j(‘r/) - |Y/| ‘/Yg/; O-z'j(xlay,) dy, -
1 ¢ —mh] 0 18
= <|Y’| /Ys’ QK [(5km5lh + epy (w )] dy’) Copz (U) = (18)
=all ez (@), T €W, i,j=1,23,
where ]
ag‘mh = il /Y, ik [5km§lh + Cry (@mh)} dy’, (19)
S

(2,7,m,h = 1,2,3) represent the homogenized elasticity tensor.
Integrating the equation (14) on Y¢ and using the Y’'— periodically condi-
tion of the functions @' and @?, we obtain the homogenized equations (macro-

scopic equations):

0 ~ 1 o B N
%[(1 - HY)aijmhemhi(uo) + (\Y’| /Y, ijkiCrig (W0 h) dy’) emhf(uo)} =—fi
J S
(20)
in 2, ¢+ = 1,2,3, in the dimensional form, for that ||§€|‘ = ||;,||YV| =1~
' L1
lg){" = 1 — Iy, where f/ = idl / pof! dy'. These equations describes the
L

macroscopic laws.
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2. afjkl, wmh, 05 - PROPERTIES

Following the ideas from [4], we are interested in establishing some proper-
ties of the homogenized tensor in order to characterize J . These properties
are then used for the homogenized equations study.

Remark 1. The following properties are valid:

a)

ally = (1 —Iy)agm, Yi,j, k1€ {1,2,3}, with i#j. (21)
b)
[, sy @5 = | agpmneniy @)y, Wik =123, (22)
Y§ Y§
/ aiimhemhﬂ’ (w“>dy/ = / aiimhemhy/ (wkk)dylu VZ, k= 17 27 37 (23)
Yg Yg
/ Vy - w'ldy = / Vy - w?dy = / Vy - wdy . (24)
Y§ g Yg
c) .
Oij (T,t) = (1 — Hy)aijmensz(u ) + b (T, )04, (25)

with b = A+ 24 (bulk modulus) and ¢(Z,t) = (]Y’\ / Vi .@dg’)(vf ).
s

3. THE MICROSCOPIC PROBLEM SOLUTION’S CONVERGENCE

Some complementary results are presented in this section.
Remark 2. The characteristic function ¢ of YZ belongs to L?(Y’) and its
mean value has the form:

IR
°= |Y'|/ v d |Y,|/ |Y' v

Similarl}@ o (T') = p(¥'), T = €7, the characteristic function of w'* belongs to
L*(w'S). This function can be extended to ¢¢ € L?(Y') of ¢¢ weak convergent
in L*(QY) toward ¢ = 1 — IIy (conform [2]).

Let us the Hilbert space V = (H'(Q'¢))? with the scalar product

3
(ﬁ, U)y = Z(VUZ, VUZ')LZ(Q/E), u = (Ul, UQ,Ug),@ = (’Ul,Ug, Ug) ey (26)

=1

399



R. Ene, T. Binzar - Results on the convergence of the weak solution for...

and the norm
3 1
— 2 2 —_
ol = (3 1Vvilliaen ), 7= (v1,v2,05) € V. (27)
i=1
Let us assume that f € V',
The microscopic problem for homogeneous boundary conditions is defined:
Lo 105 uen(@)] = —p5 f(T') in
(1=1,2,3). (28)
n; (%afjklekl(ﬂ'gn =0 on 0Q\T"

The variational formulation on V), is corresponding by:

Find @ € V such that
1 € —/€ — —/ c r/ —/ f— Y (29>
ﬁ/ﬂ/e agmen (T )e;(0) dT' = /Q,e pof v dT YU eV
which is equivalent to
Find @ € V such that (30)
a(@W,v) =< F,v >, Yo € V,
where .
a@) = 7 | afuen(@ey(®) d7', va, Te v, (31)
is a bilinear elliptic form on V x V [3], and
< Fu>= / pef'v; AT, (32)
Q/G
a linear continuous functional on V with
IF I < lloof Il < llpof Nl ez (33)

Theorem 1. Let f € V'. The problem (29) has a unique solution @ € V.
Moreover, there exist a positive constant C such that

__J€ -/
@[y < Cillpof |l r2rye- (34)

Proof. The hypothesis of the Lax-Milgram theorem are satisfied, i.e. the
functional F' is continuous on V), the bilinear form a = a(@,v) is continuous
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and V - eliptic, so the problem (29) has a unique solution @ € V. The Korn’s
type inequality is valid:

€ € —/€ — 1/2
7Nz vy < Coc [T N zoreys + (/m e (@)? dz) 7], (35)

where Cx = cx (). The elasticity tensor (ag,) is positive definite one, so
there exist a constant C' > 0 such that

ag e (@ )ey (W) > Cey;(u)ey; ().
We obtain:

1 /
=155 [, dhuen(@ ey @) dz

’a(ﬂ“, e

>C”L2/ e;; (W )e; (W) dz'| >

— /€
|15,

> Ircn
(36)
and
| < B > | < ||Fllv - @y < llpof Nz - 17, (37)
respectively. The inequalities (36), (37) yield
€ LQCK 1€ /€ LQ'CK __r€ L2CK - __r€
[z |5 < |a(@”, ")) = | <Fu" > < Neof Mz 12y,
C C
SO 120
__J€ rd K
@y < Ci - llpof ey, Ci= o

The proof is complete.
—im 3
For I,m € {1, 2,3} the functions P' (¥) = (P,ff”(@’))lﬁ1 are defined

P™MY) = yplm, k=1,2,3. (38)
The solution Y'™(7') = (ka @/)); of the system

9 . o0 — P
7(@; (" k )):0’ inY{, i=1,2,3
Xim Y' — periodics (39)

7 Xk; y )
1 )y,
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and W (7),
!

@) = P — ed™(D), 7 e ¥, k,h=1,2,3, (40)
€

€

are considered as in Cioranescu D. [3], also
0 (@))ig = @ (T e ng (@) (7). (41)

Theorem 2. Let f € V'. Then, there exists an extension ', of the solu-
tion @' of the problem (29), from '° to ' and a sequence €, — 0 such that:
ioal — @ in (HY(Y))?,

i, @ — @ in (L3(Q))?,

iil. aj;klekl(ﬂ’;") — agklekly(ﬂ’o) in (L2(Q))3<3,
where w° = (u/9, 49, u/3) is the unique solution in (H'(€))? of the homoge-

nized problem

1 0 0 oo
BM(agkleklm/(u' )) = —le m Q/

, 1=1,2,3, (42)
%GZMBME/(ﬂ/O) =0, on 0%
and (a/l;) defined by (19).
Proof. From Theorem 1, we have

__J€E =/
1@ e vepys < Chllpof | r2gary)s-

€

For o¢ = (o}

)3 =1 defined by of; = ag;,ex (@) the following inequality stands
3]:

lollzaeps < C.
All these estimations [2], Lemma 3, lead the conclusion: there exists an
extension @', of @' of (29), from Q' to ' and a sequence ¢, — 0 such that:
— — =/
o Hu/;H%{l(Q’) < 02||u“;H§{1(Q,e) < ACtpof ”%LQ(Q’))37

ia — @, in (HY(Q))3,

?

il @ — @, in (LA(Q))?, (43)

fii. ot — 0, in (L2(QY))*3,
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ij
The variational formulation of (28), pomt out that the tensor (ofr) verifies the
equation:

3 €n €n : 5 _ / n
respectively, where o7 = (a--p), with off = aihen (T

17 /,en ey (0) dT’ =< pof T >y, VO EV. (44)
Let us evaluate all the terms in (44):
1 1
Z qren Ugnewz (6) dT/ L szn oie Z]Z v :E - */ z]a: /

(45)
for €, — 0. The right side of the equation (44) can be written for €, — 0:

< pof T >yry= /Q/en pofivi AT’ = /Q, 0 pofivi dF —< 7>, (46)

Taking into account (43)3, we get:

L/ 50 01w () dT =< 7>, W0 € (CT())*. (47)

The proof is completed if:

N 0
U?j = agkleklfl (@"). (48)

Let ¢ € C°(€Y), ¢w? test function in (44) and ¥ = ¢’ in relation

| ez (@) ' = 0, vo € (H(Q)"

We have:

1
L Joyen

—<pof ot > | (e (@)e di' +

€ —_/€n — 1 € FTIL a¢ agb
e (@) (@E)6 4+ 57 | 0% |(@0igr + (@i ]
91

1 W00 007
9 Joyen (7725)2] [U’/z ? +u ,] ox /} dl’l = 0.
(19)

The symmetry of (aff,), that assumes

kl)

o ey (W (nf,ll)ijeij (@ ).
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The equation (49) are equivalent to

1 1y 00 P
2L Qen Ul] |:<wen>’l ax; + (wen)] ax2:|
1 e ¢ (50)
kl 1€n /en — 7kl
_ﬁ qen (776”)%] [uz ?_I— j ox /} dr =< p0f7¢w5n >
ie.,
1 00 gy 0971
2L /()06 i [(w ) a + (w]:»fl)Ja /} dz
1 € €n a¢ Gn — )
_E o wen<nfrlz)ij [u/z o / u' ' / 90 Po f ¢ )
(51)
For €, — 0, in (51), becomes:
doq1 .,
2L/ z] ylék‘la / +yl5kja /] dx -
1 0¢p 0¢ (52)
H /0 /0 —r /71 ok
- Qlaijkl{uiaxg +uja$;} dr' = (f,¢P").
which can be rewritten as:
—/ 1 _y — 7kl
L/ 0;;€ij gZ)P - —/ Gryb dT +ﬁ/§2/akHlijeij(u0)¢ dz’ = <f,¢P >
(53)

If we write (47), for the test function gbﬁkl, the main result of the theorem is
obtained

[ e dr' = [ allyeq @6 d’ ¢ e (), (54)
and
~ —/0
0121 = agijeij(u/ ).

The proof is complete.
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