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ON A SUBCLASS OF MEROMORPHIC FUNCTION WITH FIXED
SECOND COEFFICIENT

T. ROSY AND S. SUNIL VARMA

ABSTRACT. In this paper we introduce a new subclass of meromorphic function
with fixed second coefficient defined by Fox-Wright’s generalized hypergeometric
function. We obtain coefficient estimates, extreme points, growth and distortion
theorems, radii of meromorphically starlikeness and convexity for this new subclass.
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1. INTRODUCTION

We denote by X the class of functions of the form

fo) =% + T 10" 1)

which are analytic in the punctured unit disk
A" :={2e€C/0<|z] <1}.
Let ¥p denote the class of functions of the form (1) with a,, > 0 i.e.

1
f(z) = . + 30 janz", a, > 0. (2)

A function f € ¥ is said to be meromorphically starlike of order « if
Zf’(2)>
—Re >«
(7
and meromorphically convex of order « if

(1)
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We denote the class of meromorphically starlike functions and the class of mero-
morphically convex functions by ¥*(«) and X i () respectively. Various subclasses
of ¥ have been defined and studied by various authors (see [1, 2, 3, 5, 6, 7, 8, 9, 10,
11, 12, 13, 17]).

The Hadamard product between f € ¥ given by (1.1) and g(z) = 1 4+552 1b,,2" €
3} is defined as

(F*9)() = © + i sanbnz" = (9% 1))

For positive real parameters aq, A1,...,a;, A, B1,B1, ..., Bm,Bm (I,m € N =
{1,2,3,...}) such that 1 + X7 B, — X! _ A > 0,z € {z € C/0 < |2| < 1} the
Wright’s generalized hypergeometric function

Wol(ar, Ar), ..o, (o, A (B, Br)s - -+ (Bms Bm)s 2) =1 Wan[ (0w, At)1,1(Be, Be)1,ms 2]

is defined by

! m k
W [(ow, Ae)1,0(Be, Bi)1ms 2) = ZEO:O{HF(OQ + kAt)}{H (B + k:Bt)}fl%-
t=0 t=0 ’

IfA,=1t=1,2,...,0) and B, =1(t =1,2,...,m) we have the relationship

N [(at, Ae)10(Be, Be)1i,m; 2) =1 F(, - aq; 1,y - -+, B 2)

Bk -+ (Bm)k: k!
(<m+1lmeNy=N={0,1,2,...,}; 2 € A).

__ y00
- 2lc:0

This is the generalized hypergeometric function (see [7]). Here («;) is the
—1
Pochammer symbol and Q = (Hi:o F(at)> <H?;0 F(ﬁt)>.

Using the generalized hypergeometric function,we define a linear operator

V{(ew, Ae)1; (B, Br)im] - Xp — Zp

Vias, A)1s; (Be, B iml F(2) = 27 X 0% (s, At)1.0(Be, Be)ims 2] * f(2). (3)

For convenience, we denote V[(a, A¢)1.5 (B, Bt)1,m) by V]eu]. If f has the form

(1), then

VInlf(e) = - + S ion(an)ans", ()
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where
Ol(a; + A1(n+1))...T(oqg + Ai(n+1))

(k+DIT(B1+ Bi(n+1))...T (B + Bi(n + 1))

We now define a new subclass of ¥p using the linear operator V[aq].

O'n(al) =

Definition 1. For 0<n<1,0< A< 3, z€ {2 €C/0 < |2| <1} we say f € Tp
is in N1 (\,n) if

o AVl )Y 4 ARV F(2)"
i ((1— N(V[arl f(2)) + A (Vo Jf<z>>'>>”'

Note that when A; =1 forallt =1,2,...,l and B, =1 forallt =1,2,...,m,
we get the class considered by Dziok et al. [5].
We now prove the coefficient inequality for f € N. (X, n).

Theorem 1. Let f € p be given by (2). Then f € N' (X n) if and only if
Spzil(n+n) (A — A+ D]on(ar)an < (1 —n)(1 = 2)). ()
Proof. Since f € ¥p given by (2) is in the class N (), 7),

o (VI E) + AP (V) f(2)”
" ((1 NVl ) + AZ(V[al]f(Z))’> -

Substituting the series expansion for f we have

R ( _71 + Z;z.o lnan(al)an«z + 2)\ + Eoo 1)\71(71 - l)an(al)anz” > >
(1= +322 10n(a1)anz”) + A+ 522 nop(a)anz™) )~ T

That is,

R 1 — 32 nop(ar)apz™™ —2X — X% An(n — 1)y, (aq)a, 2"
e
(1 =N+ 22 0n(a1)anz"h) + A(—1 + 222 noy(ar)anz"*tt) ) — g

Allowing z to take only real values and as z — 1, we get (5). Conversely, let
f € ¥p be given by (2) such that (5) holds. Let

— (Vi) f(2)) + A (V[oa]f(2))")
(1 =N Via]f(2)) + Az(VIa]f(2))"

w =
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We have to prove that Rew > n. It is enough to prove that

|lw—1] < |w+1—2n|

w—1 — ‘ —2(V[on](f(2)' A2 (V[o1) f(2))” —(1=N) (V[a1) f(2)) = Az(V o] f (2))’
w+1-—2n —z(V[a1]f(2))' =222 (V]ea]f ()" +(1=2n) 1=2) (V]ea ] f (2) +A(1-2n)2(V[a] f(2))’

—32_, [n+An(n—1)+An]on (a1)an 2"t
2(1—n)(1—-2X)—X22 ; [n+An2 —An—14+A4+2n—2nNon (a1 )an 2" H1
£ [An2+n+1-ANop(a1)anr™t!
1—n)(1-2X) =252 ; [An? —2An+n—14+A+2n—2nA+2nAnjon (a1)anr™ 1

<7

<1,

since the difference between denominator and numerator of the last expression equals
2[(1 = n)(1 — 2X\) — 22, [An? + n — An + 7 — nA + nnA]] which is non-negative, by
(5).

This completes the proof.

From (5) we have
(1 =mn)(1 =2}
L+ '

(1+mn)orar <
Hence we may take

(I—n)(1-2N\)c

1.
1t n , 0<e< (7)

(1+n)ora1 =

Following the works of Aouf and Darwish [1], Ghanim and Darus [7, 8], Magesh
et al. [11] and Sivasubramanian et al. [13], we now introduce a class of functions
and obtain the results analogous to the above mentioned works.

Definition 2. The subclass N. (\,n,c) of NL (\,n) consists of all functions of the
form
L (-m0 -2

f) =+

2432 son(ag)ayz", 0<e<1. (8)

We now obtain the coefficient estimates, growth and distortion bounds, extreme
points,radii of meromorphically starlikenss and convexity for the class N! (\,1) by
fixing the second coefficient.
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2. COEFFICIENT INEQUALITY

We now prove the coefficient inequality.
Theorem 2. Let f be defined by (8). Then f € NL (\,n,c) if and only if
nea[(n+n)(nA = A+ Dlon(ar)an < (1=n)(1 =2X)(1 —0). (9)

The result is sharp.
Proof. f € N! (X, n,c) implies f € N! (\,n). Therefore by (5)

(1+n)or(ar)ar + E72s[(n +n)(nA = A+ 1]on(ar)an < (1 —n)(1 —24).
Using (7)

(1 =m)(1 =2Xe+ I75[(n 4+ n)(nA = A+ D]on(ar)an < (1 —n)(1 = 2X)
from which we obtain (9). The result is sharp for the function

1 (1=p)(1—2\)e (1= =201 ~-0)
I&) = * e — A+ Donar)

2 n>2. (10

Corollary 3. If f defined by (8) is in the class N! (\,n,c) then

(1—n)(1—=2)\)(1~—c)
S A= A+ Donlar)’ "= (11)

The result is sharp for the function given by (10).

3. GROWTH AND DISTORTION THEOREMS
We next prove the growth theorem for the class N, (), 7, c).

Theorem 4. If f given by (8) is in the class N! (\,n,c) then for
0<|zl=r<1
1 (1-n)@@-2XNc (A-n)1-2)1-¢) ,

Fl =7 - 1+7 T asnern (12)

and

[F(2)] <

L 0mmoe  0-n020-0,

1+n (1+XN)(2+mn)

1-2)\)c 1-n)(1-2)\)(1—c
s+ ! (771)—f->\)(2-&)-$7) 122,

The result is sharp for f(z) = % 4+ (=n
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Proof. Since f € N! (X\,7n,c) by Theorem 2

(1-n)(1-=20)1-¢)
TEmr—AtTD) (14)

Un(al)an <

For 0 < |z| =r <1,

£ < o+ I ol
1 1—n)(1—2A
< - ( n1)(+ ; )CT + 7252 o (1) an
L 02 (-n(-200-0) ,
=t T T A e
Similarly,
7 2 o - S - o an)an el
> % — (- nl)(i ; 2>\)cr — 7“22,20:10”(041)@”
L (-2 (1-m0-N0-0),
> - — T — .
- r 1+7n (I+XAN)(2+n)

The distortion theorem for the class N! (A, 7, c) is as follows:
Theorem 5. If f given by (8) is in the class N. (\,n,c) then for 0 < |z| =7 < 1

1 (A= =2)c {A-n-201=c¢)

F @)1= r2 147 1+ N2+ (1)

and
/ 1 (A=n1=2Nc {A-n1-20)1-c)
[FG) < 5+ Ty T Nery " (16)

The result is sharp for f(z) = 1 + (1_771(_&;2)‘)62 + (1—(171)3\;(22);)571)—@ 22,

4. EXTREME POINTS

Theorem 6. Let fi(z) =1 + A=m)U=2Ne . 4nd for n > 2,

=z 1+n
1, 0-m0-e o Q-n-wi-9
R T T R A e
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Then f € N (\,n,c) if and only if it can be expressed as
f(Z) = ZZO:ann(Z)y pn 2> 0, 2701021/”1 =1
Proof. Suppose f(z) = 2% pinfn(2) , ptn >0, 22y, = 1. Then

1, A=A =2Ne o (A= -2)01-¢ n
f(z)-;%— Tt z+ "2+ n) (A — A+ Dop(a) "

Now

A=m =201 =Jpn_(n+n)rA= A+ Doular) _geo o)

o0

") (nA = A+ Dog(ar)  (1—n)(1—20)(1-¢)
This implies f € N}, (\,n,c). Conversely, let f € N. (A, n,¢). Then

C-ma-M0-0
m+n)nA =X+ Doy(a) ~  — 7

Set p, = (”?177_)577;2\17_/\2J;)1()ff$”)an, n>2and up = 1 — X% 5puy,. Then f(z) =
Efzozlﬂnfn(z)'

Theorem 7. The class N! (\,n,c) is closed under convex combination.

anp <

Proof. Let f,g € NL (), n,c) such that
I 1-—n1-2\ec ~

fo) = 2 L2, oo 0,2
and 1 (1—n)(1—2)\
- —2)\)e
g(z) = - + 771 g z4+ X 5bp 2",

For 0 < pu <1, let

h(z) = uf(z) + (1 — p)g(2).
Then
1 (1—n)(1-2)\e

h(z) = -
(z) = -+ 7

2+ Xplolanu 4 (1 — p)byl2".
Therefore
Yntol(n+n)(nA — A+ Doy (ar)[anp + (1 — p)bp] < (L —n)(1 —20)(1 —¢).

This implies h(z) = uf(2)+(1—pu)g(z) € Nt (X1, ¢). Hence N (X, n, ) is closed
under convex combination.
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5. RADII OF MEROMORPHICALLY STARLIKENESS AND CONVEXITY

Theorem 8. Let f € N! (\,n,c). Then f is meromorphically starlike of order
d (0 <0 < 1) in the disk |z| < ri(A\,n,¢,0), where ri(\,n,c,0) is the largest value
for which

<(3—5)(1—77)(1—2)\)C)T2 . <(n+2—5)(1—77)(1_2)\)(1_0)>T7L+1 <1-6 n>2 (17

1+n (n+n)(nA—A+1)

Proof. 1t is enough to show that

Z}{;S) + 1' <1-36 (18)
2f'(2) | 1| _ |z + £(2) ‘ P 4R (n 4 o(a)an
f(z) f(z) 1+ w,z + X0 5o (ar)anzn Tt

(18) is true if

%177_2’\)6224—230:2(n+1)an(a1)anz"+1 .

1+n

< (1—5)‘1—}—(1_77)(1_2)‘)622%—230220”(&1)@”2”“

That is
—90)(1 — 1—2)\
(39X 1 +77)( )Cr2 + 2% (n+2—8a,r"T <1 -0
n

From Theorem 1 we may take

(I-mA-2)1-¢)
(n+n)(nA — X+ 1)o, (1)

Hn, T > 2’ Hn > Oa E?LO:ZLLH =1

n =

For each fixed 7, we choose the positive integer ng = ng(r) for which %r”“

is maximal. This implies

. vt (0 42— 01— (1= 21— )
a2 = do(an)anr™ T < et S

Then f is starlike of order 6 in 0 < |2| < r1(A\,n,¢,0) if
(3-0)A-n)A—2Ne 5 (no+2-8)(1 —m)(1 201 ~c)
1+7n (n0+77)(n0)\—)\+1)

We have to find the value of ro = r9(A, 7, ¢,d) and the corresponding integer ng(ro)
so that

protl <1 5,

(3=0)1—n)(1=2Nc_2 | (no+2-8)(1-n)(1-2))(1—c) no+1 _
T T oAy =14 (19)

It is the value for which f(z) is starlike of order § in 0 < |z| < 9.
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We now state a result for radius of meromorphic convexity for the class N (), 7, ¢)
for which the proof is similar to above.

Theorem 9. Let f € N! (\,n,c).Then f is meromorphically convex of order § (0 <
d < 1) in the disk |z| < ra(A,m, ¢, §) where r2(\,n, ¢, d) is the largest value for n > 2,

<(35x1nx1znc>72_+ <rdn+25X1nX12AX16)>7mﬁl <1_54 (20)

1+n (n+n)(nA—=X+1)

Remark 1. By specializing the parameters in the Fox-Wright’s generalized hyper-
geometric functions we obtain the class of Dziok et al. [5]. The corresponding class
of fixed second coefficient can be defined and results analogue to the above can be
obtained.
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