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A CLASS OF MEROMORPHICALLY MULTIVALENT FUNCTIONS
INVOLVING A LINEAR OPERATOR

N. Xu

ABSTRACT. Let X, denote the class of functions normalized by
o
f2) =27+ anz" P(peN={1,2,3,---}),
n=1

which are analytic and p-valent in Uy = {2z : 0 < |2| < 1}. Making use of a linear
operator, which is defined here by means of the Hadamard product (or Convolution),
we introduce and investigate a new subclass Z;’;Z(al; B1; h) of ¥,,. Some interesting
properties such as inclusion relationships, convolutions for this function class are
obtained. The results presented here would provide extensions of these given in
earlier works. Several other new results are also obtained.
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1. INTRODUCTION AND PRELIMINARIES

Let ¥, denote the class of functions f(z) normalized by
f2)=2"+Y anz" (peN:={1,2,3,---}), (1.1)
n=1

which are analytic in the punctured open unit disk Uy = {z : 0 < |z| < 1} with a
pole at z = 0.
A function f(z) € ¥ is said to be in the class X7 (o) if it satisfies

A L, Leue
§R{ pf(z)}> (z€ U=0UpU{0})

211



N. Xu — A Class of Meromorphically Multivalent Functions ...

for some a(a < 1). Note that, for 0 < o < 1,%7(«a) is the class of meromorphically
p-vealently starlike functions of order « in U. Also we write X3 (a) = ¥* ().
For functions f(z) € ¥, given by (1.1) and g(z) € £, given by

g(z) =z2"P+ Z bpz" P,
n=1
the Hadamard product (or convolution) (f * g)(z) of f(z) and g(z) is defined by
(f*9)(2) =27+ anbnz™ P =: (g% f)(2).
n=1

We now define the function ¢,(a, c; z) by

opla,c;z) =27P + Z ((CCL))nan (z € Up), (1.2)
=1 n

where
c¢4{0,-1,-2,---} and (z)o=1, (¥)p,=z(x+1)---(z+n—-1) (neN).
Corresponding to the function ¢, (a, ¢; z), the generalized hypergeometric function
1P, saus Br, 0, B 2)

is defined by following infinite series:

. ) = (al)n"‘(al)n z 5
lFm(Oq,-.. 7@[,6,.--,6771’ )_%(ﬂl)n(ﬁm)n n! ( EU)a (13)

where
I<m+1, I,méeNy:=NU{0}, Bj ¢{0,—-1,-2,---}(j=1,2,--- ,m).
Now, we define

hp(ala'” ,Oél;,Bl,"' 7/8771;2) :Zip ‘1 Fm(alv'” 7al;617”' 7Bm;z)-

Recently, Liu and Srivastava (see [7].) introduced a linear operator

Hp(al7"'7al;ﬁ17"'aﬁm): EP*)ZP
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defined by following Hadamard product (or convolution):

Hp(ou, - o3 81,0, Bm) [(2) i= hp(a, -+ yau; Bry- o+ Bms 2) = f(2),  (1.4)
where

f(z)eX,, 1<m+1, I,meNy, p;¢{0,-1,-2,---}(j=1,2,---,m).

If f(2) € £, is given by (1.1), it follows from (1.3) and (1.4) that

e Bu ) oe 1 S (W (W n g
Hp(an, a3 B1,0 0+, Bm) f(2) : p+;(ﬁ1)n-“(5m)n A (1.5)

In order to make the notation simple, we write
H[l)’m(al;ﬁl) = Hp(a17 o ,Oll;ﬁl, e aﬁm) (l S m + 17l7m S NO)

In particular, forp=1,l=2,m=1and a1 = a,a0 = 1,81 =c ¢ {0,—-1,-2,--- },
we obtain the linear operator

L(ax, p1)f(z) = Hi(a,1;0)f(2) (f(2) € Xp),

which was introduced and studied earlier by Liu and Srivastava [9] and Yang [21 ].
Let P be the class of analytic functions h(z) with h(0) = 1, which are convex
and univalent in U and for which

Rh(z) >0 (z€l).

For functions f(z) and g(z) analytic in U. We say that the function f(z) is subor-
dinate to g(z) in U, and we write f(z) < g(z), if there exists an analytic function
w(z) in U such that

[w(z)] <z and f(z) = g(w(z)) (2 €U).
Furthermore, if the function g(z) is univalent in U, then

f(z) < g(2) & f(0) = g(0) and f(U) C g(U).

Throughout our present investigation, we assume that

i
p7k€N7 l§m+17 l)m€N07 BJ€{07_17_27}(.7:17)m)5 8k:exp<;:;1)
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and

-1

fzi:?(OZl?ﬁl; z) = % 4 <H;>’m(011;51)f) (h2) =27+ (f(z) €5p). (1.6)

J

LM

Obviously, for £ = 1, we have

Fyit(e; Br: 2) = Hy™(0n: 1) £ (2).

Meromorphic (and analytic) functions with respect to k-symmetric points have been
investigated by authors (see [13, 15-16, 19, 22-23 and the references therein]).

In this paper, making use of the linear operator Hll,’m(oq; B1) and the above-
mentioned principle of subordination between analytic functions, we introduce and
investigate the following subclass of the class ¥, :

Definition 1. A function f(z) € ¥, is said to be in the class Z;fg(al;ﬁl;h) if it
satisfies
lm !
2 (Hy™ (@ 60)f) (2)
- o < h(z) (z€l), (1.7)
pfyx (@13 B 2)

where
h(z) € P and f}(an;Br;2) #0
is defined by (1.6).

Remark 1. Note that

2,1 . 1+(1—20&)Z %
Ep,l <1, 1, 1, T = Ep(oz) (O S o< 1)

Foril=2m=1 and oy = a,as =1 and By = ¢, then Z;?(al;ﬂl; h) reduces to the
function class ¥, i (a, c; h), which was introduced and investigated earlier by Srivas-

tava et. al. [15]. For some other recent investigations of meromorphic functions,
see (for example) the works of [1-10, 14-15, 18, 21] and the references therein.

Let A be the class of functions of form
o0
f) =2+ an2",
n=1

which are analytic in U. A function f(z) € A is said to be in the class S*(«) if it

satisfies
zf'(2)
§R{ ) }>a (z € U) (1.8)
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for some a(a < 1). When 0 < o < 1,5*(«v) is the class of starlike functions of order
a in U. A function f(z) € A is said to be prestarlike of order « in U if

z

(ESEET) x f(z) € S*(a) (a<1).

We denote this class by R(«) (see [12]). It is clear that a function f(z) € A is in
the class R(0) if and only if f(z) is convex univalent in U and

1 1
Ri=)=8"(=].
(5) =)
In order to derive our results, we need the following lemmas.

Lemma 1. (Wang [18]) Let f(z) € E;’j}?(al;ﬁl;h). Then

z (féj?(m;ﬁu@)l
phy (0 Bis 2)

< h(z) (z€D). (1.9)

Remark 2. By Lemma 1 we see that, if f(z) € E;”Z(al;,é’l; h), then f;}’zl(al; Bi1;2) €
¥5(0).
P

Lemma 2. (Ruscheweyh [12]). Let a < 1, f(z) € R(«) and g(z) € S*(«). Then,
for any analytic function F(z) in U,
fx(gF)
g

where co(F(U)) denotes the convex hull of F(U).

(U) C eo(F(U)),

In this paper, we aim at proving such results as inclusion relationships, convo-
lution properties and some inequalities for the function class E;’Z‘(al; Bi;h). The
results presented here would provide extensions of those given in a number of earlier
works. Several other new results will also be obtained.

2. CONVOLUTION PROPERTIES

Theorem 3. Let h(z) € P and o < 1 satisfy

mma<1+1;a (z € U). (2.1)
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If f(2) € S0 (on; Bi; ),
9(z) €%, and Tg(z) e R(a) (a< 1), (2.2)

then
(f % 9)(2) € Zp7 (an; B ).

Proof. Let f(z) € E;j}z(al;ﬁl; h) and suppose that

w(z) = zp+1f;’$(al; B1; 2). (2.3)
Then ,
2 (HE"™ (13 0)f) (2)
F(z)=— o < h(z), (2.4)
pfyy (s B 2)
w(z) € A and
ZU)/(Z) Z(flﬂ]?(al;ﬁl;z))/
=7 +p+1. (2.5)
w(z) fon (aa; B 2)
It follows from Lemma 1 and (2.5) that
Zs(g) < —ph(z)+p+1 (z€D). (2.6)

In view of (2.1) and (2.6), we see that

%{Zw/(z)} >a (zel).

w(z)

That is,
w(z) € S*(a) (a<1). (2.7)

Applying the definition of H}D’m(al; B1) and properties of convolution, we have

0 (Hy™ (a0 B)(f ) (e2) = (7 9(2) % (7 (Hy™ (@1 B)f ) (6h2)) (28)

(320715257k_1)

and

42 (B (0 B1)(f +9)) (2) = (P g(2) 2042 (HE™ (003 B1)f) (). (2.9)
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Making use of (1.6), (2.3), (2.4), (2.8) and (2.9), we deduce that

2 (H]ljm(m; B)(f * 9)>/ (2)

O(z) :=— T
p(f % ),y (a5 Bis 2)

2 (HE™(ans 1) (f #0)) ()
e (HE o B 0) (22)
(2PT1g(z)) = <zp+2 (Hgl;’m(al;ﬁl)f)/ (2)>
p(r+1g(2)) « (£ (s s 2))

(2P+1g(2)) * (w(z)F(z)) .
(zPtlg(z)) * w(z) (=€) (2.10)

for g(z) € ¥,. Since h(z) is convex univalent in U, it follows from (2.2), (2.4), (2.7),
(2.10) and Lemma 2 that ®(z) < h(z). Hence we conclude that the function (f*g)(z)
belongs to E;”TZ (aq; B3 h).

Fora=0and a= %, Theorem 3 reduce to the following:

Corollary 4. Let h(z) € P and g(z) € X, satisfy either of the following conditions:
(i) 2P g(2) is convex univalent in U and

1
%h(z)<1+§ (z€U)

or
(ii) 2Pt1g(z) € 8*(3) and

1
1+ — .
Rh(z) < + 3 (z € U)
If f(2) € S5 (o3 Bus h), then

(f % 9)(2) € S0 (on; B ).
Corollary 5. Let h(z) € P with

1
Rh(z) <1+ (z€D).
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If f(z) € E;j}:(al;ﬁl; h), then the function Jy xf(z) € 3, defined by

Toaf(2) = A;p /0 A=Lf(#)dt (Reh > 1+ p) (2.11)

is also belongs to the class Z;jﬁ(al;ﬁl;h), provided that (Jp’,\f);j,?(al;ﬁl;z) £ 0,
where (Jp)\f);’;?(al;ﬂl; z) is defined as in (1.6).

Proof. Let f(z) € Eg;’;(al;ﬁl; h) and Jp ) f(2) be defined by (2.11), where h(z) € P
and

1
Rh(z) < 1+]; (z € U).

Then \ B
T f(2) = 252 [P rwar = (7« 9)c)

where

- [e'e] )\_p B
=zP+) —2"" (zel).
9(z) =2 n§1A+”_pz (2 €U)

Since /A > 1+ p, it follows from [11, Theorem 5] that 2PT1g(2) is convex univalent
in U. Hence an application of Corollary 4 leads to J, \f(2) € Z;’Tg(al; B1;h).

Corollary 6. Let f(z) € Eé’fs(al;ﬁl; h) and h(z) € P satisfy

Rh(z) < l—i—; (z € U).

Then the function f;(ﬁ) is also in the class Z;;’;(al;ﬁl; h)(|z| < ro), where Fx(z) is
defined by

Fr(z)=(1-2X) (zp+1f(z)) +2z2(2PTf(2)) (0<A<T) (2.12)
and
1
To = )
2N+ VAN2 — 2\ + 1
the radius ro is best possible.

On the other hand, if Zﬁizl) € E;’gg(al;ﬁl;h), then f(z) € Egz(al;ﬁl;h) for
zeU.

(2.13)
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Proof. For 0 < A <1, f(z) € Ei)’;?(al; B1;h), we can write (2.12)

Fx(z) = (U= (2P71f)) (2),

where

U(z)=(1-A)—— 1\

1-z ' (1 _Zz)2 =2+ (I+(n=1A" € A (2.14)
n=2

It is well known that the function ¥(z) is convex for |z| < 7o, where rg is given by

(2.13) and this radius is best possible. Applying Corollary 4, we see that £ ()
S (o3 Bu; h) (2] < o).

ZP+1 €
On the other hand, from (2.12), we have

where

n—l T (z € ).

|/\ I MS
3

Since g(z) is convex for 0 < A

1 (see [11, Theorem 5]).
E;’;’:(al;ﬂl, h) for z € U .

Hence we have f(z) €

3. INCLUSION RELATIONSHIPS
Theorem 7. Let o > a; > 0,h(z) € P and

/

Rh(z) <1+ 2L (2 €D).

3.1

o 3.1)
Then
Sy (ohs Biyh) € S5, Bri h).
Proof. Let o) > ag > 0 and @p(aq,a); z) be defined by (1.2). Then
U(z) = 2P pp(ar, ol 2) = 2 + Z Z} notle A (2 €)
1)
and ;
R P(2) = zeU 3.2
T = e (e ) 32)
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In view of o} > a3 > 0, it follows from (3.2) that
/

(1_2)64*1/’('2)65*(1_0;1)C5*< —O;1>

which implies that

W(z) €R (1 - O;) . (3.3)

For f(z) € EZ?(Q&;Bl;h) and h(z) € P,Rh(z) <1+ %, it follows from (3.3)
and Theorem 3 that l
(f *0p)(2) € S (ks s ),
that is ,
Im/ g
2 (HF™ (04 B ) (2)

— T < h(z) (z€l). (3.4)

p(f *p), . (05 s 2)

Applying the definition of Hzl,’m(al; B1) and the properties of convolution, we
obtain

H™ (15 51)f(2) = gplan, s 2) « HY™ (ah; B1) f(2), (3.5)

z (Hf,’m(a1;51)f>/ (2) = pplar, of;2) * <z (Hzl;m(a’l;&)f), (z)> (3.6)

and
= |
o (ans B z) = z ePpp(ar, af; 2) * (H;lfm(oéﬁ;ﬁﬁf) (e]2)
j=0
= gplar, af;2) = £ (), Brs 2). (3.7)

It follows from (3.4), (3.5), (3.6) and (3.7) that

(
(H" e p0r) () (B s e) () »
_ = _ z),
L (0 Bis 2) p(f = 0p) i (0 Brs 2)

that is, f(z) € Z;’:Z(al; B1; h) and the proof of Theorem 7 is completed.

Theorem 8. Let ] > 1 > 0,h(z) € P and

A1

Rh(z) <1+ o

(z € ).

Then
S (s Br;h) € S (e, B ).
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Proof. Let 8{ > 1 > 0 and

br(2) = Py (B, Bli2) =2+ S E?;"Z"“ €A (D),
n= 1mn

where ¢, (01, 8]; 2) is defined by (1.2). It the same way as we have obtained (3.3)
we get

Y1(z) ER ( - ﬂ;) : (3.8)
For f(z) € £ (au; B13 h), where h(z) € P and
Rh(z )<1+B]19 (z € U),
we have
Hy™(an; B1) f(2) = @p(Br, B1; 2) * Hy™ (a; B1) f(2), (3.9)

z (Hzla’m(al%ﬁi)f)/ (2) = p(B1, B1; 2) * (2 (H};m(al; Bl)f)/ (z)) (3.10)

and
Fo(ans Bl 2) = @p(Br: Bii 2) = £ (0, B3 2). (3.11)

Using (3.8)-(3.11) and the same arguments as in the proof of Theorem 7, we
obtain

(T enB)f) () (Hé%l;ﬂl)(f @) ) "
pf (e Biz)  p(f )i i 2) ’

that is, f(z) € Zi,’j;:(Oéls B1; h) and the proof of Theorem 8 is completed.

Corollary 9. Let o} > a; > 0,8 > 1> 0,h(z) € P and
Rh(z) < min 1+7 1—#51
2p’  2p

Then
l l
ShM(ak; B1:h) © B (an; Br h) € S5 (s B h).

Taking a1 > 0,81 > 0,0 = a1 +1 and 8] = 81 + 1 in Corollary 9, we have
1 1
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Corollary 10. Let oy > 0,51 > 0,h(z) € P and

a; +1 51+1}

1+

Rh(z) < min {1 + o o

Then

Sph (o + 1 813 h) © S0 (en; Bish) € )7 (an; By + 13 h).

Remark 3. In [15, Theorem 1], Srivastava et al. only proved ¥, (a + 1,¢;h) C
Yp.k(a;c; h). Therefore above results improves and extends [15, Theorem 1].

Corollary 11. Let of > a1 > 0,6] > 51 > 0 and

1+ Az\"
h(z>:(113j> (0<y<1,-1<B<A<L 2. (3.12)
v 1- A\ 1- A\
then

U (ad; B1;h) C SUE(an; Bish) C SR (on; B ).

Proof. The analytic function h(z) defined by (3.12) is convex univalent in U (see
[20]), ~(0) = 1, and h(U) is symmetric with respect to the axis. Thus

0< Gg)v < Rh(z) < <ij:g>7 (z € ).

Hence we have the corollary by using (3.13) and Corollary 9.

4. SOME INEQUALITIES

Theorem 12. Let f(z) € Z;’?(al;ﬁl;h),h(z) € P and h(U) be symmetric with
respect to the real axis. Then

exp (p/ol W@) < ‘z”féj@"(al;ﬁl;z)‘ < exp <p/01 1_;L(p)dp> (2 6( U)-)
4.1
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Proof. Let f(z) € Z;;’;(al; B1;h), h(z) € P, by Lemma 1, we obtain

l,m ar: B1:2))
AU OB ey, (4.2)

I
pfy (s Brs 2)

Applying a result due to Suffridge [17, Theorem 3] to (4.2), we have
lm !
: k(a1 Pt # —1
_/ (fpi;:n( 15813 )) WP dt<p/ h(t) -1,
o \ fyi(a;Bit) t o !

1 Yh(pz) -1
0g —— =< p/ Ldp. (4.3)
2 f) (on; Brit) 0 P

Noting that the univalent function h(z) maps the disk |z| < p (0 < p < 1) onto
a region which is convex and symmetric with respect to the real axis, we obtain

/01h(_’;)_ldp<§re</olh(pzp)_1dp> </01de (z € U).

Consequently, the subordination (4.3) leads to

Lh(=p) -1
p/ 7( P) dp < log
0 P

or

1

I
22 f o (aas Bus 2)

Lhip)—1
<p/ Lolp,
0 P

which implies (4.1).

Corollary 13. Let f(z) € E;E(al;ﬁl;h)v

where 0 < v < 1.
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Proof. In Theorem 12, let

B 1+ Az
1+ Bz

h(z) (-1<B<A<1; z€l).

It follows from (4.3) that

A—B)

(fipin) <+B)" 5 =) (BA02€U)  (45)

and B
(zpféizl(al; B1; z)) < eP* (B=0; z€U). (4.6)

For -1 < B < A <1,p(A— B) <1, the g1(U) is symmetric with respect to the real
axis and ¢1(z) is convex univalent in U because

zg](z) W 1+p(A—DB)z B
%{L%%@)}—%:HJ%>O( c ).

Therefore, with the aid of the elementary R(w?) > (Rw)?(0 < < 1) and Rw > 0,
it follows from (4.5) and (4.6) that

1 K 1 v p(A—B)~y
e I e (1;E B, (B#0;z€U),
fo (aas Brs 2) for (aa; B 2) e PAY, (B =0;z € )

for 0 < v < 1. This proves (4.4).

Letting A =1 —2a(1 — % <a < 1),B=—1in Corollary 11, we have

Corollary 14. If f(z) € X, satisfies

%{_aﬂﬁmumvwa}>w

l7
pfyx (@15 Br; 2)

then . .
R {pr,l,:?(Oél; B Z)} > ey

where 0 < v < 1. The result is sharp for the function f(z) given by

2 ;B 2) = (1 - 2)20),

224



N. Xu — A Class of Meromorphically Multivalent Functions ...

Letting k=1=2,m=p=v=a; =as = 1 =1 in Corollary 13, we have

Corollary 15. If f(z) € X1 satisfies

@i

1 1
where ; < a < 3, then

The result is sharp.

Corollary 16. Let f(z) € Ei;;’;(al;ﬁl;h), where

1+ A4
h(z) = 1132 (-1<B<A<landp(A—B)<1; »cU).
Then
arg 1 < { @arcsinB, (B #0;2z€0),
2z | LA, (B=0;z€0).

Finally, we prove an integral representation associated with the function class
l7
S (an; Bis h).

Theorem 17. Let f(z) € E;’;?(al;,@’l;h). Then

1) = {—p | e thteaten) - exp {—p / g h(“’l(?)‘ldf} dc}

n=0

- n(B1)n - (Bm)n n—
* (Z o) p) , (4.7)
where w;j(z)(j = 1,2) are analytic in U with

wj(0) =0 and |w;i(2)|<1 (z€TU; j=1,2).
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Proof. Let f(z) € Z;;’;(al; B1;h). We find from (4.3) that

tﬁﬁxalﬁﬁ;h):”[wexp{lié h@uﬂgﬂ——1d£}7 (4.8)

where wq(2) is analytic in U and wy(0) = 1. It follows from (1.7) and (4.8) that

(s o)) () = =203 e ) hieal)

— —pe P Uh{ws(2)) - exp {—p I h("”(?)‘lda} C(49)

where w;(2)(j = 1,2) are analytic in U with
w;j(0) =0 and |wj(z) <1 (2€U; j=1,2).
Upon integrating both sides of (4.9), we have

-1,

HE™(ar; B0) (=) = —p /Ochlhm(o)-exp{—p P 5}. (4.10)

In view of (1.5) and (4.10), we know that

—p > (al)n e (al)n .an—pzn—p _ ‘ —p—1 w .ex - ? h(wl(g)) -1
: +; (/Bl)n(ﬁm)n n! B p/O C h( 2(4)) p{ p/U 5 dg} ‘
(4.11)

Thus, from (4.11), we easily arrive at (4.7).
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