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CERTAIN NEW SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS

J.K. PrajaraT, A.K. MISHRA

ABSTRACT. In this work, we introduce and investigate two new subclass of
analytic and close-to-convex functions in the open unit disk U. For each of these
function classes, several coefficient inequalities are established. The usefulness of
the main results are depicted by showing improvement in earlier results.
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1. INTRODUCTION

Let ‘H denote the class of analytic functions in the open unit disk U = {z € C :
|z| < 1} and A denote class of functions f € H normalized by f(0) = 0, f/(0) = 1.
A function f € A has series representation of the form

f(z):z+2anz”, z e U. (1)
n=2

We denote by S the subclass A consisting of all functions in A, which are also
univalent in U. Let Q = {w € H : w(0) =0, |w(z)| < 1}. We say that f € H is
subordinate to g € H in the unit disk U, written f < g, if there exists a function
w € Q such that f(z) = g(w(z)) for z € U. Therefore f < g in U implies f(U) C
g(U). Furthermore, if the function g is univalent in U, then f < g, if and only if,
f(0) = g(0) and f(U) C g(U) in U.

A function f € A is said to belongs to the class S*(«) of starlike function of
order o in U, if it satisfies the inequality

%(szég)> >a (zeU,0<a<l).
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Further, a function f is said to belongs to the class K(«) of close-to-convex function
of order a in U, if g € §*(a) and satisfies the following inequality

!/
%(Zf(z>> >a (z€eU,0<a<]).
9(2)
Obviously $*(0) = §* and K(0) = K.
Gao and Zhou [1] studied a subclass s of analytic functions, that is, a function
f € S said to be in the class Kg, if it satisfies the inequality:

%(g(;;((j)><0 2el,

where g € §*(1/2). Recently, Kowalczyk and Les-Bomba [5] generalize the class s,
that is, a function f € S said to be in the class K4(7), if it satisfies the inequality:

m(M)M 2eT,

where 0 < v < 1 and g € §*(1/2). Note that Ks(0) = Ks. More recently, Seker
[8] further generalize the class Ks(y) with respect to k-symmetric points, that is, a

function f € S said to be in the class ngk) (), if it satisfies the inequality:

gce(zkf'<z>) >y, zel,

9k(2)

where 0 < v < 1 and g € S*(%), k > 1, is a fixed positive integer and gi(z)
defined by the following inequality

i—1
() = [[e79(e2), =1
=0

Note that (v) = Ks(y) and K (0) = Ks. Several other subclasses of close-to-
convex functions have been studied recently. We choose recall here the investigation
by (for example) Goyal and Goswami [2], Wang et al. [9], Xu al. [10].

Motivated by aforementioned work and a class of analytic functions studied by
Owa et al. [7], we introduce a new class X;(7y), which is subclass of the class KCq(7).

Definition 1. A function f € S said to be in the class X.(7), if it satisfies the

inequality: 200
22 f(z
deer=) K )

where 0 <y <1, |[t| <1,t#0 and g € S*(1/2).
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A simple calculation shows that the inequality (1.2) is equivalent to

Note that, X_1(y) = Ks(y) and X_1(0) = Ks. Further we observe that the class

K () studied by Seker [8] is different from the class X;(7y). In the class K (),
Seker consider k-symmetric points in the unit disk U, whereas in the class X;(7), we

+1-2v|, 2z€el. (3)

consider arbitrary points in the unit disk U. However, K (v) = X_1(y).

Example. We observe that, the function

S 2y—1—-t 11—tz 2(1 =)z
Fo) = "M T aoa -

z €U,

belongs to the class X;(y), where 0 <~y < 1, |t| < 1,¢ # 0. Indeed, F is analytic in
U and f(0) = 0. Moreover,

1+ (1—27y)z
(1—t2)(1—2)%

Fl(z) = zeU.

If we put g(z) = z/(1 — 2z), z € U, then it is clear that g € S*(1/2) and
2 _
%<tz .7-"(2)) :%<1+(1 29)z
9(2)g(tz) 1-2z

This means that F € X;(y) and is generated by g = z/(1 — 2).

)>7, z e U.

Remark 1. If g(z) € A, given by

g(z) =z + Z bp2", ze€l, (4)
n=2
then
_9(@)gtz) N~
F(z)—tz—z—kz_:zcnz, z e, (5)
where
Cn = by 4 bobp_1t + bsbp_ot? + ... 4 by_1bot™ 2 4 bt" L. (6)

Further, if g € §*(1/2) defined above by (4) and |tz| < |z| < 1, then from the
definitions of starlike function, we have

(58)-(38) ()
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9(z)g(t2)
tz

Xi(y) € Ks(y) € Ks € KC S.

Therefore, F(z) = € §* and thus

We further generalize class X;(7y), as follows:

Definition 2. a function f € S said to be in the class X;(h), if there exist a function
g € §*(1/2) such that

tz°f'(2)
9(2)g(tz)
where h : U — C be a complex function such that h(0) = 1 and h(Z) = h(z)

(z € U; R(h(z)) > 0). Suppose also that the function h satisfies the following condi-
tions:

e h(U), (z€U, |t|<1,t#0), (7)

min|,_.|h(2)| = min{h(r), h(-7)}, 0<r <1,

(8)
max|,|—|h(2)| = max{h(r),h(—r)}, 0<r <l

Note that, X_1(h) = Ks(h) is the class studied by Xu et al. [10].

Remark 2. From the definition, it is clear that a function f € S said to be in the
class X¢(h), if there exist a function g € S*(1/2) such that

2f'(2)
F(2)

€ h(U), zel,
where F(z) given by (5) and member of the class of starlike functions. Therefore
f € K. Thus we have Xy(h) C K C S.

In the present paper, we obtained certain coefficient inequalities of the classes
Xi(7y) and X (h).

2. MAIN RESULTS

We first prove the following result.

Theorem 1. Let an analytic function f(z) be given by (1) and g € S*(1/2) given
by (4). If f € Xi(h), then

1+;(W> 120 (jz| =12 € U). 9)
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Proof. Suppose that

t2°f'(2)

99t T hz) (lz]=1;2€U)

or

122
Now using (1) and (5) and simplifying, we get the desired result (9).

f()#M)<()MmU (la| = 1;2 € L),

On taking

1+ (1—2y)e'

h(z) = h(e?) = [ o0

0<f<2m0<~vy<1) (10)
in Theorem 2.1, we obtain

Theorem 2. Let an analytic function f(z) be given by (1) and g € S*(1/2) given
by (4). If f € Xi(3), then

Y 2nfanl + 1+ 1 =29)|enl} S2(1—7), z€T, (11)
n=2

where the coefficient of ¢, (n =2,3,---) are given by (6).
Proof. If f € X;(), then (9) holds true. Using (10) in (9), we get

e 0 L & 19+1_2,y L
1—221_ nanz" +Z 2" #0, zel.
(1=2)
n=2
Now
o0 16 X i
+1—27 _
1—22(1_ nannl—i—z ezt
n=2
o —if o _—if
e W —1 _ e W +1—2y _
> 1- - na,z" ' — - et
222(1—7) " NZ; 2(l—v)
0 40 o —if
e -1 e +1—2y 1
> 1 n—1| e n
= ggml—w”%z ;; 21—7) ™
o
2 1—|—|1 27\
> 1- ) — — >0

Which is equivalent to inequality (11). This complete the proof of Theorem 2.
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Theorem 3. Let an analytic function f(z) be given by (1) and g € S*(1/2) given
by (4). If inequality (11) holds true, then f € Xy(7).

Proof. For z € U, we have

t t
A — Zf/<z)_g(z)tg( Z) _‘ f,(3)+(1—27) (Z)g( Z)
z tz
n=00 n=00 =00
Znanz"—chz" —12(1 =) z—i—Znanz + (1 —2y) Z
n=2 n=2 n=2 n=2
n=oo n=oo n=oo
< ) nfallz["+ ) fenllz|™ - (2(1 — )zl = Y nlag|lz" — |1 - 27| Z ICn||Z|">
n=2 n=2 n=2
n=oo n=—oo
= =21 =yl + Y 2nlanllz[* + 1+ [1=29]) Y |enllz]”
n=2 n=2
n=oo n=oo
< (ca0-m s S adad + 012 3 ol <0

n=2 n=2
From the above calculation we obtain that A < 0. Thus, we have

) g(2)g(t2) g(2)g(tz)
2 (Z) - tz tz

zeU

< ‘Zf’(Z) -2y

which is equivalent to inequality (3). Thus f € A;(y) and it complete the proof of
the Theorem 3.

Combining Theorem 2 and Theorem 3, we get

Theorem 4. Let an analytic function f(z) be given by (1) and g € §*(1/2) given
by (4). The inequality (11) holds true iff f € X(y).

Remark 3. Setting t = —1 in (6), we find that
n=0,néeN,
c3 = 2bg — b%, c5 = 2bs — 2boby + b%, cr = 2b7 — 2bobg + 2b3bs — b?h ce.

thus
Con—1 = B2n—17 n= 2535 Ty

where
Bon—1 = 2bap—1 — 2babap—2 + -+ (=1)"2bp_1bpy1 + (=1)" T2, n =23,
Therefore, setting t = —1 in Theorem 4, we get an improved form of a known result

by Kowalczyk and Les-Bomba [5].
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Theorem 5. Let an analytic function f(z) be given by (1) and g € $*(1/2) given
by (4). If f € Xi(), then

k=n
nPlan* =41 =P < (27— 1P = 1) > |ef, (12)
k=2

where ¢y, is defined by (6).

Proof. Since f € X;() for some g € S*(1/2), then the inequality (3) holds. From a
simple calculation, we see that the inequality (3) is equivalent to

E2F(2) 1+ (27— 1ze(2)
9(2)g(tz) 1+2¢(2)
where ¢ is an analytic function in U and |¢(2)| < 1, for z € U. Then

<zf,(z) 2y 1)9(2)9(7%)) 26(2) = 9(z)g(tz) ().

z €U,

tz tz
Now if we put z¢(z) = > —" v,2", we see that |z¢(z)| < |z|, for z € U. Thus

n=oo n=oo n=oo n=oo n=oo
((2 —2v)z + Z napz" — (2y —1) Z cnz”> Z oyt = Z 2t — Z nay,z",
n=2 n=2

n=2 n=2 n=1
(13)

we compare coefficients in (13). Hence we can write for n > 2

k=n—1 k=n k=n k=n k=00
((2 —2y)z + Z kagz® — (27 — 1) Z ckzk> z29(z) = Z ckzk—z kagz"+ Z di2".
k=2 k=2

k=2 k=2 k=n-+1

Then we square the modulus of both sides of the above inequality and then we
integrate along |z| = r < 1. After using the fact that |2¢(z)| < |z| < 1, we obtain

k=n k=n k=00 k=n—1 k=n
D ler Y ka4 > Jde P < 2=29127 4 Y ka4 2y =112 el PP,
k=2 k=2 k=n+1 k=2 k=2
Letting » — 1, we have
k=n k=n k=n—1 k=n
dolel+ ) lkar? <|2=297+ Y [kawl + |2y =117 ) el
k=2 k=2 k=2 k=2

Hence
k=n
Flag> =41 —9)> < (12y = 1P = 1) Y lex?
k=2

Thus we have the inequality (12), which finishes the proof.
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Theorem 6. Let 0 <y < 1. If the function f € X(y), then

lan| < {|cn|—|—2 (I—~ (1+Z\ck|>} kEeN. (14)

Proof. By setting

1i7 (zg’(iz)) — *y) =h(z), z€T, (15)
or equivalently

2f'(z) =1+ (1= )(h(z) = D] F(2), (16)
we get

h(z)=1+diz+dez® +---, z€T, (17)

where R(h(z)) > 0. Now using (17) and (5) in (16), we get

2a9 = (1 —)dy + ¢
3ag = (1 —v)(d2 + dic2) + c3
day = (1 —v)(ds + daca + dics) + ¢4

nanp = (1 - 'Y)(dn—l +dp_2c2+ -+ dlcn—l) + cp.-
Since R(h(z)) > 0, then |d,| < 2, n € N. Using this property, we get

2|az| < [ea| +2(1 — 1),
3lag] < ez +2(1 =) {1+ |e2|}

and
dlag] < lea| +2(1 =) {1 + [e2| + |esl},

respectively. Using the principle of mathematical induction, we obtain (14). This
completes proof of Theorem 6.

Corollary 7. Let 0 <~ < 1. If the function f € X.(v), then
lan| < 14 (n—1)(1—7). (18)

Proof. From remark 1.1, we know that F(z) € §*, thus |¢,| < n. The assertion (18),
can now easily derived from Theorem 6.

Remark 4. Setting t = —1 in Corollary 7, we get the corresponding result due to
Geo and Zhou [1].
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