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GENERALIZED COMMON FIXED POINT FOR COMPATIBLE
MAPPINGS OF TYPE (v) IN COMPLETE FUZZY METRIC SPACES

A. GILANI

ABSTRACT. In this paper we first explain the concept fuzzy metric spaces and
in this sequel explain the nation of Cauchy sequence and convergent in fuzzy metric
spaces and in addition we explain the concept of compatible maps of type () in
fuzzy metric spaces and some of these maps and finally, we prove a common fixed
point theorem for properties Compatible maps of type (v) on complete fuzzy metric
spaces.
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets was introduced initially by Zadeh [20] in 1965. Since
then, to use this concept in topology and analysis many authors have expansively
developed the theory of fuzzy sets and application.George and Veeramani [6] and
Kramosil and Michalek [9] have introduced the concept of fuzzy topological spaces
induced by fuzzy metric which have very important applications in quantum particle
physics particularly in connections with both string and £(°) theory which were given
and studied by El Naschie [1, 2, 3, 4, 5]. Many authors [6, 10, 13] have proved fixed
point theorem in fuzzy (probabilistic) metric spaces.

In this paper, we prove common fixed point theorems satisfying some conditions
in fuzzy metric spaces in the sense of Sedghi, Turkoglu and Shobe [17]. Our main
theorems extend, generalize and improvement some known results in fuzzy metric
spaces, in particular produce a general style for prove common fixed point theorems.

Definition 1. A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm
if it satisfies the following conditions

1. * is associative and commutative,
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2. % 1s conlinuous,

3. ax1l=a for all a €0,1],

4. axb<cx*xd whenever a < c and b < d for each a,b,c,d € [0, 1].

Two typical examples of continuous t-norm are a*b = ab and a *b = min{a, b}.

Definition 2. A 3-tuple (X, M, ) is called a fuzzy metric space if X (non—empty)
set, * is a continuous t-norm and M is a fuzzy set on X2 x (0,00) satisfying the
following conditions: for all x,y,z € X andt,s > 0,

1. M(z,y,t) >0,

2. M(x,y,t) =1 if and only if x =y,

3. M(x,y,t) = M(y,x,t),

4. M(z,y,t)« M(y,z,8) < M(x,z,t+s),
5. M(x,y,.):(0,00) = [0,1] is continuous.
6. limiooM(x,y,t) = 1.

Let M (z,y,t) be a fuzzy metric space. For any ¢ > 0, the open ball B(x,r,t)
with center x € X and radius 0 < r < 1 is defined by

B(z,r,t)={ye X : M(x,y,t) >1—r}.

Let (X, M, *) be a fuzzy metric space. Let 7 be the set of all A C Xall with
x € A if and only if there exist ¢ > 0 and 0 < r < 1 such that B(x,r,t) C A. Then 7
is a topology on X (induced by the fuzzy metric M). This topology is Hausdorff and
first countable.A sequence {z,} in X converges to x if and only if M (z,,y,t) — 1,
as n — oo, for all t > 0. it is called a Cauchy sequence if, for any 0 < € < 1 such
that M (2, Ym,t) > 1 — e for any n,m > ng. The F-bounded if there exists t > 0
and 0 < r < 1 such that M (z,y,t) > 1—r for all z,y € A.

Example 1. Let X = R and denote axb = ab for all a,b € [0,1]. For anyt € (0,00),
define

t
M($,y7t):m

for all x,y € X. Then M is a fuzzy metric space in X.

Lemma 1. Let (X, M, ) be a fuzzy metric space. Then M is non-decreasing with
respect to t, for all x,y in X.



A. Gilani — Common Fixed Point For Compatible Maps . ..

Definition 3. Let (X, M, ) be a fuzzy metric space. M is said continuous if
llmn—woM(wn? Yn, tn) = M(.f, Y, t)

whenever a sequence {(Tn,Yn,tn)} in X2 x (0,00) converges to a point (z,y,t) €
X2 x (0,00), i.e,

limy oo M (T, Y, t) = limp e M (7, yn, t) = 1,
limp oo M (2, y,tn) = M(2,y,1).

Lemma 2. Let (X, M, x*) be a fuzzy metric space. Then M is continuous function
on X2 x (0, 00).

Proof. See proposition 1 of [28]. B

Definition 4. Let A and S be mappings from a fuzzy metric space (X, M,*) into
itself. Then the mappings are said to be weak compatible if they commute at their
coincidence point, that is, Ax = Sx implies that ASx = SAx.

Definition 5. Let A and S be mappings from a fuzzy metric space (X, M,x*) into
itself. Then the mappings are said to be compatible if for all t > 0,

limp oo M(ASxy, SAz,, t) =1
whenever {x,} is a sequence in X such that
Uiy, — oo ATy, = limy—coSxy =2 € X.

Proposition 1. If the self-mappings A and S of a fuzzy metric space (X, M, ) are
compatible, then they are weak compatible.

The converse is not true as seen in following example.

Example 2. Let (X, M, *) be fuzzy metric space, where X = |[0,2], with t-norm

defined a * b = min{a,b}, for all a,b € [0,1] and M (z,y,t) = m for allt >0
and x,y € X. Define the self-mappings A and S on as follows:
2 af 0<x<1, 2 haf x=1,
Am—{g if 1<x<2, Sx_{‘”g‘? otherwise
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and x, = 2 — ﬁ Then we have S1 = Al = 2 and S2 = A2 = 1. Also SAl =

AS1 =1 and SA2 = AS2 = 2. Thus (A, S) is weak compatible. Again,

1 1
Azp=1— — =1 —.
n O 10n
Thus we have
Az, — 1, Sz, — 1.
Further, it follows that
4 1
SAx, == — — ASz, = 2.
BT A
Therefore, we have
. ) 4 1 t
limp oo M (ASTy, SATy, t) = limy 0o M (2, ET QO—n,t) = @ <1

for all t > 0. Hence (A, S) is not compatible.

2. COMPATIBLE MAPS OF TYPE ()

In this section, we give the concept of compatible maps of type () in fuzzy metric
spaces and some properties of these maps.

Definition 6. Let A and S be mappings from a fuzzy metric space (X, M,x*) into
itself. Then the mappings are said to be compatible maps of type () if satisfying:

1. A and S are compatible, that is
limp—oo M (ASxy, SAx,, t) =1, YVt >0
whenever {x,} is a sequence in X such that
limp oo ATy = limy, 005, = € X,
2. They are continuous at x.
On the other hand we have,

A(z) = A(limp—ooAxy) = A(limy—00STy) = limy, 00 ASTy,
= limp—ooSAx, = S(limpy—ecAxy) = S(x)



A. Gilani — Common Fixed Point For Compatible Maps . ..

Definition 7. Let A and S be mappings from a fuzzy metric space (X, M, *) into
itself. The maps A and S are said to be weak compatible maps of type () 1

Uiy —oo ALy, = limy—0oSTy = T
for some x € X implies that Ax = St.

Clearly if self-mappings A and S of a fuzzy metric space (X, M, %) are compatible
maps of type (7), then they are weak compatible of type (7). But the converse is
not true as seen in following example.

Example 3. Let (X, M,x*) be a fuzzy metric space, where X = [0,2], with t-norm
defined a x b = min{a, b} for all a,b € [0,1] and M(x,y,t) = m for all t >0
and x,y € X. Define self-maps A and S on X as follows:

A$:{1 if xe€Q, sz{l, if reQ

% otherwise, 0 otherwise,

and T, =2 — ﬁ Then we have
limy o0 ATy = limy, oo STy = 1,

and S1 = Al = 1. That is (A,S) is weak compatible of type () also (A,S) is
compatible,for Az, = A2 — 5-) =1 and Sz, = S(2 — 5) = 1 hence

Uiy —oo ASTy = limy, oo SAT, = 1,
but A, S are not continuous at 1 and hence (A, S) is not compatible of type (7).

Lemma 3. Let (X, M, x) be a fuzzy metric space.
(i) If we define Ex pr: X2 — RT(J{0} by

Exyv(z,y) =inf{t >0: M(x,y,t) >1— A}
for each p € (0,1) there exists A € (0,1) and x,y € X such that
Eym(z1,2n) < Ex (21, 22) + Expm(@2, 23) + ... + Ex pm(@Tn—1, Tn)
for any x1,x0,...,2, € X.
(13) The sequence {xp}tnen is convergent in fuzzy metric space (X, M,*) if and

only if Exp(zpn,x) — 0. Also, the sequence {xy}nen is a Cauchy sequence if and
only if it is a Cauchy sequence with Ey .
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Proof. (i) For any u € (0,1), we can find a A € (0,1) such that
I=XN*«Q=N*x...x(1=XN)>1—p

n

and so, by the triangular inequality, we have
M(x1, xp, Ex p(x1,22) + Ex pm(22, 23) + ... + Ex m(Tn—1,Zn) + nd)
> M(z1, 22, Ex m(z1,22) +6) % oo % M(2p—1, Tn, Ex p(Tn—1,20) +0)
>A=N*x1=Nx*x...x(1=N)>1—p

n

for all § > 0, which implies that
Eyv(z1,2n) < Exv(z1,22) + Expm(xe, x3) + ... + Ex pm(@n—1, Tn) + nd.
Since § > 0 is arbitrary implies that
Eyv(z1,2n) < Exp(21,22) + Ex p(x2,23) + .. + Ex v (Tn—1, ).
(74) Note that since M is continuous in its third place and
Exym(z,y) =inf{t >0: M(z,y,t) >1— A}
Hence, we have
M(zp,z,m) >1 =X <= E\pm(an,x)<n
for every n > 0. W

Lemma 4. Let (X, M,x) be fuzzy metric space. if a sequence {x,} in X is such
that, for any n € N,
M(Sﬂn, Tn+1, t) > M(SC(), xy, knt)

for all k > 1, then sequence {x,} is a cauchy sequence.
Proof. For all A € (0,1) and z,, zp4+1 € X, we have
Exm(@ny1,xn) =inf{t >0: M(zpt1,2n,t) > 1 - A}
< an{t >0: M(xo,xl,k”t) >1-— )\}
. t
= mf{k—n : M(zg,z1,t) >1— A}

1
= k—ninf{t>0:M(xo,:E1,t) >1—-A}

1
= EE,\,M(UCO, x1).
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By lemma 3, for all u € (0,1) such that

EMM(QJR,Q?m) < E)\,M(.%'n, xn+1) + E)\7M(a:n+1,a:n+2) + ...+ E)\7M(xm_1,:cm)

1 1 1
< ﬁEu,M(l’o,ﬂh) + WE/\,M(1307$1) +...+ WEA,M($07$1)

m—1 1
= EMM(a:g,a;l) Z /47 — 0.
j=n

Hence the sequence {x,} is a Cauchy sequence. B

Lemma 5. ([12]). If for all x,y € X, t > 0 and for a number k € (0,1)
My, kt) > M(z,3,1)
then x = y.

Proof. 1t is immediate from (6) definition (2). W

3. MAIN RESULTS

In this section, we prove some common fixed point theorems for compatible mappings
of type () under satisfying some conditions in fuzzy metric spaces.

Theorem 6. Let (X, M,*) be a complete fuzzy metric space with t xt =t for all
t €10,1]. Let P,S, T and @Q be self-mappings of a complete fuzzy metric space, such
that:

(i) P(X) CT(X), Q(X) C S(X),

(77) there exists a constant k € (0,1) such that

M(Px,Qy, kt) >M (Tx, Pz, t) * M(Sy, Qy,t) * M (Sy, Px, at)
« M(T,Qy, (2 — a)t)  M(Tx, Sy, 1)

forallz,y e X, a € (0,2) and t >0,
(791) the pairs (P,T) and (Q,S) are weak compatible of type (7).
Then P, S, T and Q have a unique common fixed point in X .

Proof. Let xyp € X be an arbitrary point, there exist x1,x2 € X such that Pxy =
Txy = yo, Qr1 = Sxa = y;. Inductively, construct sequence {z,} and {y,} in X
such that Txon11 = Pxon = Yon, STopto = Qxont1 = Yont1 forn=0,1,2, ...
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Now, we prove {y,} is a Cauchy sequence. For n = 0,1,2,... by (ii) then, by
a=1—gqgandq € (0,1), if we set © = X941,y = Ton42 for all t > 0, we have
M(Pxopt1, Qronta, kt) >M (Tx2n11, Pront1,t)
* M(Szont2, Qranta,t)
x M(Sxant2, Prons1, (1 —q)t)
* M(Txon+1, Qrant2, (14 q)t)
s« M (

Txon+1, STont2,t)

and
M (y2n+1, Yont2, kt) >M (yon, yon+1,t) ¥ M (Y2nt1, Y2nt2,t)
* M (Yon+1, Yon+1, (1 — @)t)
* M (yon, Yoant2, (1 + q)t)
* M(y2n’ Yon+1, t)
then

M (yan+1, Yon+2, kt) >M (Yon, Yon+1,t) * M (Y2n+t1, Y2nt2, t)
* 1% M (yon, Yant1,t) * M(Y2n+1, Y2n+2, qt)
* M (Yon, Yon+1,1)

Hence we have

M (yon+1, Yon+2, kt) >M (Y2n, Yont1,t) * M (Yon+1, Yont2,t)
* M (Y2n41, Yon+2, q1).

Since the * and M(x,y,.) are continuous, letting ¢ — 1, we have
M (y2n+1, Y2n+2, kt) = M (Y2n, Y2n+1,t) ¥ M (Y2nt1, Y2nt2:t).
Similarly we have also

M (yan+2, Yon+3, kt) > M (yan+t1, Yant2, t) * M(Y2n+2, Y2n+3, ).

Hence for n = 1,2, ... and so, for positive integers n, p

t
M (yont1, Yon+2, kt) > M (yon, Yont1,t) * M (Y2n+1, Yant2, ﬁ)-

Thus, since M (Yan+1,Yon+2, 75) — 1 as p — oo, we have

M (yon+1, Yon+2, kt) > M (yon, Yon+1,t).
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Similarly, we also have

M (yan+2, Yon+3, kt) > M (yan+1, Yant2, t).

For k € (0,1) if set k; = % > 1 and set t = kqt1, then we have

M (Yn, Ynt1,t1) = M (Yn—1,Yn, k1t1) > ... > M (yo, y1, ki't1).

Hence by lemma 4 {y,} is cauchy and the complete of X, {y,} converges to z in X.
That is, limp—eoyn = 2. Hence

limn—wonQn = limn—)oonrQn—&—l = limn—)oonn
= limn%oonQn—&—l = limn—)oosx2n+2
= liMp—ool2ntl = 2

Since P, T are weak compatible of type (v) we have get Pz = T'z.
Now, taking x = z,y = z2p+1 and a = 1 in (ii), we have

M(sz Qx2n+17 kt) ZM(TZ, PZ7 t) * M(S$2n+1, Q‘T2n+17 t)

« M (Sxont1, Pz, t) * M(Tz,Qxony1,t)
* M(TZ, S$2n+1, t)

as n — 0o
M(Pz,z,kt) >M(Tz, Pz,t) « M(z, z,t) * M(z, Pz,t)
x M(Tz,z,t)« M(Tz,z,1t)

thus
M(Pz,z,kt) > M(Pz, z,t).

Hence by lemma 5, for all ¢ > 0, Pz = z. Therefore Pz =Tz = z.

Similarly, since pair (@, S) are weak compatible of type () hence we get Qz =
Sz. Now, we show that Qz = z. For this taking z = z9,,, y = z and o = 1 in (ii),
we have

M(Pxop, Qz, kt) >M (T'xop, Pxoy,t) * M(Sz,Qz,t) * M(Sz, Pray,t)
* M(T-ana sz t) * M(Tx2na SZ, t)

as n — oo

M(z,Qz,kt) >M(z,z,t) * M(Sz,Qz,t) x M(Sz, z,t)
« M(z,Qz,t) « M(z,Sz,t)
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thus
M{(2,Qz,kt) > M(,Qz,1).
Hence for all t > 0, we have Qz = Sz = z. Therefore, z is a common fixed point of
P,S, T and Q.
For uniqueness, let v(v # z) be another common fixed point of P, S,T and @
and a = 1, then by (ii), we have

M(Pz,Qu,kt) >M(Tz, Pz, t) * M (Sv, Qu,t)
x« M(Sv, Pz,t) « M(Tz,Qz,t)
x« M(Tz,Sv,t)

SO

M(z,v,kt) >M(z,z,t) * M(v,v,t) « M(v, z,1)
« M(z,2,t) « M(z,v,t).

Hence M (z,v, kt) > M(z,v,t). Therefore by using lemma 5 we have z =v. B

Theorem 7. Let (X, M,x) be a complete fuzzy metric space with t «t =t for all
t € [0,1]. Let Py, Pa, ..., Py, and Qo, Q1 be self-mappings continuous of a complete
fuzzy metric space, such that:

(1) Qo(X) C P1P3..Poy—1(X), Q1(X) C PoPy...Popy(X),

(1) there exists a constant k € (0,1) such that

M(Qox,Qy, kt) >M (P, Ps... Poy—12, Qo t)

x M (PoPy...Popy, Qry,t)

x M(PyPy...Popyy, Qox, ait)
« M(P1Ps...Pop—12,Q1y, (2 — a)t)
« M(P1Ps...Popy 12, PyPy... Py, t)

forallz,y e X, a €(0,2) and t >0,
(7i1) the pairs (Qo, P1Ps...Pam—1) and (Q1, PoPy...Poy,) are weak compatible of

type (7),
(i) for all1 <i=2n—1<2m and 2 < j =2n < 2m such that

PiQo = QoP;,
PP\ Ps...Poyy1 = P1P3.. Py 1 P,
P;Q1 = Q1 P,

PPy Py... Py = PoPy... Py, P;.
Then Py, Py, ..., Poy, and Qo, Q1 have a unique common fixed point in X.

10
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Proof. Let 9 € X. From the condition (i) there exists x1,z2 € X such that
Qoxog = PiP5...Poy,_ 121 = yo and Qix1 = PoPy...Po,xo = yi1. Inductively, con-
struct sequence {x,} and {y,} in X such that
QoTon = P1Ps...Pom—1Z2n41 = Y2n,
Q1%2n+1 = PoPy... PomTonto = Yont1,
forn=0,1,2,....
Now, we prove {y,} is a cauchy sequence. For n = 0,1,2,... by (ii) then by

a=1—gqand q € (0.1), if we set x = xop41,y = x2n+2,P1l = PiP;...P,,,_1 and
P, = PyPy...Py,, for t > 0, we have

M (Qozans1, Q12ans2, kt) =M (Pxont1, Qoons1,t)

5 M (Pyon+2, Q1%2n+2, 1)

5 M (Pyon+2, Qorans1, (1 — q)t)
* M(Pz2n11, Q12ans2, (1 + q)t)
« M (

! !
P zop i1, Poxonia,t)

and
M (yon+1, Yon+2, kt) >M (Yon, Yant1,t) * M (Yont1, Yont2: t)
* M (yan+1, Yon+t1, (1 — @)t)
* M(an, Yon+2, (1 + Q)t)
* M(y2n7 Yon+1, t)
then

M (Yon+1, Yon+2, kt) >M (Yon, Yant1,t) * M (Yont1, Yont2, t)
% 1% M(yon, Yon+1,t) * M(Y2n41, Y2nt2, qt)
* M (Y2n, Yon+1,1)

Hence we have

M (Yon+1, Yon+2, kt) >M (Yon, Yant1,t) * M (Yont1, Yont2: t)
* M (Yan+1, Y2n+2, qt).

Since the * and M(x,y,.) are continuous, letting ¢ — 1, we have

M (y2n+1, Y2nt2, kt) > M (yon, Yon+1,t) * M (Yan+1, Y2n+2,t).

11
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Similarly we have also

M (yon+2, Yon+3, kt) > M (Yant1, Yon+2, t) * M (Yant2, Yon+3, t).

Hence for n = 1,2, ... and so, for positive integers n, p

t

M (yon+1, Yon+2, kt) > M (yon, Yont1,t) * M (Y2n+1, Yant2, ﬁ)-

thus, since M (y2n+1, Y2n+2, k,ip) — 1 as p — oo, we have

M (yan+1, Yon+2, kt) > M (y2n, Yon+1,t).

Similarly, we also have

M (yon+2, yon+3, kt) > M (Yant1, Yont2,t).

For k € (0,1) if set k1 = % > 1 and set t = kqt1, then we have

M(ynayn+17t1) 2 M(yn—laymklt1> Z 2 M(y07y17k711t1)'

Hence by lemma 4 {y,} is cauchy and the complete of X, {y,} converges to z in X.
That is, limy,—ooyn = 2. Hence
limp—00QoTon = limn—)ooplen—&—l = liMmn—00Y2n
= limn%oo@len-‘rl = limn—>oop2x2n+2

= liMp—ool2n+1 = 2

Since Qo, Pll are weak compatible of type (v) we have get Qpz = Pl/z.
Now, taking x = Pl/xgnﬂ and y = Topyo with a = 1 in (ii), we have

M(QoP 241, Q1%2n+2, kt) >M (P Piwani1, QoPiTons1,t)
M (Pytopy2, Q1%2n42, 1)
* M(Pyony2, QuPiwant1,t)
« M(P{ P %on11, Q122042 t)
s« M (P, Pixon i1, Pyonia,t)
as n — oo
M(Qoz, 2, kt) >M(Pyz,Qoz,t) + M(z, 2,1)
« M(z,Qoz,t) * M(P,z, z,1)
* M(Pz,z,1)

12
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thus
M(Qoz, 2, kt) > M(2,Qoz,1).

Hence by lemma 5, for all ¢ > 0, Qoz = z. Therefore Qopz = Pllz = 2. Now, by
putting x = P;z and y = 2,41 with a = 1 in (i7), for all 1 <i=2n—1 < 2m, we
have
M(QoPizan i1, Q1%2n12, kt) >M (P Piwani1, QoPitani1,t)
s M(PyTons2, Q1%2n12, 1)
% M(Pyons2, QoPiwant1,t)
s M (P Pwons1, Q1220+, 1)
% M (P Piron 11, Pyana,t)
thus by (iv), as n — oo
M(P;z,z,kt) >M (P;z, Pz, t) * M (z, z,t)
« M(z, Piz,t) « M(P;z, z,t)
x« M(P;z,z,t)
and
M(Piz,z,kt) > M (P;z, z,t).
Hence by lemma 5, Pz = z fO}" all1 <i=2n—-1<2m.

, Similarly since pair (Q1, P,) weak compatible of type () hlence we have Q12 =
P,z. Now, we show 1z = 2. For this taking z = z and y = P,x9,42 with a =1 in
(i), we have

M(Qoz, Q1 Pyxon o, kt) >M (P z,Qoz,t)
s M(PyPyxoni2, Q1Pyx2n42,t)
* M(PyPyxan 12, Qoz,t)
x M(Pyz,Q1Pywania,t)
* M(Pyz, PyPyxoni2,t)

as n — oo

M(z,Quz, kt) >M (2, z,t) « M(Pyz, 2,t)
* M(lez, z,t)x M(z,Q12,t)
* M(z, Pyz,t).

13
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Thus
M(Z) le) kt) > M(Z’ le7 t)

Hence 1z = z. Therefore Q1z = PQIz =z.
Now, by putting = z and y = Pjz with a = 1 in (¢4), for all 2 < j = 2n < 2m,
we have
M(Qoz, Q1Pjz, kt) =M (Pyz,Qoz, 1)
* M(PyP;z,Q1Pjz,1)
« M(PyPjz, Qoz,t)
« M(P,z,Q1Pjz,1)
« M(P,z, PyPjz,1t)
thus by (iv), as n — oo
M (z, Pjz, kt) >M (z, z,t) * M (Pjz, Pjz,t)
* M(Pjz, Pjz,t) «* M(z, Pjz,t)
* M(z, Pjz,t)
and
M(Pjz, z,kt) > M(Pjz, z,t).
Hence by lemma 2.6 Pjz = z for all 2 < j = 2n < 2m. Therefore z is a common
fixed point of Py, Ps, ..., Pop, and Qp, Q1.
For uniqueness, let v(v # z) be another common fixed point of Py, Ps, ..., Poy,
and Qo, @1 and o = 1, then by (i7), we have
M(Q(]Za le, kt) ZM(P1,27 QOZ> t) * M(PQ,Ua Q1U> t)
* M(P2,U7 QOZ, t) * M(P{Z, lea t)
« M(P,z, Pyv,t)

Hence M (z,v,kt) > M(z,v,t). Therefore by using lemma 5 we have z = v. B

Theorem 8. Let {Qu}uca, {Qulver and {Py}3™, be the set of all self-mappings a
complete fuzzy metric spaces (X, M, ) with t xt =t for all t € [0,1], such that:

(Z) QM(X) - Pl,Pz,...,Pgm(X) and QV(X) - Pl,Pg,...,Pgm_l(X) for all IS
A, veB,
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(77) there exists a constant k € (0,1) such that

M(Quz,Quy, kt) >M (P Ps...Popy 1, Qu, t)
* M(PyPy... Py, Quy, t)
* M(PyPy...Poyy, Que, at)
* M(PLPs...Poyy 17, Quy, (2 — a)t)
¥ M(PyPs...Poy 1, PyPy... Papy, t)

forallz,ye X, a € (0,2), uc A,v € B andt > 0,

(1) there exists g € A, such that pairs (Q g, P1P3...Paym—1) and (Qy, PoPy...Poy,)
are weak compatible of type (),

(i) forallpe A,r e B, 1 <i=2n—1<2m and 2 < j = 2n < 2m such that

P’L'Qu = Q,U,Pi;
PiPPs..Pyyy 1 = P1P3.. Py 1 P,
PjQV = Qupj,

P;PyPy... Py = PoPy...Poy P
Then all P, and {Qu}uca, {Qv}ve have a unique common fized point in X.

Proof. Let @, be a fixed element in {Q,},ca. By theorem 3.2 with Qo = Q,,, and
Q1 = Q, it follows that there exists some z € X such that

Quz = Q#Oz = PoPy..Poyyz =P P3..Poy_12 = 2.
Let up # pu € A be arbitrary. Then from (i) with o = 1, we have,

M(Quz,Quz, kt) >M (P Ps...Poyp—12,Q 2, 1)
 M(PyPy...Popz,Qy2,t)
* M(PaPy...Popz, Quz,t)
« M(P1Ps3...Pop—12,Q,2,1)
« M(P1Ps3...Popy 12, PoPy... Py 2, t)

and hence

M(Quz, z, kt) >M(z,Quz,t) * M(z, z,t)
* M(z,Quu,t) * M(z,2,t)
« M(z,z,1).

Therefore Q,z = z. Hence, z is a unique common fixed point for all P, and {Q,} e,
{QV}VEB inX. H
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