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1. Introduction

As the development of the singular integral operators, their commutators and mul-
tilinear operators have been well studied ([1-3]). A well known result of Coifman,
Rochberg and Weiss (see [4]) states that the commutator [b, T ](f)(x) = b(x)T (f)(x)−
T (bf)(x) (where b ∈ BMO) is bounded on Lp(Rn) for 1 < p <∞. Chanillo (see [5])
proves a similiar result when T is replaced by the fractional operators. In [6-15], the
authors study these results for the Triebel-Lizorkin spaces and the case b ∈ Lipβ,
where Lipβ is the homogeneous Lipschitz space. In this paper, we will prove the

vector-valued multilinear commutator |S~bψ,δ|r, which is generated by the fractional
area integral operator and functions in Lipβ(Rn), is bounded on Triebel-Lizorkin
and Lebegue spaces.

2. Definitions and Results

Throughout this paper, Q will denote a cube of Rn with side parallel to the axes.
Let f is locally integrable function with f(Q) =

∫
Q f(x)dx, fQ = |Q|−1

∫
Q f(x)dx,

and

M#(f)(x) = sup
Q3x

1

|Q|

∫
Q
|f(y)− fQ|dy.
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It is well known that (see [6][7])

M#(f)(x) ≈ sup
Q3x

inf
c∈C

1

|Q|

∫
Q
|f(y)− c|dy.

Let

M(f)(x) = sup
Q3x

1

|Q|

∫
Q
|f(y)|dy.

For β > 0 and p > 1, let Ḟ β,∞p be the homogeneous Tribel-Lizorkin space. The
Lipschitz space Lipβ(Rn) is the space of functions f such that

||f ||Lipβ = sup
x,y∈Rn
x 6=y

|f(x)− f(y)|
|x− y|β

<∞.

Given some functions bj (j = 1, · · · ,m) and a positive integer m and 1 ≤ j ≤ m,
we denote by Cmj the family of all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·,m}
of j different elements. For σ ∈ Cmj , set σc = {1, · · ·,m} \ σ. For ~b = (b1, · · ·, bm)

and σ = {σ(1), · · ·, σ(j)} ∈ Cmj , set ~bσ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · · bσ(j) and

||~bσ||Lipβ(w) = ||bσ(1)||Lipβ(w) · · · ||bσ(j)||Lipβ(w).
In this paper, we will study vector-valued multilinear commutator of fractional

area integral operator as follows.

Definition 1. Let 0 < δ < n. Suppose functions ψ satisfies the following properties:
(1)

∫
Rn ψ(x)dx = 0;

(2) |ψ(x)| ≤ C(1 + |x|)−(n+1−δ);
(3) |ψ(x+ y)− ψ(x)| ≤ C|y|ε(1 + |x|)−(n+2−δ), where 2|y| < |x|.

Set 1 < r <∞, bj(j = 1, · · · ,m) are fixed local integratiable function on Rn. Let
Γ(x) = {(y, t) ∈ Rn+1

+ : |x−y| ≤ t}, its characteristic function is χΓ(x), vector-valued
multilinear commutator of fractional area integral operator is defined as follows:

|S~bψ,δ(f)(x)|r =

( ∞∑
i=1

(S
~b
ψ,δ(fi)(x))r

)1/r

,

where

S
~b
ψ,δ(f)(x) =

(∫
Γ(x)
|F~bt (f)(x, y)|2dydt

tn+1

)1/2

and

F b̃t (f)(x) =

∫
Rn

 m∏
j=1

(bj(x)− bj(z))

ψt(y − z)f(z)dz.

Now we state our theorems as following.
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Theorem 1. Let 1 < r < ∞, 0 < β < 1/2m, 1 < p < ∞, ~b = (b1, · · · , bm), with

bj ∈ Lipβ(Rn) for 1 ≤ j ≤ m, then 1 < p < n/δ,1/p− 1/q = δ/n, |S~bψ,δ|r is bounded

from Lp(Rn) to Ḟmβ,∞q (Rn).

Theorem 2. Let 1 < r < ∞, 0 < β < 1/2m, 1 < p < ∞, ~b = (b1, · · · , bm), with
bj ∈ Lipβ(Rn), 1 ≤ j ≤ m, then 1/p − 1/q = (mβ + δ)/n, 1/p > (mβ + δ)/n,

|S~bψ,δ|ris bounded from Lp(Rn) to Lq(Rn).

3. Proof of Theorems

The proofs of our main results are based the following lemmas.

Lemma 3. (see [9]) For 0 < β < 1, 1 < p <∞, we have

||f ||
Ḟβ,∞p

≈

∣∣∣∣∣
∣∣∣∣∣sup
Q

1

|Q|1+ β
n

∫
Q
|f(x)− fQ|dx

∣∣∣∣∣
∣∣∣∣∣
Lp

≈

∣∣∣∣∣
∣∣∣∣∣sup
·∈Q

inf
c

1

|Q|1+ β
n

∫
Q
|f(x)− c|dx

∣∣∣∣∣
∣∣∣∣∣
Lp

.

Lemma 4. (see [9]) For 0 < β < 1, 1 ≤ p ≤ ∞, we have

||f ||Lipβ ≈ sup
Q

1

|Q|1+ β
n

∫
Q
|f(x)− fQ|dx

≈ sup
Q

1

|Q|
β
n

(
1

|Q|

∫
Q
|f(x)− fQ|pdx

)1/p

.

Lemma 5. (see [15]) Let 1 < r < ∞, 0 < δ < n, 1 < p < n/δ, 1/q = 1/p − δ/n,
w ∈ A1. then |Sψ,δ|r is bounded from Lp(w) to Lq(w).

Lemma 6. (see [5]) Let 1 ≤ l <∞, 1 < r <∞, β > 0, with

Ml,β(f)(x) = sup
x∈Q

(
1

|Q|1−
βl
n

∫
Q
|f(y)|ldy

)1/l

,

if l < p < n/β, 1/q = 1/p− β/n,then

||Ml,β(|f |r)||Lq ≤ C|||f |r||Lp .
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Lemma 7. (see [9]) Let Q1 ⊂ Q2,then

|fQ1 − fQ2 | ≤ C||f ||Lipβ |Q2|β/n.

Proof of Theorem 1. Fix a cube Q = (x0, l) and x̃ ∈ Q. We first consider the
case m ≥ 2. Set ~bQ = ((b1)Q, · · · , (bm)Q) with (bj)Q = |Q|−1

∫
Q bj(y)dy, 1 ≤ j ≤ m.

Let f decompose into f = g + h = {gi} + {hi}, with gi = fiχQ, hi = fiχ(Q)c . We
have

F
~b
t (fi)(x, y)

=

∫
Rn

 m∏
j=1

(bj(x)− bj(z))

ψt(y − z)fi(z)dz
=

∫
Rn

m∏
j=1

[(bj(x)− (bj)Q)− (bj(z)− (bj)Q)]ψt(y − z)fi(z)dz

=
m∑
j=o

∑
σ∈Cmj

(−1)m−j(b(x)− bQ)σ

∫
Rn

(bj(z)− bQ)σcψt(y − z)fi(z)dz

= (b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)Ft(fi)(y)

+(−1)mFt((b1 − (b1)Q) · · · (bm − (bm)Q)fi)(y)

+
m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− bQ)σ

∫
Rn

(b(z)− bQ)σcψt(y − z)fi(z)dz

= (b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)Ft(fi)(y)

+(−1)mFt((b1 − (b1)Q) · · · (bm − (bm)Q)gi)(y)

+(−1)mFt((b1 − (b1)Q) · · · (bm − (bm)Q)hi)(y)

+

m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− bQ)σFt((b− bQ)σcfi)(x, y),
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by Minkowski’s inequality, we obtain

||S~bψ,δ(f)(x)|r − |Sψ,δ((((b1)2Q − b1) · · · ((bm)2Q − bm))h)(x0)|r|

≤
( ∞∑
i=1

∥∥(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)χΓ(x)Ft(fi)(y)
∥∥r )1/r

+

( ∞∑
i=1

m−1∑
j=1

∑
σ∈Cmj

∥∥∥(b(x)− (b)2Q)σχΓ(x)F
~bσc
t (fi)(x, y)

∥∥∥r )1/r

+

( ∞∑
i=1

∥∥χΓ(x)Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)gi)(y)
∥∥r )1/r

+

∥∥∥∥∥∥χΓ(x)Ft(

m∏
j=1

(bj − (bj)2Q)h)(y)− χΓ(x0)Ft(

m∏
j=1

(bj − (bj)2Q)h)(y)

∥∥∥∥∥∥
r

= L1(x) + L2(x) + L3(x) + L4(x),

so

1

|Q|1+mβ/n

∫
Q
||S~bψ,δ(f)(x)|r − |Sψ,δ((((b1)2Q − b1) · · · ((bm)2Q − bm))h)(x0)|r|dx

≤ 1

|Q|1+mβ/n

∫
Q
L1(x)dx+

1

|Q|1+mβ/n

∫
Q
L2(x)dx

+
1

|Q|1+mβ/n

∫
Q
L3(x)dx+

1

|Q|1+mβ/n

∫
Q
L4(x)dx

= L1 + L2 + L3 + L4.

For L1, by using Lemma 6, we have

L1 =
1

|Q|1+mβ/n

∫
Q

||χΓ(x)(b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)Ft(f)(y)||rdx

=
1

|Q|1+mβ/n

∫
Q

(∫ ∫
Rn+1

+

|χΓ(x)(b1(x)− (b1)Q) · · · (bm(x)− (bm)Q|||Ft(f)(y))||2r
dydt

tn+1

)1/2

dx

=
1

|Q|1+mβ/n

∫
Q

|(b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)||Sψ,δ(f)(x)|rdx

≤ 1

|Q|1+mβ/n
sup
x∈Q
|b1(x)− (b1)Q| · · · |bm(x)− (bm)Q|

∫
Q

|Sψ,δ(f)(x)|rdx

≤ C||~b||Lipβ
1

|Q|1+mβ/n
|Q|mβ/n

∫
Q

|Sψ,δ(f)(x)|rdx

≤ C||~b||LipβM(|Sψ,δ(f)|r)(x̃)

≤ C||~b||LipβMl(|Sψ,δ(f)|r)(x̃).
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For L2, with 1 < l <∞, by Hölder inequality, we obtain

L2 ≤
m−1∑
j=1

∑
σ∈Cmj

1

|Q|1+mβ/n

∫
Q
|(~b(x)−~bQ)σ||Sψ,δ((~b−~bQ)σcf)(x)|rdx

≤ C
m−1∑
j=1

∑
σ∈Cmj

1

|Q|mβ/n
sup
x∈Q
|(~b(x)−~bQ)σ|

(
1

|Q|

∫
Q
|Sψ,δ((~b−~bQ)σcf)(x)|lrdx

)1/l

≤ C
m−1∑
j=1

∑
σ∈Cmj

1

|Q|mβ/n
||~bσ||Lipβ |Q|

|σ|β/n sup
x∈Q
|(~b(x)−~bQ)σc |

(
1

|Q|

∫
Q
|Sψ,δ(f)(x)|lrdx

)1/l

≤ C

m−1∑
j=1

∑
σ∈Cmj

1

|Q|mβ/n
||~bσ||Lipβ |Q|

|σ|β/n||~bσ||Lipβ |Q|
|σ|cβ/n

(
1

|Q|

∫
Q
|Sψ,δ(f)(x)|lrdx

)1/l

≤ C

m−1∑
j=1

∑
σ∈Cmj

1

|Q|mβ/n
||~bσ||Lipβ |Q|

|σ|β/n||~bσc ||Lipβ |Q|
|σc|β/nMl(|Sψ,δ(f)|r)(x̃)

≤ C||~b||LipβMl(|Sψ,δ(f)|r)(x̃).

For L3, we set 1 < l < q < n/δ, 1/q = 1/l − δ/n, by |gµ,δ|r bounded on (Ll, Lq)
and Hölder inequality, we obtain

L3 =
1

|Q|1+mβ/n

∫
Q
|Sψ,δ((b1 − (b1)Q) · · · (bm − (bm)Q)fχQ)(x)|rdx

≤ C

|Q|mβ/n

 1

|Q|

∫
Rn
|Sψ,δ(

m∏
j=1

(bj − (bj)Q)fχQ)(x)|qrdx

1/q

≤ C

|Q|mβ/n
1

|Q|1/q
m∏
j=1

sup
x∈Q
|bj(x)− (bj)Q|

(∫
Rn
|f(x)|lrχQ(x)dx

)1/l

≤ C

|Q|1/q
m∏
j=1

||bj ||Lipβ |Q|
1/l−δ/n

(
1

|Q|1−δl/n

∫
Q
|f(x)|lrdx

)1/l

≤ C||~b||LipβMl,δ(|f |r)(x̃).
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For L4, if y ∈ (2Q)c, then |x0 − y| ≈ |x− y|, by the properties of ψ, we obtain

L4 = ||χΓ(x)Ft((b1 − (b1)Q) · · · (bm − (bm)Q)h)(y)− χΓ(x0)Ft((b1 − (b1)Q) · · · (bm − (bm)Q)h)(y)||r

≤

∫ ∫
Rn+1

+

(

∫
(2Q)c

|χΓ(x) − χΓ(x0)||f(z)|r
m∏
j=1

|bj(z)− (bj)Q|dz)2 dydt

tn+1

1/2

≤ C

∫
(2Q)c

|f(z)|r
m∏
j=1

|bj(z)− (bj)Q|

×

∣∣∣∣∣
∫ ∫

|x−y|≤t

t1−ndydt

(t+ |y − z|)2n+2−2δ
−
∫ ∫

|x0−y|≤t

t1−ndydt

(t+ |y − z|)2n+2−2δ

∣∣∣∣∣
1/2

dz

≤ C

∫
(2Q)c

|f(z)|r
m∏
j=1

|bj(z)− (bj)Q|

(∫ ∫
|y|≤t,|x+y−z|≤t

|x− x0|t1−n

(t+ |x+ y − z|)2n+3−2δ
dydt

)1/2

dz.

Because if |y| ≤ t, that 2t+ |x+ y − z| ≥ 2t+ |x− z| − |y| ≥ t+ |x− z| and∫ ∞
0

tdt

(t+ |x− z|)2n+3−2δ
= C|x− z|−2n−1+2δ,

therefore, if x ∈ Q, then we have

L4 ≤ C

∫
(2Q)c

|f(z)|r
m∏
j=1

|bj(z)− (bj)Q|

(∫ ∫
|y|≤t

|x0 − x|t1−n22n+3−2δdydt

(2t+ 2|x+ y − z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|f(z)|r
m∏
j=1

|bj(z)− (bj)Q||x− x0|1/2
(∫ ∫

|y|≤t

t1−ndydt

(t+ |x− z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|f(z)|r
m∏
j=1

|bj(z)− (bj)Q||x− x0|1/2
(∫ ∞

0

tdt

(t+ |x− z|)2n+3−2δ

)1/2

dz

≤ C

∫
(2Q)c

|f(z)|r
m∏
j=1

|bj(z)− (bj)Q|
|x− x0|1/2

|x0 − z|n+1/2−δ dz

≤ C

∞∑
k=1

∫
2k+1Q\2kQ

|x0 − x|1/2|x0 − z|−(n+1/2−δ)|f(z)|r
m∏
j=1

|bj(z)− (bj)Q|dz
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≤ C

∞∑
k=1

2−k/2|2k+1Q|−1+δ/n

∫
2k+1Q

|f(z)|r
m∏
j=1

(|bj(z)− (bj)2k+1Q|+ |(bj)2k+1Q − (bj)Q|)dz

≤ C

∞∑
k=1

2−k/2
(

1

|2kQ|1−δ/n

∫
2kQ

|f(y)|lrdy
)1/l

 1

|2kQ|1−δl/n

∫
2kQ

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)Q)

∣∣∣∣∣∣
l′

dy


1/l′

≤ C

∞∑
k=1

2k(mβ−1/2)||~b||Lipβ |Q|mβ/nMl,δ(|f |r)(x̃)

≤ C||~b||Lipβ |Q|mβ/nMl,δ(|f |r)(x̃),

we can obtain that
L4 ≤ C||~b||LipβMl,δ(|f |r)(x̃).

Comprehensive above estimates, let 1 < l < p, take supremum of all cube on x̃ ∈ Q
and by using Lemma 5, we obtain

|||S~bψ,δ(f)|r||Ḟmβ,∞q
≤ C||~b||Lipβ (||Ml(|Sψ,δ(f)|r) +Ml,δ(|f |r)| |Lq)

≤ C||~b||Lipβ (||Ml(|Sψ,δ(f)|r)||Lq + ||Ml,δ(|f |r)| |Lq)

≤ C||~b||Lipβ (|||Sψ,δ(f)|r||Lq + ||Ml,δ(|f |r)| |Lq)

≤ C||~b||Lipβ |||f |r||Lp .

This complete the proof of Theorem 1.

Proof of Theorem 2. Similar to (L1), we have

1

|Q|

∫
Q
||S~bψ,δ(f)(x)|r − |Sψ,δ(((b1)Q − b1) · · · ((bm)Q − bm)h)(x0)|r|dx

≤ C||~b||Lipβ (Ml,mβ(|Sψ,δ(f)|r)(x̃) +Ml,mβ+δ(|f |r)(x̃)).

So
(|S~bψ,δ(f)|r)# ≤ C||~b||Lipβ (Ml,mβ(|Sψ,δ(f)|r)(x̃) +Ml,mβ+δ(|f |r)(x̃)).

Let 1 < l < p, suppose 1/s = 1/p − δ/n, then 1/q = 1/s − mβ/n, by using
Lemma 7 and the boundedness of |Sψ,δ|r, we obtain

|||S~bψ,δ(f)|r||Lq ≤ C||(|S~bψ,δ(f)|r)#||Lq

≤ C||~b||Lipβ ||(Ml,mβ(|Sψ,δ(f)|r) +Ml,mβ+δ(|f |r))||Lq

≤ C||~b||Lipβ ||Ml,mβ(|Sψ,δ(f)|r)||Lq + |||f |r||Lp

≤ C||~b||Lipβ |||Sψ,δ(f)|r||Ls + |||f |r||Lq

≤ C||~b||Lipβ |||f |r||Lp .
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This complete the proof of Theorem 2.
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[2] Pérez C., Pradolini G., Sharp weighted endpoint estimates for commutators of
singular integral operators, Michigan Math. J. 49 (2001), 23-37.
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