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Abstract. In this paper, we consider generalized integral operator using certain
operator of fractional q–derivative together with Ruscheweyh derivative and gener-
alized Salagean operator. Convexity properties of this operator on some classes of
analytic function are determine. By considering the coefficient inequalities of this
operator, we obtain some necessary and sufficient conditions, of such operator, on
convexity of complex order for certain class of analytic functions involving convex
functions of complex order. Furthermore, several corollaries and consequences of the
main results are also mentioned.
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1. Introduction and Preliminaries

Due to the boundless potential of demonstrated applications in variously many
fields of mathematical science, the fractional calculus operator has expanded their
widespread acceptance and significance. In the study of q– theory, the fractional
q–calculus seems to be the extension of the ordinary fractional calculus. In recent
history, theory of q–calculus operator have been widely applied in many areas of
higher mathematical researches, for instance: the problems in optimal control, the
ordinary fractional calculus, the problems in optimal control, the ordinary fractional
calculus, the problem solving in the q–integral, q–difference equation, q–transform
analysis and also in the geometric function theory of complex analysis (see for ex-
ample [1, 2, 3]).

In the past, mathematicians have studied on various aspects of integral operators.
The sufficient conditions of integral operators in order to transform analytic func-
tions in to classes of functions with convexity, starlikeness, and univalent properties
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are famously focused on (see for example [4, 5, 6, 7, 8, 9, 10]). Recently, Selvaku-
maran et al. [2] introduced the q–integral operators for certain analytic functions
of a unit disc, by using the concept and theory of fractional q–calculus. They also
studied on convexity properties of such q–integral operators on some classes of an-
alytic functions which was defined by a linear multiplier fractional q–differintegral
operator.

The aim of this paper is to consider a linear multiplier fractional q–differintegral
operator which is more generalized than the operator defined formally. We also
introduce new classes of analytic functions involving the q–derivative which are
comprehension of the classes studied before. In the studying, the mentioned operator
on these new classes of analytic functions, we derive the several properties of these
q–integral operators of p–valent functions on our new classes. Furthermore, other
interesting properties are also discussed.

Let D = {z ∈ C : |z| < 1} be the open unit disc of the complex plane, and Ap
denote the class of functions of the form

f(z) = zp +
∞∑

k=p+1

akz
k, (1)

which is analytic in D. Also denote Tp the subclass of Ap consisting of functions of
the form

f(z) = zp −
∞∑

k=p+1

akz
k, ap+k ≥ 0, (k = 1, 2, ...) (2)

In particular, we set A1 ≡ A and T1 ≡ T .
A function f ∈ Ap is said to be p–valently starlike of complex order b (b ∈ C−{0})

and type γ (0 ≤ γ < p) if f satisfies the condition

<
{
p+

1

b

(
zf ′(z)

f(z)
− p
)}

> γ, z ∈ D.

We say that f is in the class Sp(b, γ) for such functions. Denote by S(p, b, γ), the
subclass of Sp(b, γ) consisting of function f ∈ Ap for which∣∣∣∣1b

(
zf ′(z)

f(z)
− p
)∣∣∣∣ < p− γ, z ∈ D.

On the other hand, a function f ∈ Ap is said to be convex of complex order b
(b ∈ C−{0}) and type γ (0 ≤ γ < p), that is, f ∈ Kp(b, γ) if it satisfies the following
condition

<
{
p+

1

b

(
1 +

zf ′′(z)

f ′(z)
− p
)}

> γ, z ∈ D.
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Analogously, we denote the subclass K(p, b, γ) of Kp(b, γ) consisting of functions
f ∈ Ap for which ∣∣∣∣1b

(
1 +

zf ′′(z)

f ′(z)
− p
)∣∣∣∣ < p− γ, z ∈ D.

In particular, for p = 1, the classes S1(b, γ) and K1(b, γ) are respectively the
classes S(b, γ) and K(b, γ) that were introduced by Frasin [11]. We note that, for
b = 1, the classes Sp(1, γ) ≡ S∗p (γ) and Kp(1, γ) ≡ Kp(γ) become the well–known
classes, namely, the class of p–valently starlike and p–valently convex functions of
order γ, respectively. Also, we set S(p, 1, γ) ≡ S∗(p, γ) and K(p, 1, γ) ≡ K(p, γ).

Furthermore, a function f ∈ Ap is said to be in the class Bp(η, γ), for a nonneg-
ative number η and 0 ≤ γ < p, if it satisfies∣∣∣∣f ′(z)zp−1

(
zp

f(z)

)η
− p
∣∣∣∣ < p− γ, z ∈ D.

In particular, for p = 1, we set B1(η, γ) ≡ B(η, γ) which was introduced by Frasin
and Jahangiri [12]. The family Bp(η, γ) is a comprehensive class of analytic functions
which includes various new classes of analytic univalent functions such as B(1, α) ≡
S∗, and when α = 2, the subclass B(2, α) has been introduced by Frasin and Darus
[13].

Fractional q–calculus operators

In the thoery of q–calculus, the q–shifted factorial is defined for α, q ∈ C, n ∈ N0 ≡
N ∪ {0} as a product of n factors by

(α; q)n =

{
1

(1− α)(1− αq) · · · (1− αqn−1)
,
,
n = 0
n ∈ N, (3)

and in terms of the basic analogue of the gamma function

(qα; q)n =
Γq(α+ n)(1− q)n

Γq(α)
, (n > 0),

where the q–gamma function [14, 15] is defined by

Γq(x) =
(q; q)∞(1− q)1−x

(qx; q)∞
, (0 < q < 1).
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We note that, if |q| < 1, the q–shifted factorial (3) remains meaningful for n =∞
as a convergent infinite product:

(α; q)∞ =
∞∏
k=0

(1− αqk).

It is well known that Γq(x) → Γ(x) as q → 1, where Γ(x) is the ordinary Euler
gamma fucntion.

In view of the relation

lim
q→1−

(qα; q)n
(1− q)n

= (α)n,

we observe that the q–shifted factorial (3) reduces to the familiar Pochhammer
symbol (α)n, where (α)n = α(α+ 1)(α+ 2) · · · (α+ n− 1).

Let µ ∈ C be fixed. A set A ⊂ C is called a µ–geometric set if for z ∈ A, µz ∈ A.
Let f be a function defined on a q–geometric set. The Jackson’s q–derivative and
q–integral of a function on subset of C are, respectively, given by (see Gasper and
Rahman [14], pp.19–22)

Dqf(z) =
f(z)− f(zq)

z(1− q)
, (z 6= 0, q 6= 0), (4)

and ∫ z

0
f(t)dqt = z(1− q)

∞∑
k=0

qkf(zqk). (5)

In case f(z) = zn, the q–derivative of f(z), where n is a positive integer, is given by

Dqz
n =

zn − (zq)n

(1− q)z
= [n]qz

n−1,

where

[n]q =
1− qn

1− q
= 1 + q + · · ·+ qn−1,

and is called q–analogue of n. As q → 1, we have [n]q = 1 + q + · · ·+ qn−1 → n.
We now recall the definition of the fractional q–calculus operators of a complex–

valued function f(z), which were recently studied by Purohit and Raina [16].

Definition 1. (Fractional q–integral operator) The fractional q–integral operator
Iδq,z of a function f(z) of order δ (δ > 0) is defined by

Iδq,zf(z) = D−δq,zf(z) =
1

Γq(δ)

∫ z

0
(z − tq)1−δf(t)dqt, (6)
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where f(z) is analytic in a simply connected region of the z–plane containing the
origin. Here, the term (z − tq)δ−1 is a q–binomial function defined by

(z − tq)δ−1 = zδ−1
∞∏
k=0

[
1− (tq/z)qk

1− (tq/z)qδ+k−1

]
= zδ1Φ0

[
q−δ+1;−; q,

tqδ

z

]
. (7)

According to Gasper and Rahman [14], the series 1Φ0 [δ;−; q, z] is single–valued
when | arg(z)| < π, therefore, the function (z − tq)δ−1 in (7) is single–valued when
| arg(−tqδ/z)| < π, |tqδ/z| < 1 and | arg(z)| < π.

Definition 2. (Fractional q–derivative operator) The fractional q–derivative oper-
ator Dδ

q,z of a function f(z) of order δ (0 ≤ δ < 1) is defined by

Dδ
q,zf(z) = Dq,zI

1−δ
q,z f(z) =

1

Γq(1− δ)
Dq

∫ z

0
(z − tq)−δf(t)dqt,

where f(z) is suitably constrained and the multiplicity of (z − tq)−α is removed as
in Definition 1 above. In particular, for δ = 1, we have D1

q,zf(z) ≡ Dqf(z).

Definition 3. (Extended fractional q–derivative operator) Under the hypotheses of
Definition 2, the fractional q–derivative for a function f(z) of order δ is defined by

Dδ
q,zf(z) = Dm

q,zI
m−δ
q,z f(z), (8)

where m− 1 ≤ δ < m, m ∈ N0.

In addition, we recall the definition of q–differintegral operator Ωδ
q,p : Ap → Ap,

for δ < p+ 1, 0 < q < 1 and n ∈ N, as follows:

Ωδ
q,pf(z) =

Γq(p+ 1− δ)
Γq(p+ 1)

zδDδ
q,zf(z)

= zp +

∞∑
k=p+1

Γq(p+ 1− δ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− δ)
akz

k, (9)

where Dδ
q,p in (9) represents, respectively, a fractional q–integral of f(z) of order δ

when −∞ < δ < 0 and a fractional q–derivative of f(z) of order δ when 0 ≤ δ < p+1.
By (9), It is easy to see that Ω0

q,pf(z) = f(z).
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The operator RDδ,mq,p,λ

Next, we recall the generalized AL–Oboudi type differential operator Dδ,mq,p,λ : Ap →
Ap, for λ ≥ 0 and m ∈ N , as follows:

Dδ,0q,p,λf(z) = f(z),

Dδ,1q,p,λf(z) = (1− λ)Ωδ
q,pf(z) +

λz

[p]q
Dq

(
Ωδ
q,pf(z)

)
,

Dδ,2q,p,λf(z) = Dδ,1q,p,λ
(
Dδ,1q,p,λf(z)

)
,

...

Dδ,mq,p,λf(z) = Dδ,1q,p,λ
(
Dδ,m−1q,p,λ f(z)

)
, (10)

which was introduce by Selvakumaran et al. [2]. We note that, if f ∈ Ap is given
by (1), then by (10) we have

Dδ,mq,p,λf(z) = zp +
∞∑

k=p+1

(
Γq(p+ 1− δ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− δ)

[
1− λ+

[k]q
[p]q

λ

])m
akz

k. (11)

We note that, by specializing the parameters in the operator Dδ,mq,p,λ, this operator
reduces to many well–known differential operators. For example, when p = 1, and
q → 1, the operator Dδ,mq,1,λ reduces to the operator introduced by AL–Oboudi and
AL–Amoudi [17]. Also, if δ = 0, p = 1 and q → 1, it becomes the operator
Dn
λ introduced by AL–Oboudi [18]. The special case Dn

0 = Dn was considered by
Salagean [19].

Analogously, we define the generalized Ruschewyh type differential operator
Rδ,mq,p : Ap → Ap, for m ∈ N, as follows:

Rδ,0q,pf(z) = f(z),

Rδ,1q,pf(z) =
z

[p]q
Dq,p

(
Ωδ
q,pf(z)

)
,

2Rδ,2q,pf(z) =
z

[p]q
Dq

(
Rδ,1q,pf(z)

)
+Rδ,1q,pf(z),

...

(m+ 1)Rδ,m+1
q,p f(z) =

z

[p]q
Dq

(
Rδ,mq,p f(z)

)
+mRδ,mq,p f(z). (12)

For f ∈ Ap is given by (1), then by (12) we have
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Rδ,mq,p f(z) = zp +
∞∑

k=p+1

(
Γq(p+ 1− δ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− δ)

)m
Cm

(
[k]q
[p]q

)
akz

k, (13)

where

Cm(t) =
t(t+ 1) . . . (t+m)

m!
.

We note that, for δ = 0, p = 1, and q → 0, the operator R0,m
q,1 becomes the

operator introduced by Ruscheweyh [20].

Using the operator Dδ,mq,p,λ and Rδ,mq,p , we now define a linear multiplier fractional

q–differintegral operator RDδ,mq,p,λ as follows:

Definition 4. Let α, λ ≥ 0, δ < p+ 1, and m ∈ N. Denote by RDδ,mq,p,λ the operator

given by RDδ,mq,p,λ : Ap → Ap,

RDδ,mq,p,λ,αf(z) = (1− α)Rδ,mq,p f(z) + αDδ,mq,p,λf(z). (14)

In particular, when q → 1, we set RDδ,mq,p,λ = RDδ,mp,λ .

Remark 1. From (11) and (13), for f ∈ Ap is given by (1), then by (14) we
conclude that

RDδ,mq,p,λ,αf(z) = zp +
∞∑

k=p+1

(
Γq(p+ 1− δ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− δ)

)m
×
[
(1− α)Cm

(
[k]q
[p]q

)
+ α

(
1− λ+

[k]q
[p]q

λ

)m]
akz

k.

(15)

From definition (14), it is easy to see that the operator RDδ,mq,p,λ,α generalizes of

differential operator Dδ,mq,p,λ in (10) and Rδ,mq,p in (12). For p = 1 and q → 1, we

obtain RDδ,mq,p,λ,α = RDm
γ,α, the operator introduced by Lupas [21]. The special case

of operator RDm
γ,α are also studied in [22, 23].

Next, we introduce the q–analogues to the classes Sq,p(b, γ), Kq,p(b, γ) and Bq,p(η, γ)
given as follow.

A function f ∈ Ap is said to be p–valently starlike of complex order b (b ∈ C−{0})
and type γ (0 ≤ γ < [p]q) with respect to q–differentiation if f satisfies the condition

<
{

[p]q +
1

b

(
zDq (f(z))

f(z)
− [p]q

)}
> γ, z ∈ D.
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We say that f is in the class Sq,p(b, γ) for such functions. Denote by Sq(p, b, γ), the
subclass of Sq,p(b, γ) consisting of function f ∈ Ap for which∣∣∣∣1b

(
zDq (f(z))

f(z)
− [p]q

)∣∣∣∣ < [p]q − γ, z ∈ D.

On the other hand, a function f ∈ Ap is said to be convex of complex order b
(b ∈ C − {0}) and type γ (0 ≤ γ < [p]q) with respect to q–differentiation, that is
f ∈ Kq,p(b, γ) if it satisfies the following condition

<

{
[p]q +

1

b

(
1 +

zD2
q (f(z))

Dq (f(z))
− [p]q

)}
> γ, z ∈ D.

Analogously, we denote the subclass Kq(p, b, γ) of Kq,p(b, γ) consisting of functions
f ∈ Ap for which ∣∣∣∣∣1b

(
1 +

zD2
q (f(z))

Dq (f(z))
− [p]q

)∣∣∣∣∣ < [p]q − γ, z ∈ D.

We note that, the special case Sq,p(1, γ) ≡ S∗q,p(γ) and Kq,p(1, γ) ≡ Kq,p(γ) be-
come the classes of starlike and convex functions with respect to q–differentiation
which were introduced by Selvakumaran [2]. Also, we set Sq(p, 1, γ) ≡ Sq(p, γ) and
Kq(p, 1, γ) ≡ Kq(p, γ) .

Furthermore, a function f ∈ Ap is said to be the class Bq,p(η, γ) if it satisfies∣∣∣∣Dq (f(z))

zp−1

(
zp

f(z)

)η
− [p]q

∣∣∣∣ < [p]q − γ, z ∈ D,

where η ≥ 0 and 0 ≤ γ < [p]q. In particular, we see that Bq,p(1, γ) ≡ Sq(p, γ).

The Generalized p–Valent q–Integral operator Fq,n

We now consider the p–valent q–integral operator using the operator RDδ,µ,mq,p,λ,α de-
fined (14) as follow:

Definition 5. Let mj ∈ N0, µj ∈ R+ and fj ∈ Ap, for all j = 1, 2, . . . , n. Then
Fq,n : Anp → Ap is defined by

Fq,n(z) = Fδ,µ,mq,p,λ,α(f1, f2, . . . , fn)(z)

=

∫ z

0
[p]qt

p−1
n∏
j=1

RDδ,mj

q,p,λ,αfj(t)

tp

µj

dqt, (16)

In particular, when q → 1, we set Fq,n = Fn.

38



B. Wongsaijai, N. Sukantamala – Mapping Properties of q–Integral . . .

It is interesting to observe that several well–known integral operators are special
cases of the operators Fq,n. We list a few of them in the following remarks.

Remark 2. We note that if α = 1, then the integral operator Fq,n and becomes the

operators Fδ,µ,mq,p,λ which was introduced by Selvakumaran et al. [2].

Remark 3. Letting p = 1, δ = 0, α = 1, and q → 1, the integral operator Fq,n
is the integral operator I which was introduced by Bulut [24]. Upon setting δ = 0,
α = 1, λ = 1, and q → 1, we obtain operator Fn = Fp,n,l,µ proposed by Saltik [9].
Moreover, if δ = 0, α = 0, and q → 1, the operator Fn becomes Fp,m,l,µ studied by
Deniz et al. [8].

Remark 4. Letting mj = 0 for all j = 1, 2, . . . , n and q → 1, the integral operator
Fn is the operator Fp which was introduced Frasin in [4]. The special case of this
integral operator has been widely studied by many authors, see [10, 25, 26, 27, 28]
for p = 1 and [4, 5, 6] for p ≥ 1.

In this paper, we obtain convexity properties for the q–integral operator Fq,n
on the classes Sq(p, b, γ) and Bq,p(η, γ). Moreover, we obtain some necessary and
sufficient conditions for Fq,n defined on T np to be in the class Kq(p, b, ζ). As special
cases, several corollaries and consequences of the main results are also given.

2. Main Results

Convexity properties on the class Sq(p, b, γ)

We begin to derive the convexity of complex order b and type ζ with respect to
q–differentiation of the operator Fq,n on the class Sq(p, b, γ).

Theorem 1. For j = 1, 2, . . . , n, let mj ∈ N0, µj ∈ R+, 0 ≤ γj < [p]q, β ≥ 0,

b ∈ C− {0}, and RDδ,mj

q,p,λ,αfj ∈ Sq(p, b, γj). If

0 ≤ ζ := [p]q −
(p− [p]q)

|b|

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣−
n∑
j=1

µj ([p]q − γj) , (17)

then the q–integral operator Fq,n defined in (16) is in the class Kq(p, b, ζ). Further-
more, Fq,n ∈ Kq,p(b, ζ).

Proof. From the definition of integral operator in (16), it is easy to see that Fq,n ∈
Ap. By calculating the q–derivative of Fq,n, we obtain that

Dq (Fq,n(z)) = [p]qz
p−1

n∏
j=1

RDδ,mj

q,p,λ,αfj(z)

zp

µj

.
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Now, by logarithmic q–differentiation, we have

ln q

q − 1

[
D2
q (Fq,n(z))

Dq (Fq,n(z))

]
=

ln q

q − 1

p− 1

z
+

n∑
j=1

µj

Dq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− p

z

 .
Therefore, by multiplying by z and some calculations give

1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q =

n∑
j=1

µj

zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q


+ (p− [p]q)

1−
n∑
j=1

µj

 . (18)

Then, by multiplying (18) with 1/b, we obtain that

∣∣∣∣∣1b
(

1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

)∣∣∣∣∣ ≤ (p− [p]q)

|b|

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣
+

n∑
j=1

µj

∣∣∣∣∣∣1b
zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q

∣∣∣∣∣∣ .
(19)

Since RDδ,mj

q,p,λ,αfj ∈ Sq(p, b, γj), (19) can be rewritten as∣∣∣∣∣1b
(

1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

)∣∣∣∣∣ ≤ (p− [p]q)

|b|

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣+

n∑
j=1

µj ([p]q − γj) .

Therefore, Fq,n ∈ Kq(p, b, ζ). It follows that Fq,n ∈ Kq,p(b, ζ). Now, the proof is
completed.

In Theorem 1, by taking q → 1, we obtain the following.

Corollary 2. For j = 1, 2, . . . , n, let mj ∈ N0, µj ∈ R+, 0 ≤ γj < p, b ∈ C − {0},
and RDδ,mj

p,λ,αfj ∈ S(p, b, γj). If

0 ≤ ζ := p−
n∑
j=1

µj (p− γj) ,

then the integral operator Fn defined in (16) is in the class K(p, b, ζ). Furthermore,
Fn ∈ Kp(b, ζ).
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Also, by taking b = 1 in Corollary 2, we obtain the following.

Corollary 3. For j = 1, 2, . . . , n, let mj ∈ N0, µj ∈ R+, 0 ≤ γj < p, and

RDδ,mj

p,λ,αfj ∈ S(p, γj). If

0 ≤ ζ := p−
n∑
j=1

µj (p− γj) ,

then the integral operator Fn defined in (16) is in the class K(p, ζ). Furthermore,
Fn ∈ Kp(ζ).

Convextiy properties on the class on Bq,p(η, γ)

In this section, we derive the convexity of complex order b and type ζ with respect
to q–differentiation of the operator Fq,n on the class Bq,p(η, γ). In order to establish
the next result, the following lemma will be required in our investigation.

Lemma 4. Let the function f be regular in the disk DR = {z ∈ D : |z| < R}, with
|f(z)| < M for fixed M. If f has one zero with multiplicity order greater than m for
z = 0, then

|f(z)| ≤ M

Rm
|z|m , z ∈ DR.

The equality holds only if f(z) = eiθ · M
Rm
· zm, where θ is a constant.

Then, we derive the following result.

Theorem 5. For j = 1, 2, . . . , n, let mj ∈ N0, µj ∈ R+, 0 ≤ γj < [p]q, Mj ≥ 1,

η ≥ 0, b ∈ C− {0}, and RDδ,mj

q,p,λ,αfj ∈ Bq,p(η, γj) with
∣∣∣RDδ,mj

q,p,λ,αfj(z)
∣∣∣ ≤Mj. If

0 ≤ ζ := [p]q −
(p− [p]q)

|b|

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣−
n∑
j=1

µj
|b|
[
(2[p]q − γj)Mη−1 + [p]q

]
, (20)

then the q–integral operator Fq,n defined in (16) is in the class Kq(p, b, ζ). Further-
more, Fq,n ∈ Kq,p(b, ζ).
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Proof. From (19), we have∣∣∣∣∣1b
(

1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

)∣∣∣∣∣ ≤ (p− [p]q)

|b|

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣
+

n∑
j=1

µj

∣∣∣∣∣∣1b
zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q

∣∣∣∣∣∣ .
(21)

Consider the last term of above inequality, we see that∣∣∣∣∣∣
zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)

∣∣∣∣∣∣+ [p]q

≤

∣∣∣∣∣∣
Dq

(
RDδ,mj

q,p,λ,αfj(z)
)

zp−1

 zp

RDδ,mj

q,p,λ,αfj(z)

η∣∣∣∣∣∣
×

∣∣∣∣∣∣RD
δ,mj

q,p,λ,αfj(z)

zp

∣∣∣∣∣∣
η−1

+ [p]q. (22)

Since
∣∣∣RDδ,mj

q,p,λ,αfj(z)
∣∣∣ ≤Mj for all j = 1, 2, . . . , n, by applying the general Schwarz

Lemma 4, we have ∣∣∣RDδ,mj

q,p,λ,αfj(z)
∣∣∣ ≤Mj |z|p. (23)

Therefore, from (22), (23), and RDδ,mj

q,p,λ,αfj ∈ Bq,p(β, γj), we obtain that∣∣∣∣∣∣
zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
Dq

(
RDδ,mj

q,p,λ,αfj(z)
)

zp−1

 zp

RDδ,mj

q,p,λ,αfj(z)

η∣∣∣∣∣∣Mη−1 + [p]q

≤ (2[p]q − γj)Mη−1
j + [p]q. (24)

From (21)–(24), we see that∣∣∣∣∣1b
(

1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

)∣∣∣∣∣ ≤ (p− [p]q)

|b|

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣
+

n∑
j=1

µj
|b|

[
(2[p]q − γj)Mη−1

j + [p]q

]
.
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Therefore, Fq,n ∈ Kq(p, b, ζ). It follows that Fq,n ∈ Kq,p(b, ζ). Now, the proof is
completed.

In Theorem 5, by taking q → 1, we obtain the following.

Corollary 6. For j = 1, 2, . . . , n, let mj ∈ N0, µj ∈ R+, 0 ≤ γj < p, Mj ≥ 1,

η ≥ 0, b ∈ C− {0}, and RDδ,mj

p,λ,αfj ∈ Bp(η, γj) with
∣∣∣RDδ,mj

p,λ,αfj(z)
∣∣∣ ≤Mj. If

0 ≤ ζ := p−
n∑
j=1

µj
|b|

[
(2p− γj)Mη−1

j + p
]
,

then the integral operator Fn defined in (16) is in the class K(p, b, ζ). Furthermore,
Fn ∈ Kp(b, ζ).

Also, by taking b = 1 in Corollary6, we obtain the following.

Corollary 7. For j = 1, 2, . . . , n, let mj ∈ N0, µj ∈ R+, 0 ≤ γj < p, Mj ≥ 1,

η ≥ 0, and RDδ,mj

p,λ,αfj ∈ Bp(η, γj) with
∣∣∣RDδ,mj

p,λ,αfj(z)
∣∣∣ ≤Mj. If

0 ≤ ζ := p−
n∑
j=1

µj

[
(2p− γj)Mη−1

j + p
]
,

then the integral operator Fn defined in (16) is in the class K(p, ζ). Furthermore,
Fn ∈ Kp(ζ).

Coefficient inequality of the integral operator Fq,n on the class T np
In this section, we derive the necessary and sufficient conditions for the integral
operator Fq,n of the from (16) on the class T np in order to be the class Kq(p, b, γ).

Before deriving the following results, we set Fq,n ≡ Fδ,µ,mq,p,λ,α(f1, f2, . . . , fn), where
fj ∈ Tp of the from

fj(z) = zp −
∞∑

k=p+1

ak,jz
k, ak,j ≥ 0, k ≥ p+ 1, j = 1, 2, 3, . . . , n.

In particular, for n = 1, we set Fq,1 = Fq and f1(z) = f(z) = zp −
∞∑

k=p+1

akz
k.
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Theorem 8. Let the function fj ∈ Tp for j = 1, 2, . . . , n. If the integral operator
Fq,n ∈ Kq(p, b, γ), then

n∑
j=1

µj


∞∑

k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,j

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,j

 ≤ Cnq,p(µ, γ, b), (25)

where

Cnq,p(µ, γ, b) = (p− [p]q)

∣∣∣∣∣∣1−
n∑
j=1

µj

∣∣∣∣∣∣+ |b| ([p]q − γ) , (26)

and

Ψδ,m
q,p,λ,α(k) =

(
Γq(p+ 1− δ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− δ)

)m [
(1− α)Cm

(
[k]q
[p]q

)
+ α

(
1− λ+

[k]q
[p]q

λ

)m]
.

(27)

Moreover, the converse also holds if
n∑
j=1

µj = 1.

Proof. Before embarking on the proof, from (18) we recall that

1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q =

n∑
j=1

µj

zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q


+ (p− [p]q)

1−
n∑
j=1

µj

 . (28)

By (15) and (27), for fj ∈ Tp, we get

RDδ,mj

q,p,λ,αfj(z) = zp −
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,jz
k.
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From (28), we see that

1+
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

=
n∑
j=1

µj

zDq

(
RDδ,mj

q,p,λ,αfj(z)
)

RDδ,mj

q,p,λ,αfj(z)
− [p]q

+ (p− [p]q)

1−
n∑
j=1

µj



=
n∑
j=1

µj


[p]qz

p −
∞∑

k=p+1

[k]qΨ
δ,mj

q,p,λ,α(k)ak,jz
k

zp −
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,jz
k

− [p]q

+ (p− [p]q)

1−
n∑
j=1

µj



= −
n∑
j=1

µj


∞∑

k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,jz
k−p

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,jz
k−p

+ (p− [p]q)

1−
n∑
j=1

µj

 .

(29)

Now, let Fq,n belong to the class Kq(p, b, γ) then∣∣∣∣∣1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

∣∣∣∣∣ ≤ |b| ([p]q − γ) . (30)

From (26), (29), and (30), we obtain the following inequality:∣∣∣∣∣∣∣∣∣∣∣
n∑
j=1

µj


∞∑

k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,jz
k−p

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,jz
k−p



∣∣∣∣∣∣∣∣∣∣∣
≤ Cnq,p(µ, γ, b). (31)

Since <{z} ≤ |z| and putting z = r (0 ≤ r < 1), we have

<


n∑
j=1

µj


∞∑

k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,jr
k−p

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,jr
k−p




≤ Cnq,p(µ, γ, b). (32)
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By letting r → 1− along the real axis, (32) leads us to the desired assertion (25) of
Theorem 8.

Conversely, by applying (25), (29), and the assumption
n∑
j=1

µj = 1, we can see

that

∣∣∣∣∣1 +
zD2

q (Fq,n(z))

Dq (Fq,n(z))
− [p]q

∣∣∣∣∣ ≤
n∑
j=1

µj

∣∣∣∣∣∣∣∣∣∣∣

∞∑
k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,jz
k−p

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,jz
k−p

∣∣∣∣∣∣∣∣∣∣∣
≤

n∑
j=1

µj


∞∑

k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,j |z|k−p

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,j |z|k−p



≤
n∑
j=1

µj


∞∑

k=p+1

([k]q − [p]q) Ψ
δ,mj

q,p,λ,α(k)ak,j

1−
∞∑

k=p+1

Ψ
δ,mj

q,p,λ,α(k)ak,j


≤ |b| ([p]q − γ) .

Hence, by (30), we infer that Fq,n ∈ Kq,(p, b, γ). Now, the proof is completed.

For n = 1, µ1 = µ, and m1 = m in Theorem 8, we obtain the following.

Theorem 9. Let the function f ∈ Tp. If the integral operator Fq ∈ Kq,(p, b, γ) then

∞∑
k=p+1

[µ ([k]q − [p]q) + Cq,p(µ, γ, b)] Ψδ,m
q,p,λ,α(k)ak ≤ Cq,p(µ, γ, b), (33)

where C1
q,p(µ, γ, b) = Cq,p(µ, γ, b) and Ψδ,m

q,p,λ,α(k) is defined in (27). Moreover, the
converse also holds if µ = 1.

Proof. Suppose that the integral operator Fq ∈ Kq,(p, b, γ). Then by (31), we have
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µ

∣∣∣∣∣∣∣∣∣∣∣

∞∑
k=p+1

([k]q − [p]q) Ψδ,m
q,p,λ,α(k)akz

k−p

1−
∞∑

k=p+1

Ψδ,m
q,p,λ,α(k)akz

k−p

∣∣∣∣∣∣∣∣∣∣∣
≤ Cq,p(µ, γ, b). (34)

Thus, putting z = r (0 ≤ r < 1), we obtain

µ
∞∑

k=p+1

([k]q − [p]q) Ψδ,m
q,p,λ,α(k)akr

k−p

1−
∞∑

k=p+1

Ψδ,m
q,p,λ,α(k)akr

k−p
≤ Cq,p(µ, γ, b). (35)

We observe that the expression in denominator on the left–hand side of (35) is
positive for r = 0 and also for all r (0 ≤ r < 1). Then, we obtain that

∞∑
k=p+1

[µ ([k]q − [p]q) + Cq,p(µ, γ, b)] Ψδ,m
q,p,λ,α(k)akr

k−p ≤ Cq,p(µ, γ, b). (36)

By letting r → 1− along the real axis, (36) leads us to the desired assertion (33) of
Theorem 9. Similarly to the proof of Theorem 9, the converse also holds for µ = 1.

Corollary 10. Let the function f ∈ Tp. If the integral operator Fq ∈ Kq,(p, b, γ)
then

ak ≤
Cq,p(µ, γ, b)

[µ ([k]q − [p]q) + Cq,p(µ, γ, b)] Ψδ,m
q,p,λ,α(k)

, (37)

where C1
q,p(µ, γ, b) = Cq,p(µ, γ, b) and Ψδ,m

q,p,λ,α(k) is defined in (27).

In view of Theorem 8 and Theorem 9, by taking q → 1 then (p− [p]q)

1−
n∑
j=1

µj

→
0. So, we obtain the following results:

Theorem 11. Let the function fj ∈ Tp for j = 1, 2, . . . , n. Then, the integral
operator Fn ∈ K(p, b, γ) if and only if

n∑
j=1

µj


∞∑

k=p+1

(k − p) Ψ
δ,mj

p,λ,α(k)ak,j

1−
∞∑

k=p+1

Ψ
δ,mj

p,λ,α(k)ak,j

 ≤ |b| (p− γ) ,
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where

Ψδ,m
p,λ,α(k) =

(
Γ(p+ 1− δ)Γ(k + 1)

Γ(p+ 1)Γ(k + 1− δ)

)m [
(1− α)Cm

(
k

p

)
+ α

(
1− λ+

k

p
λ

)m]
.

(38)

Theorem 12. Let the function f ∈ Tp . Then, the integral operator F ∈ K(p, b, γ)
if and only if

∞∑
k=p+1

[µ (k − p) + |b| (p− γ)] Ψδ,m
p,λ,α(k)ak ≤ |b| (p− γ) , (39)

where Ψδ,m
p,λ,α(k) is defined in (38).

Corollary 13. Let the function f ∈ Tp. If the integral operator F ∈ K(p, b, γ) then

ak ≤
|b| (p− γ)

[µ (k − p) + |b| (p− γ)] Ψδ,m
p,λ,α(k)

, (40)

where Ψδ,m
p,λ,α(k) is defined in (38).
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