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1. Introduction and Preliminaries

LetH = H(U) denote the class of analytic functions in the open unit disc U = {z : |z| < 1}.
For n a positive integer and a ∈ C,

H[a, n] = {f ∈ H : f(z) = a+ anz
n + an+1z

n+1 + . . . }

with H0 ≡ H[0, 1].
Let A denote the class of analytic functions of the form

f(z) = z +
∞∑
n=2

anz
n,

which are analytic in the unit disc U.

Definition 1. If f and g are two analytic functions in U, we say that f is to sub-
ordinate to g, written symbolically as f ≺ g, if there exists a Schwarz function w,
which (by definition) is analytic in U, with w(0) = 0, and |w(z)| < 1 for all z ∈ U,
such that f(z) = g(w(z)), z ∈ U.

If the function g is univalent in U, then we have the following equivalence (c.f
[5, 6]):

f(z) ≺ g(z)⇔ f(0) = g(0) and f(U) ⊂ g(U).
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Definition 2. Let Q denote the set of all functions q that are analytic and injective
on ∂U\E(q), where

E(q) = {ζ ∈ ∂U : limz→ζ q(z) =∞},

and are such that q′(ζ) 6= 0 for ζ ∈ ∂U\E(q). Further, let the subclass of Q for
Q(0) ≡ a be denoted by Q(a) and Q(1) ≡ Q1.

To prove our results, we need the following results due to Miller and Mocanu [6]

Lemma 1. [6, pp 24] Let q ∈ Q, with q(0) = a, and let p(z) = a+anz
n+an+1z

n+1+
. . . be analytic in U with p(z) 6≡ a and k ≥ 1. If p is not subordinate to q, then there
exists points z0 = r0e

iθ0 ∈ U and ζ0 ∈ ∂U\E(q) and k ≥ n ≥ 1 for p(Ur0) ⊂ q(U),
(i) p(z0) = q(ζ0)
(ii)z0p

′(z0) = kζq′(ζ0).

Lemma 2. [6, pp 26] Let p ∈ H[a, n], with p(z) 6≡ a and k ≥ 1. If z0 ∈ U and

Re(p(z0)) = min{Re(p(z)) : |z| ≤ |z0|},

then

z0p
′(z0) ≤ −

k

2

|p(z0)− a|2

Re(a− p(z0))
.

Recently, Kanas et al.[4] have discussed certain results involving the harmonic
mean which are supplemmaentary to the results involving the arithmetic and geo-
metric means obtained in [3]. Attiya et al.[2] have obtained certain sufficient condi-
tions for the Carathéodary functions in U. Motivated by the recent work of Attiya
[1] in the present paper, we obtain some interesting relations associated with some
differential inequalities in U. These relations extend and generalize earlier results.
Some applications of the main results are also obtained.

2. Main Results

Unless and otherwise mentioned throughout the paper σ ≥ 0, 0 ≤ β ≤ 1, a ∈ C with
Re(a) > 0 and all the powers are the principal ones.

Theorem 3. Let p(z) be an analytic function with p(0) = 1. Let B(z) be a complex
valued analytic function in the unit disc U, for 0 ≤ β ≤ 1 and m ∈ [1, 2] if

Re

(
(1− β)[ap(z)]m + β

[
ap(z) +

zp′(z)B(z)

p(z)

])
> − G

Re(a)
√

(2Re(a) + |B(z)|)|a|
,

(1)
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where

G =

(
|B(z)||a|2 + 2Re(a)|a|2 + Im(a)

√
|B(z)|

√
(2Re(a) + |B(z)|)|a|

)√
|B(z)|β,

(2)

then Re(ap(z)) > 0.

Proof. Let us define both g(z) and h(z) as follows

g(z) = ap(z)

and

h(z) =
a+ āz

1− z
(Re(a) > 0),

where g(z) and h(z) are analytic functions in U with g(0) = h(0) = a ∈ C and
h(U) = {w : Re(w) > 0}.
Now, we suppose that g(z) 6≺ h(z). Then by using Lemma 1 there exists z0 ∈ U and
ζ0 ∈ ∂U\{1} such that

g(z0) = h(ζ0) = iγ and z0g
′(z0) = kζ0h

′(ζ0)

Also, from Lemma 2 we obtain

z0g
′(z0) ≤

−k|iγ − a|2

2Re(a)
, k ≥ 1.

Re

(
β

[
ap(z0) +

z0p
′(z0)B(z0)

p(z0)

])
= Re

(
β

[
g(z0) +

z0g
′(z0)B(z0)

q(z0)

])
(3)

= Re

(
βh(ζ0) +

kζ0h
′(z0)βB(z0)

h(ζ0)

)
≤
∣∣∣∣iγβ − β

2

|iγ − a|2B(z0)

Re(a)iγ

∣∣∣∣
≤
∣∣∣∣iγβ∣∣∣∣+

∣∣∣∣β2 |iγ − a|2B(z0)

Re(a)iγ

∣∣∣∣
= βγ +

β

2

[γ2 − 2Im(a)γ + |a|2]
Re(a)γ

|B(z0)|.

Let χ(m) = h(ζ0)
m and l = {χ(m) : m ∈ [1, 2]}, then l is an arc of the log-

arithmic spiral connecting the points χ(1) = h(ζ0) and χ(2) = h(ζ0)
2, having
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the property that it intersects every radial line at constant angle. We also ob-
serve that arg(h(ζ0)

m) = m arg(h(ζ0), is an increasing function of m, so l lies
in the closed half plane containing the origin , determined by the line of equation
Re(z) = Re(χ(1)) = 0.
Therefore

Re
(
(1− β)[ap(z0)]

m
)

= Re
(
(1− β)h(ζ0)

m
)
≤ 0, for m ∈ [1, 2]. (4)

Combining (3) and (4) we have

Re

(
(1− β)[ap(z0)]

m + β

[
ap(z0) +

z0p
′(z0)B(z0)

p(z0)

])
≤ βγ +

β

2

[γ2 − 2Im(a)γ + |a|2]
Re(a)γ

|B(z0)| = f(γ),

where f(γ) is a function of γ,and also f(γ) attains the maximum at

γ∗ = −
√

(2Re(a) + |B(z0)|)|B(z0)||a|
2Re(a) + |B(z0)|

.

Therefore,

Re

(
(1− β)[ap(z0)]

m + β
(
ap(z0) +

z0p
′(z0)B(z0)

p(z0)

))
≤ f(γ∗)

= − G

Re(a)
√

(2Re(a) + |B(z)|)|a|
,

where G is defined by (2). This contradicts the hypothesis of the Theorem, therefore
g(z) ≺ h(z) and hence Re(ap(z)) > 0.

Theorem 4. Let λ(z), Q(z) be complex valued functions defined in the unit disc,
U such that Re(λ(z) + ap(z)) ≤ σ,Re(Q(z)ā) > 0 and m ∈ [1, 3/2]. If p(z) be an
analytic function with p(0) = 1 and

Re

((
1− β

)(
λ(z) + ap(z)

)m
+ β

(
p(z) + zp′(z)Q(z)

))
>

N

2Re(Q(z)ā)|a|2
(5)

where

N = 2σRe(Q(z)ā)|a|2 − 2βσRe(Q(z)ā)|a|2 + 2βσRe(a)Re(Q(z)ā) (6)

+Im(a)2βRe(a− σ) + 2Im(a)2βRe(Q(z)ā)− βRe(a− σ)Re(Q(z)ā)2 with (Re(a) > σ),

then
Re(ap(z)) > σ.
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Proof. Let us define both q(z) and h(z) as follows

q(z) = ap(z)

and

h(z) =
a− (2σ − ā)z

1− z
(Re(a) > σ),

where q(z) and h(z) are analytic in U with q(0) = h(0) = a and h(U) = {w : Re(w) > σ}.
Suppose q(z) 6≺ h(z) then by Lemma 1 there exists a z0 ∈ U and ζ0 ∈ ∂U\{1} such
that

q(z0) = h(ζ0) = σ + iγ and z0q
′(z0) = kζ0h

′(ζ0) (k ≥ 1).

Also, from Lemma 2 we have

z0q
′(z0) ≤ −

|σ + iγ − a|2

2Re(a− σ)
, k ≥ 1.

Therefore,

Re

(
(1− β)(λ(z0) + ap(z0))

m + β(p(z0) + z0p
′(z0)Q(z0))

)
= Re

(
(1− β)(λ(z0) + q(z0))

m + β

(
q(z0)

a
+ z0q

′(z0)Q(z0)
1

a

))
= Re

(
(1− β)(λ(z0) + h(ζ0))

m + β

(
h(ζ0)

a
+ kζ0h

′(ζ0)Q(z0)
1

a

))
.

Now

Re

(
β

(
h(ζ0)

a
+ kζ0h

′(ζ0)Q(z0)
1

a

))
≤ Re

(
β

(σ + iγ)

a
− kβ |σ + iγ − a|2

2Re(a− σ)

Q(z0)

a

)
≤ Re

(
β

(σ + iγ)

a
− β |σ + iγ − a|2

2Re(a− σ)

Q(z0)

a

)
=
β(σRe(a) + γIm(a))

|a|2
− β[|a|2 − 2σRe(a) + σ2 + γ2 − 2γIm(a)]Re(Q(z0)ā)

2Re(a− σ)|a|2
.

(7)

Consider,

(λ(z0)+h(ζ0))m = (λx+iλy +σ+iγ)m = (λx+σ+i(λy +γ))m, for z0 ∈ U and ζ0 ∈ ∂U\{1}.
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Now due to symmetry we discuss the following two cases.
Case I: If arg(λ(z0) + h(ζ0)) ∈ [π/2, π] i.e.,(Re(λ(z0) + h(ζ0)) ≤ 0), then for m ∈
[1, 3/2]

arg(λ(z0) + h(ζ0))
m ∈

[
π/2, 3π/2

]
which implies Re(λ(z0) + h(ζ0))

m ≤ 0 ≤ σ.

Case II: For 0 < Re(λ(z0) + h(ζ0)) ≤ σ, let

E(m) = (λ(z0) + h(ζ0))
m, m ∈ [1, 3/2] and define l =

{
E(m) : m ∈ [π/2, 3π/2]

}
.

Then l is a logarithmic spiral, which connects E(1) and E(3/2) and is bounded by
the line of equation ReE(1) = Re(λ(z0)+h(ζ0)) ≤ σ, therefore we have Re(E(m)) ≤
σ,m ∈ [π/2, 3π/2].
Hence, from the above cases we obtain the following inequality

Re

(
(1− β)(λ(z0) + h(ζ0))

m

)
≤ (1− β)σ. (8)

Combining (7) and (8) we obtain

Re

(
(1− β)(λ(z0) + ap(z0)) + β(p(z0) + z0p

′(z0)Q(z0))

)
≤ (1− β)σ +

β(σRe(a) + γIm(a))

|a|2
− β[|a|2 − 2σRe(a) + σ2 + γ2 − 2γIm(a)]Re(Q(z0)ā)

2Re(a− σ)|a|2

= g(γ),

where g(γ) is a function of γ and it attains its maximum at

γ
′

=
Im(a)(βRe(a− σ) +Re(Q(z0)ā))

Re(Q(z0)ā)
.

Therefore, we obtain

Re

(
(1− β)(λ(z0) + ap(z0)) + β(p(z0) + z0p

′(z0)Q(z0))

)
≤ g(γ

′
) =

N

Re(Q(z)ā)|a|2
,

where N is defined by (6), and hence we obtain a contradiction to (5). Therefore
q(z) ≺ h(z) and Re(ap(z)) > σ.

Theorem 5. If p(z) be an analytic function in U with p(0) = 1 and

Re

(
ap(z)2 + zp′(z)

)
>

G

2|a|2Re(a)(2Re(a− σ) + 1)Re(a− σ)
, (9)
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where

G = 4Re(a− σ)2|a|2σ2 + 2Re(a)Re(a− σ)[|a|2(2σ −Re(a)) (10)

+Re(a)2(Re(a)(2σ −Re(a))− σ2)],

then
Re(ap(z)) > σ.

Proof. Let us define both q(z) and h(z) as follows

q(z) = ap(z)

and

h(z) =
a− (2σ − ā)z

1− z
(Re(a) > σ),

where q(z) and h(z) are analytic in U with q(0) = h(0) = a and h(U) = {w : Re(w) > σ}.
Suppose q(z) 6≺ h(z) then by Lemma 1 there exists a z0 ∈ U and ζ0 ∈ ∂U\{1} such
that

q(z0) = h(ζ0) = σ + iγ and z0q
′(z0) = kζ0h

′(ζ0) (k ≥ 1).

Also, from Lemma 2 we have

z0q
′(z0) ≤ −

|σ + iγ − a|2

2Re(a− σ)
, k ≥ 1.

Next,

Re

(
ap(z0)

2 + z0p
′(z0)

)
= Re

(
h(ζ0)

2

a
+
kζ0h

′(ζ0)

a

)
(11)

≤ Re
(

(σ + iγ)2

a
− k|σ + iγ|2

2Re(a− σ)a

)
≤ Re

(
(σ + iγ)2

a

)
− |σ + iγ|2

2Re(a− σ)
Re

(
1

a

)
= Pγ2 +Qγ +R =W(γ)

where

P =
−1

|a|2

[
Re(a) +

Re(a)

2Re(a− σ)

]
,

Q =
Im(a)

|a|2

[
2σ +

Re(a)

2Re(a− σ)

]
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and

R =
1

|a|2

[
σ2Re(a)− (σ2 − 2Re(a) + |a|2)Re(a)

2Re(a− σ)

]
.

We can see that the function W(γ) has a maximum at γ1, given by

γ1 = Im(a)

[
Re(a) + 2Re(a− σ)

Re(a) + 2Re(a)Re(a− σ)

]
.

Hence, we have

Re(ap(z0)
2 + z0p

′(z0)) ≤ W(γ1) =
G

2|a|2Re(a)(2Re(a− σ) + 1)Re(a− σ)
,

where G is defined by (10). Hence, we obtain a contradiction to our assumption (9).
Therefore, q(z) ≺ h(z) and hence Re(ap(z)) > σ.

3. Applications and Examples

In this section, we will discuss some of the applications of the Theorem discussed in
the earlier section to the univalent function theory.
Letting a = 1,m = 1 and B(z) = 1 in the Theorem 3, we have the following
Corollary

Corollary 6. If p(z) be analytic in U with p(0) = 1 and

Re

(
(1− β)p(z) + β

(
p(z) +

zp′(z)

p(z)

))
> −
√

3β,

then Re(p(z)) > 0.

Letting p(z) = zf ′(z)
f(z) in the above Corollary, we get

Corollary 7. If f ∈ A satisfies f(z) 6= 0 in 0 < |z| < 1 and

Re

(
(1− β)

zf ′(z)

f(z)
+ β

(
1 +

zf ′′(z)

f ′(z)

))
> −
√

3β

then Re
( zf ′(z)
f(z)

)
> 0.

By taking p(z) =

(
f(z)
z

)µ
, (µ > 0) in Corollary 6 we obtain the following result
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Corollary 8. If f ∈ A satisfies

(
f(z)
z

)µ
6= 0 and

Re

[
(1− β)

(
f(z)

z

)µ
+ β

((
f(z)

z

)µ
− µ

(
1− zf ′(z)

f(z)

)]
> −
√

3β

then Re

((
f(z)
z

)µ)
> 0.

Letting p(z) = z2f ′(z)
f2(z)

and β = 1 in Corollary 6 we have

Corollary 9. If Re
( z2f ′(z)
f2(z)

+ (zf(z))′′

f ′(z) −
2zf ′(z)
f(z)

)
> −
√

3 then Re
( z2f ′(z)
f2(z)

)
> 0.

Putting a = 1 and σ = 0 in Theorem 5, we obtain the following Corollary

Corollary 10. If Re(p(z)2 + zp′(z)) > −1/2 then Re(p(z)) > 0.

Letting p(z) = zf ′(z)
f(z) in the above Corollary, we have a result due to Nunokawa

et. al [8, Theorem 1, p. 2910].
Letting p(z) = f ′(z) in the above Corollary we obtain

Corollary 11. If f ∈ A satisfies Re(f ′(z)2 + zf ′′(z)) > −1/2 then Re(f ′(z)) > 0,
hence f is univalent in U.

Remark 1. (1) Putting β = 1 in Theorem 4, we have a result due to Attiya[1,
Theorem 2.1, p. 2].
(2) Putting Q(z) = δ(δ > 0) and β = 1 in Theorem 4, we have a Corollary due to
Attiya[1, Corollary 3.1, p. 5].
(3) Putting Q(z) = 1 and β = 1 in Theorem 4, we have another Corollary due to
Attiya[1, Corollary 3.2, p. 5].
(4) Putting a = eiλ(|λ| < π/2) and σ = 0 in Theorem 4, we have due to Kim and
Cho[7, Theorem 2.1].
(5) Putting a = eiλ(|λ| < π/2), Q(z) = δ(δ > 0) and σ = 0 in Theorem 4, we have
a Corollary due to Kim and Cho[7, Corollary 1].
(6) Putting a = eiλ(|λ| < π/2), Q(z) = 1 and σ = 0 in Theorem 4, we have result
due to Kim and Cho[7, Corollary 2].
(7) Putting β = 1 and σ = 0 in Theorem 4, we have a Theorem due to Attiya and
Nasr[2, Theorem 2.1, p. 2].
(8) Putting β = 1, Q(z) = δ(δ > 0) and σ = 0 in Theorem 4, we have a Corollary
due to Attiya and Nasr[2, Corollary 3.1, p. 7].
(9) Putting β = 1, Q(z) = 1 and σ = 0 in Theorem 4, we have a result due to Attiya
and Nasr[2, Corollary 3.2, p. 7].

197



H. Aaisha Farzana, B. Adolf Stephen, M. P. Jeyaraman – Some Differential . . .

Finally, we give an example of the Corollary 11. The function

h(z) = z +
z2

6

maps the unit circle onto the following domain,

Figure 1: Image of h(z) = z + z2

6 .
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