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CERTAIN SUBCLASS OF BESSEL FUNCTIONS WITH RESPECT
TO (j,k)-SYMMETRIC POINTS
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ABSTRACT. In this paper, the authors introduces new class of analytic functions
with respect to (j, k)—symmetric points and investigate various inclusion properties
for these classes. Integral representation for functions in these classes and some
interesting applications involving a familiar integral operator, are also obtained.
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1. INTRODUCTION

Observations: Let A denote the class of functions of the form
f(z):z+Zanz” an > 0, (1)

which are analytic in the open disc Y = { z: 2 € C:|z] < 1} and S be the class of
functions f € A which are univalent in .

We denote by §*,C, K and C* the familiar subclasses of A consisting of functions
which are respectively starlike, convex, close-to-convex and quasi-convex in &. Our
favorite references of the field are ([3], [6]) which covers most of the topics in a lucid
and economical style.

In [9], Ronning introduced a new class of starlike functions related to UCV

deined as (2) 72
z2f'(z z2f'(z
2)€Sp <= Re >
feesr SEIRbE
Note that f(z) € UCV <= zf'(z) € Sp. The geometrical interpretation of uni-

formly convex and related functions have been studied by several authors (see
[4, 5, 9]).

—1‘.

67


http://www.uab.ro/auajournal/

C. Selvaraj, K.R. Karthikeyan, S. Lakshmi — Certain Subclass Of Bessel ...

An analytic function f is said to be subordinate to an analytic function g(written
as f < ¢)if and only if there exists an analytic function w with

w(0) =0and |w(z)| < 1forz e U,

such that
f(z) =g(w(z)) for z € U.

In particular, if g is univalent in U/, we have the following equivalence
f =g+ f(0) =g(0)and f(U) C g(U).

The convolution or Hadamard product of two functions of class A is denoted
and defined by

(fx9)(2) =2+ anbnz",
n=2

where f has the form (1) and
g9(z) = Z+anz" z€eU.
n=2

Let us consider the following second-order linear homogeneous differential equa-
tion (see for details [1] and [2]):

22" (2) + baw'(2) + [dz® —v* + (1 = b)v] w(z) =0 (v,b,d € C). (2)

The function wy 4 4(2), which is called the generalized Bessel function of the first
kind of order v, it is defined as a particular solution of (2). The function w,p 4(2)
has the familiar representation as

wuna?) =3 L L (5 o) 0

n=0 (U+n+%)

Here I' stands for the Euler gamma function. The series (3) permits the study
of Bessel, modified Bessel, and spherical Bessel function altogether. It is worth
mentioning that, in particular:

(i) For b=d =1 in (3), we obtain the familiar Bessel function of the first kind of
order U defined by

e —1)" 2\ 2n+v
jv(z) = ngo M (5) (Z € (C). (4)
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(ii) For b =1 and d = —1 in (3), we obtain the modified Bessel function of the
first kind of order v defined by

e —1)" 2\ 2n+v

(iii) For b =2 and d = 1 in (3), the function w, j 4(z) reduces to %Sv(z), where
S, is the spherical Bessel function of the first kind of order v, defined by
)" z

B ﬁ © (_1 2n+v
SU(Z)_\/inz:%n!F (v+n+32) (2) (€0, (6)

Now, consider the function u,p 4(2) : C — C, defined by the transformation

, b+1\ -
Uy pd(z) =2°T (v + 2) 272 wypa(Vz). (7)

By using the well-known Pochhammer symbol (or the shifted factorial)()), defined,
for A, p € C and in terms of the Euler gamma function, by

(\)y = F()\—I—,u): 1 (n=0;A € C\{0}),
T MA+1)-A+n—1) (p=neN;AeQ),
and (\)g = 1, we obtain for the function u,p 4(2) the following representation
ey G
Uy,b,d(2) = R TSEUNE
n>0 (U + %1)71 nl

where k = v + b# # 0,—1,—2,.... This function is analytic on C and satisfies the
second order linear differential equation

42°u"(2) + 2(20 + b + 1)2u/(2) + dzu(z) = 0.

Now, we introduce the function ¢, p 4(2) defined in terms of generalized Bessel
function wyp 4(2), by

O p.d(2) = 2Uypa(2)

b+1 v
=2'T <v + ;) 2172 Wy b,d(VZ)
e (=)t B b+1
_Z+;4nn!(0)n’ where ¢ = v—l—T

=g(e,d, 2).
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Motivated by Selvaraj and Karthikeyan[11], we define the following DY (¢, d) f(2) :
U — U by

Dx(¢,d)f(2) = f(2) x g(c,d, 2) (8)
Di(e,d)f(2) = (1= A) (f(2) * g(c,d, 2)) + X=(f(2) * g(c, d, )’ (9)
D! (c,d)f(z) = D) (DY (e, d) () (10)
If f € A, then from (9) and (10) we may easily deduce that
n — ”_1anz”
DY (c,d)f(z) = 2 + Z L+ = 11 2 1)(!(3)71_1 : (11)

where m € Ny = N U {0} and)\zO.
It can be easily verified from definition of (11) that

Az (D§!(e,d) f(2)) = DY (e, d) f(2) — (1 = N DY (e, d)f(2). (12)

Let k be a positive integer and j = 0,1,2,...(k —1). A domain D is said to be

(7, k)—fold symmetric if a rotation of D about the origin through an angle 27j/k

carries D onto itself. A function f € A is said to be (j, k) —symmetrical if for each
zelu '

flez) =€ f(2), (13)

where ¢ = exp(2mi/k). The family of (j, k) —symmetrical functions will be denoted

by Fi. We observe that F}, 79 and F} are well-known families of odd functions,

even functions and k-symmetrical functions respectively.
Also let f;;(z) be defined by the following equality

Fi(z foz, (feAk=12..7=012...(k-1)), (14)

where v is an integer.

The notation of (j, k) —symmetric functions was introduced and studied by Liczber-
ski and Polubinski in [8].

The following identities follow directly from (14):

Fin(e"2) =" fin(2),

k—1
- 1 f'(e2)
fir(e¥2) =e"7Vf(2) = — —
J:k Ji:k k = gvi—v (15)
k—1
e 1 )
f]k(5 2) =g¥i—2 f” (2) = - > gy
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Motivated by the concept introduced by K.Sakaguchi in [10], recently several
subclasses of analytic functions with respect to k-symmetric points were introduced
and studied by various authors. In this paper, new subclasses of analytic functions
with respect to (j, k) —symmetric points are introduced.

Now we define

k—1

1 4
fﬁ;cm(c, d;z) = z Ze’”j(DT(C, d)f(e’2)), (feAk=12,...;7=0,1,2,...(k—1)).
v=0
(16)
Clearly for j = k = 1, we have

£ (e d; 2) = DY (c,d) f(£"2).

Definition 1. The class ij\’;cm (c,d,a, B,7) of function f, analytic inU given by (1)
and satisfying the condition

e fen (14 L (2ptearer VY p g, 1 (HDpedsto)
gl fjjC (c,d, 2) v fj,% (¢,d, z)

where —m/2 < a < /2, v € C\{0} and f].):;cm is defined by the equality (16).

Remark 1. If welet j = k = 1 and a = 8 = 0, v = 1 in (17), the class
S]/\kjn (c,d,c, B,7) reduces to the function class Sp .

2
(2 €l),

(17)

2. INTEGRAL REPRESENTATION
Theorem 1. If f € S]/\km (c,d,a, B,7), then fj):}cm e S*.

Proof. Let [ € Sﬁ}gm (¢,d,a,3,7). For w = u + iv, the inequality (17) can be

rewritten as ) 5
2
> — 1-— .
Y7y <U + cos? a>

Q:{u+iv:u>1<02+1— 62 )}
2 COS“

From the equivalent subordination condition proved by N.Xu and D.Yang in [15],
we may rewrite the conditions (17) in the form

1 <Z[DT(C, d)f(2))'
Am
v fjj{; (c,d;2)

Setting

— 1) < e "[h(2)cosa +isina],
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where

2cos?a w2

h(z) =1 b 2 <logi+ : (Z+9)(1+023>2with

2
0= (6#_1) = /Br/2cos .

et +1

1 (z[DA;"ngc, A)f ()
T\ i (ed:2)

The function e~ [h(w(2))cosa + isina] is univalent and convex in U, where
w(z) is a Schwarz function, analytic in ¢ with w(0) = 0.

2[DY (e, d) f(2)]
F (e, ds 2)
If we replace z by €Vz in (18), then (18) will be of the form

- 1> = e [h(w(z))cosa +isina].

=7 (e*m [h(w(z)) cosa + isina] — 1) + 1. (18)

ez[DY(c,d) f("2)]

A
F e, dsevz)

=7 (e*m [h(w(e"z)) cosa +isina] — 1) + 1. (19)

Using (13) in (19), we get

e'z[DY (c,d) f(e"2)]

, =7 (e [h(w(e’2)) cosa +isinal — 1) + 1

8”_“jz[Df\”(c, d)f(evz))
PN (e ds 2)

Let v=0,1,2,--- ,k — 1 in (20) respectively and summing them, we get

= (7" [h(w(e"z)) cosa +isina] — 1) + 1. (20)

S e D dfE) e
=t ff\}cm(c 02) = Z'y (e_w‘ [h(w(e’z)) cosa + isinal — 1) +1,
3, y Uy v=

or equivalently

2 (e ds 2))
(e, d; 2)

=2

k—1
Z (e [h(w(e"z)) cosa +isina] — 1) + 1,
v=0

that is fj)‘}cm e S*.
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Theorem 2. If f € S]/.\’}Qm (¢,d,, B,7), then we have

k— elz —za v ..
f;\’}cm(c,d ) = 2 exp{’y Z/ [h(w(e’t)) cosa+isinal — 1 dt}, (21)

??' \

t
where f;‘km(z) is defined by (16), w(z) is analytic in U and w(0) =0, |w(z)| < 1.
Proof. Let f € S;:}Cm (c,d,a, 3,7). In view of (18), we have

(D3 (e, d) f(2))

ff\}cm(C, 0:2) = (e7™[h(w(2)) cosa +isinal — 1) + 1, (22)

where w(z) is analytic in & and w(0) = 0, |w(z)| < 1. Substituting z by €z in the
equality (22) respectively (v =0,1,2,--- ,k —1,e* = 1), we have
e’z[DY"(c,d) f(e¥z))

fj):]’gm(c7 d;ev2) =7 (e—ia [h(w(e"z)) cosa + isina] — 1) 4 1. (23)

Using (13) in (23) can be rewritten in the form

e ”JZ[DT(C d)f(e2)]
(e, d; 2)

Js

= (7" [h(w(e"z)) cosar + isina] — 1) + 1. (24)

Let v=0,1,2,--- ,k — 1 in (24) respectively and summing them, we get

215" (e, ds 2))

k—
Y —ia v © o
fﬁ}ﬁm(c, i) =7 E (e [R(w(e’2)) cosa + isina] — 1) + 1. (25)

1
v=0

From the equality (25), we get

w 1 e [h(w(e¥z)) cosa +isinal — 1

A
fin (e diz) 2 K3 :

E

-1

=2

Il
o

Integrating this equality, we get

1og{f2}“m(j d; z)} _7 ’“i/o e [l Q) cosa +isinal ~1

k v=0 C
_ kz_:l /Evz e~ [h(w(et)) cosa +isina) — 1 it
k v=0"0 t
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or equivalently,

k_l Y i . .
E"Z —lx h Ut B 1
fj)\}gm(cy d;z) =z exp {Z / e " [h(w(et)) cos o + i sin o] dt} |
7 0

t

This completes the proof of Theorem 2.

Theorem 3. Let [ € Sj:}vm (¢,d,, 3,7). Then we have

z k—1 EUC —ia v o
X = exr i € [h(w(e"t)) cosa + isina] — 1
Dk@dﬁw)é p{k;%A t ﬁ} (26)

.<y@iﬂmw@n%a+imuﬂ—1+m>da

where w(z) is analytic in U and w(0) =0, |w(z)| < 1.

3. INCLUSION PROPERTIES OF THE CLASS Sﬁ;cm (¢, d,a, 5,7)

In this section, we will prove inclusion property associated with generalized Bernardi
integral operator given by

Cp+l
-

Lulf)(2) [ et (e an> -, (27)

To establish our results in this section, We need the following Lemmas.

Lemma 4. Let h be convex in U, with Re[Bh(z) +~] > 0. If p(z) is analytic in U
with p(0) = h(0), then

zp'(2)
p(z) + W < h(z) = p(2z) < h(z2).

Lemma 5. Let h be convex in U, with Re[Sh(z) +~] > 0. If f € A and F is given
by (27), then
zf'(2) 2F'(2)

"= T

=< h(z).
Theorem 6. Let 0 < X\ <1 and h(z) be convex univalent function, then

S (e d B,7) € S (eid. 1, B.7).
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Proof. Let f € Sj:}cm (¢,d, e, B,7) and set

ADR @) A e d )
e dsz) PN (cyds 2)

we observe that [(z) and m(z) are analytic in U with [(0) = m(0) = 1. Then by
applying (12) in I(z), we obtain

I(z) =

; (28)

(1=

) (e 2) = £ DY e, d) f(2) —

J DY (e.d) f(2). (20)

Differentiating both sides of equation (29) with respect to z, we get after simple
computation

, (1—x) 25 (ed;2)) 12D (e, d) f(2))
zl(z)+< Tt ) >Z(Z)—A e ds) (30)

Js J

Using the relation between (12) and (16), we can easily deduce that

m 1—A m 1 m
Z[f]):/’g (Cad;z)],+( h\ )f]):}f (c,d;z) = Xf]/\’;’“ +1(c,d;z). (31)

Using (31)in (30), we have

(=N AN ed2N T D e d) )Y
I(z) + =zl (z)( 3 + ) = f;\’}cmﬂ(c,d;z) )

From the definition of f € ij\’}ﬁm (¢c,d,a, B,7), we have

2l'(2)
BN 4 n(z)

I(z) +

<7y (e [h(z)cosa +isina] — 1) + 1. (32)

In view of Lemma 5, the assertion of the Theorem would follow once we prove that
m(z) < v (e [h(z) cosa+isina] — 1) + 1, (z € U).
It follows from m(z) and (31) that

A,m—+1
1-\ fie (e d; 2)
( : )+m(z):—]k)\m . (33)
Afy (e, dsz)
By logarithmical differentiation of equation (33), we get
A,m+1 /
! z| ¢, d;z
ey ) A ey »
(1=A) +Am(z) fjjc (c,d; 2)
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Using Theorem 1 in equality (34), we have

2m!(z)
(1—=X) + Am(z)

m(z) +

In view of Lemma (4), we deduce that
m(z) <y (e—ia [h(2) cosa + isina) — 1) +1.
This implies that

Sﬁ}emﬂ (¢,d,a, B,7) C S;:}cm (c,d,a, B,7).

<7y (e [h(z)cosa+isina] —1) +1, (z€U). (35)

Theorem 7. Let f € A and F = L,[f], where L,[f] is defined by (27).

If fe S]):}cm (c,d,a, 8,7) then F € S]):}gm (c,d,c, 3,7).

Proof. From the definition of F' and the linearity of the operator DY*(c,d)f(z), we

have

2(DY (e, d)Lu[f1(2))" = (n+ 1)(DX' (e, d) f(2)) — (DY (e, d) L[ £](2))-

From (36), we have
Am Am Am
(H + 1)f],}{; (C7 da Z) = NF],];; (Cv d7 Z) + Z(FL]’@ (Cv da Z))/'

If we let
2(F35" (e, d; 2))

jk
A )
F].J’cm (c,d; z)

w(z) =

then w is analytic in ¢ and w(0) = 1. From (37), we observe that

F (e ds 2)

ptw(z) = (p+1)—=n
F]),\I; (c,d; z)

Differentiating both sides of (38) with respect to z, we obtain

ol 2w'(2) z(fﬁ}cm(c, d; )
(2)+ ptw(z) ff\}gm(c,d;z) .

By Theorem 1, we have

2w’ (2)

wz) + w4 w(z)

<y (e_iCy [h(z)cosa +isina] — 1) +1,
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which on using Lemma 4 implies w(z) < v (e 7" [h(z) cos o + isina] — 1) + 1.
Now suppose that
_ (DY (e, d))

Q(Z) - \.m ’
F (c,d;z)

then ¢(z) is analytic in U, with ¢(0) = 1, and it follows from (36) that
F"(e,di2)q(2) = (n+ 1)(D§'(c,d) f(2)) = pDY (¢, d) P (2). (39)
Differentiating both sides of (39), we get

ADR (e d) f(2))
F" (e, d; 2)

2¢'(2) + (1 +w(2))a(z) = (n+1) (40)

Now from (38) and (40), we can deduce that

q(z) + #Zf/iz()z) = z(?gic(,cdzf(zz))) <7 (e_m [h(z)cosa +isina] — 1) + 1.
ik N

Hence an application of Lemma 5 yields ¢(z) < v (e7" [h(z) cosa + isina] — 1) +1,
which shows that F € SN (c,d, a, 3,7).
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