
Acta Universitatis Apulensis
ISSN: 1582-5329
http://www.uab.ro/auajournal/

No. 53/2018
pp. 41-54

doi: 10.17114/j.aua.2018.53.04

ON A FIBONACCI-LIKE SEQUENCE ASSOCIATED WITH
K-LUCAS SEQUENCE

A. A. Wani, V. H. Badshah, S. Halici, P. Catarino

Abstract. In the present article we consider a new generalization of classical
Fibonacci sequence and we call it as Fibonacci-Like sequence 〈Vk,n〉 and then we
study Fibonacci-Like sequence 〈Vk,n〉 and k-Lucas sequence 〈Lk,n〉 side by side by
introducing two special matrices for these two sequences. After that by using these
matrices we obtain Binet formulae for Fibonacci-Like sequence and for k-Lucas
sequence, we also give Cassini’s identity for Fibonacci-Like sequence.
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1. Introduction

The Fibonacci sequence 〈Fn〉n≥0 is the sequence of integers given by

Fn+2 = Fn+1 + Fn, F0 = 0 and F1 = 1 (1.1)

Classical Fibonacci numbers have been generalized by lot of the authors in different
ways. The two most important generalizations of Fibonacci numbers are k-Fibonacci
numbers 〈Fk,n〉 [1] and k-Lucas numbers 〈Lk,n〉 [2].
Especially some authors used matrix technique to study these numbers. In 1979,
Silvester [3] obtained some properties of classical Fibonacci numbers by matrix meth-
ods, particularly here the author used diagonaliztion of 2×2 matrix to obtain Binet
formula for classical Fibonacci numbers. In [4] Kilic introduced Binet formula, sums,
combinatorial representations and generating function for the generalized Fibonacci
p-numbers by using matrix technique, these numbers are defined by the following
recurrence relation:

Fp (n) = Fp (n− 1) + Fp (n− p− 1) , n > p + 1 (1.2)
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With initial conditions

Fp (1) = Fp (2) = · · · = Fp (p) = Fp (p + 1) = 1

Jun and Choi [5] presented some basic properties for generalized Fibonacci sequence
〈qn〉n∈N. Ying et al. [6] studied the generalized Fibonacci numbers by two differ-
ent matrix methods via the method of diagonalization and the method of matrix
collation. Akyuz and Halici [7] considered Horadam sequence (see [7] ) and showed
interest towards two cases of Horadam sequence i.e. the sequences 〈Un〉 and 〈Vn〉,
which are delineated by

Un = pUn−1 − qUn−2, n ≥ 2 and U0 = 0, U1 = 1

Vn = pVn−1 − qVn−2, n ≥ 2 and V0 = 2, V1 = p
(1.3)

where p and q are integers with p > 0, q 6= 0, in [7] the authors derived some
combinatorial identities, the determinant and the nth power of 2×2 matrix. In [8] the
authors found some well-known equalities and Binet formula for Jacobsthal numbers
by matrix methods. Some divisible properties have been obtained for the generalized
Fibonacci sequence by Yalciner [9]. Borges et al. [10] obtained Cassini’s identities
and Binet formulae for k-Fibonacci and k-Lucas sequences by using some tools of
matrix algebra. In [11, 12] the authors also used matrix terminology to deduce
Cassini’s identities and Binet formulae for the k-Pell and k-Pell-Lucas Sequences.
Srisawat and Sripad [13] applied matrix technique to investigate some generalizations
of Pell and Pell-Lucas numbers as (s, t)-Pell and (s, t)-Pell-Lucas numbers, these
numbers are defined respectively by

Pn (s, t) = 2sPn−1 (s, t) + tPn−2 (s, t) for n ≥ 2

Qn (s, t) = 2sQn−1 (s, t) + tQn−2 (s, t) for n ≥ 2
(1.4)

with initial conditions P0 (s, t) = 0, P1 (s, t) = 1 and Q0 (s, t) = 2, P1 (s, t) = 2s.

2. Preliminaries

First of all, we consider a sequence 〈Gk,n〉 which is defined by the following recurrence
relation:

Gk,n+2 = kGk,n+1 + Gk,n, n ≥ 1 and Gk,0 = a, Gk,1 = b (2.1)

where k ∈ R+ and a, b ∈ Z+.
For the present study we are interested in the two cases of the sequence 〈Gk,n〉:
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(i) Fibonacci-Like sequence 〈Vk,n〉 is defined by the following equation:

Vk,n+2 = kVk,n+1 + Vk,n, n ≥ 0 and Vk,0 = 2m, Vk,1 = p + mk (2.2)

(ii) k-Lucas sequence 〈Lk,n〉[2] is defined recurrently by

Lk,n+2 = kLk,n+1 + Lk,n, n ≥ 0 and Lk,0 = 2, Lk,1 = k (2.3)

Both the recurrence relations (2.2) and (2.3) have same characteristic equation x2−
kx− 1 = 0. Let r and s be its roots and are given as

r =
k +
√
k2 + 4

2
and s =

k −
√
k2 + 4

2
(2.4)

We can see easily r and s holds the following properties:

(a) rs = −1, r + s = k and r − s =
√
k2 + 4

(b) r2 − 1 = kr and s2 − 1 = ks

(c) r2 + 1 = kr + 2 = (r − s) r and s2 + 1 = ks + 2 = − (r − s) s

Also we introduce two special 2× 2 matrices V and L which are given by

V =

[
k 1

1 0

]
and L =

[
k2 + 2 k

k 2

]
(2.5)

3. nth Powers of the Matrices

Theorem 1. For n ∈ Z+, we have the following result

V n =


2mVk,n+2 − (p + mk)Vk,n+1

m2k2 + 4m2 − p2
2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2

2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2
2mVk,n − (p + mk)Vk,n−1

m2k2 + 4m2 − p2

 (3.1)

Proof. We use principle of mathematical induction on n. Certainly the result is true
for n = 1.
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Assume that the result is true for all values j less than or equal n and then

V n+1 =


2mVk,n+2 − (p + mk)Vk,n+1

m2k2 + 4m2 − p2
2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2

2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2
2mVk,n − (p + mk)Vk,n−1

m2k2 + 4m2 − p2


[
k 1

1 0

]

V n+1 =
(
m2k2 + 4m2 − p2

) [a1 a2

a3 a4

][
k 1

1 0

]

V n+1 =
(
m2k2 + 4m2 − p2

) [ka1 + a2 a1

ka3 + a4 a3

]
Here

ka1 + a2 = 2m (kVk,n+2 + Vk,n+1)− (p + mk) (kVk,n+1 + Vk,n)

= 2mVk,n+3 − (p + mk)Vk,n+2

and

ka3 + a4 = 2m (kVk,n+1 + Vk,n)− (p + mk) (kVk,n + Vk,n−1)

= 2mVk,n+2 − (p + mk)Vk,n+1

Hence

V n+1 =


2mVk,n+3 − (p + mk)Vk,n+2

m2k2 + 4m2 − p2
2mVk,n+2 − (p + mk)Vk,n+1

m2k2 + 4m2 − p2

2mVk,n+2 − (p + mk)Vk,n+1

m2k2 + 4m2 − p2
2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2


as required.

Corollary 2. For lim
n→∞

Vk,n+1

Vk,n
= r, we have

r2 − kr − 1 = 0 (3.2)

Proof. To prove the required result, we should use the concept of limits. Since

lim
n→∞

V n

Vk,n−1
= lim

n→∞


2mVk,n+2 − (p + mk)Vk,n+1

(m2k2 + 4m2 − p2)Vk,n−1

2mVk,n+1 − (p + mk)Vk,n

(m2k2 + 4m2 − p2)Vk,n−1

2mVk,n+1 − (p + mk)Vk,n

(m2k2 + 4m2 − p2)Vk,n−1

2mVk,n − (p + mk)Vk,n−1
(m2k2 + 4m2 − p2)Vk,n−1
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Now

lim
n→∞

2mVk,n+2 − (p + mk)Vk,n+1

Vk,n−1
= r2 (2mr − p−mk)

lim
n→∞

2mVk,n+1 − (p + mk)Vk,n

Vk,n−1
= r (2mr − p−mk)

lim
n→∞

2mVk,n − (p + mk)Vk,n−1
Vk,n−1

= 2mr − p−mk

Therefore,

lim
n→∞

V n

Vk,n−1
=
(
m2k2 + 4m2 − p2

)−1 [r2 (2mr − p−mk) r (2mr − p−mk)

r (2mr − p−mk) 2mr − p−mk

]

(
m2k2 + 4m2 − p2

)−1 [r2 (2mr − p−mk) r (2mr − p−mk)

r (2mr − p−mk) 2mr − p−mk

]

=
(
m2k2 + 4m2 − p2

)−1 [(kr + 1) (2mr − p−mk) r (2mr − p−mk)

r (2mr − p−mk) 2mr − p−mk

]
If we equate determinant on both sides, we obtain

0 = kr + 1− r2

r2 − kr − 1 = 0

Hence the result.

Theorem 3. For n ∈ N, the following result holds

Ln =

{
(r − s)n−1 Un if n is odd

(r − s)n V n if n is even
(3.3)

where Un =

[
Lk,n+1 Lk,n

Lk,n Lk,n−1

]
Proof. To prove the result, we use induction on n. First, we consider odd n. Let
n = 1, we have

L =

[
k2 + 2 k

k 2

]
=

[
Lk,2 Lk,1

Lk,1 Lk,0

]
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Let us suppose that the result is true for all odd values i less than or equal n and
then

Ln+2 = (r − s)
n−1
2 UnL2

= (r − s)
n+1
2 UnV 2

= (r − s)
n+1
2 Un+2

as required.
Now we consider even n. Let n = 2, we have

L2 =

[
k4 + 5k2 + 4 k3 + 4k

k3 + 4k k2 + 4

]

= (r − s)

[
k2 + 1 k

k 1

]
= (r − s)V 2

Assume that the result is true for all even values j less than or equal n and then

Ln+2 = (r − s)
n
2 V nL2

= (r − s)
n+2
2 V nV 2

= (r − s)
n+2
2 V n+2

as needed.

Lemma 4. For n ≥ 0, we have

V n

[
Vk,1

Vk,0

]
=

[
Vk,n+1

Vk,n

]
(3.4)

Proof. Here we shall use induction on n. Indeed the result is true for n = 0. Suppose
the result is true for all values i less than or equal n and then

V n+1

[
Vk,1

Vk,0

]
= V V n

[
Vk,1

Vk,0

]

=

[
k 1

1 0

][
Vk,n+1

Vk,n

]

=

[
kVk,n+1 + Vk,n

Vk,n+1

]
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=

[
Vk,n+2

Vk,n+1

]

as required.

4. Binet Formulae

In this section we present Binet formulae for k-Lucas sequence 〈Lk,n〉 and for Fibonacci-
Like sequence 〈Vk,n〉. The most worth noticing point is here that we obtain Binet
formula for k-Lucas in a different way that did the authors in [2, 10].

Theorem 5. For n ∈ Z0, the nth terms for 〈Lk,n〉 and 〈Vk,n〉 are respectively given
by

Lk,n = rn + sn (4.1)

Vk,n = p
rn − sn

r − s
+ m (rn + sn) (4.2)

where r and s are determined from equation (2.4).

Proof. To prove the needed result, we diagonalize the matrix L. Sine L is a square
matrix, by the Cayley Hamilton theorem the characteristic equation of L is given
by

det (L− xI2) = 0[
k2 + 2− x k

k 2− x

]
= 0

x2 −
(
k2 + 4

)
x +

(
k2 + 4

)
= 0

x2 − (r − s)x + (r − s) = 0 (4.3)

This is the characteristic equation of L. Let u and v be the eigen values of equation
(4.3) and are given by

u =
k (r − s) + (r − s)2

2

= (r − s)

[
k + (r − s)

2

]
= r (r − s)
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and

v =
−k (r − s) + (r − s)2

2

= − (r − s)

[
k − (r − s)

2

]
= −s (r − s)

Now the eigen vector corresponding to eigen value u is given by the following equa-
tion:

(L− uI2)A

where A is the column vector of order 2× 1. Then[
k2 + 2− u k

k 2− u

][
A1

A2

]
= 0[(

k2 + 4− u
)
A1 + kA2

kA1 + (2− u)A2

]
= 0

Consider the system (
k2 + 4− u

)
A1 + kA2 = 0

kA1 + (2− u)A2 = 0 (4.4)

We assume that A2 = l in equation (4.4), we achieve

A1 =
(u− 2) l

k
=

(
r2 − 1

)
l

k
= lr

Thus the eigen vectors corresponding to u are of kind

[
lr

l

]
. For particular l = 1, the

eigen vector assigning to u is

[
r

1

]
. Similarly the eigen vector assigning to v is

[
s

1

]
.

Let P be matrix of eigen vectors, P =

[
r s

1 1

]
and P−1 = (r − s)−1

[
1 −s

−1 −r

]
. Now

we consider the diagonal matrix D, in which eigen values of L are on the main diag-

onal, D =

[
r (r − s) 0

0 −s (r − s)

]
. Then by the principle of matrix diagonalization

[14, 15], we have

L = PDP−1
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Ln = PDnP−1

= (r − s)−1
[
r s

1 1

][
rn (r − s)n 0

0 (−1)n sn (r − s)n

][
1 −s

−1 r

]

= (r − s)n−1
[
rn+1 (−1)n sn+1

rn (−1)n sn

][
1 −s

−1 r

]

= (r − s)n−1
[
rn+1 − (−1)n sn+1 −srn+1 + (−1)n rsn+1

rn − (−1)n sn −srn + (−1)n rsn

]

= (r − s)n−1
[
rn+1 − (−1)n sn+1 rn − (−1)n sn

rn − (−1)n sn rn−1 − (−1)n sn−1

]

If n is odd then by equation (3.3), we get

Un =

[
rn+1 + sn+1 rn + sn

rn + sn rn−1 + sn−1

]

By equating corresponding terms of the matrices, we have

Lk,n = rn + sn

This is the required Binet’s formula for k-Lucas sequence.
if n is even then again by equation (3.3), we achieve

V n = (r − s)−1
[
rn+1 − sn+1 rn − sn

rn − sn rn−1 − sn−1

]
(4.5)

By using lemma (4), we obtain[
Vk,n+1

Vk,n

]
= (r − s)−1

[
rn+1 − sn+1 rn − sn

rn − sn rn−1 − sn−1

][
p + mk

2m

]

= (r − s)−1
[

b1 b2

rn − sn rn−1 − sn−1

][
p + mk

2m

]

where b1 and b2 are the corresponding terms of the matrix. Thus[
Vk,n+1

Vk,n

]
= (r − s)−1

[
(p + mk) b1 + 2mb2

(p + mk) (rn − sn) + 2m
(
rn−1 − sn−1

)]
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= (r − s)−1
[

(p + mk) b1 + 2mb2

p (rn − sn) + mkrn + 2mrn−1 −mksn − 2msn−1

]

= (r − s)−1
[

(p + mk) b1 + 2mb2

p (rn − sn) + mrn−1 (kr + 2)−msn−1 (ks + 2)

]

= (r − s)−1
[

(p + mk) b1 + 2mb2

p (rn − sn) + m (r − s) rn + m (r − s) sn

]
Equating corresponding terms on both sides, we get

Vk,n = p
rn − sn

r − s
+ m (rn + sn)

This is the Binet’s formula for Fibonacci-Like sequence.

Now we present a result which establishes a relation between Fibonacci-Like
sequence 〈Vk,n〉 and k-Lucas sequence.

Corollary 6. For n ∈ Z+, the following result holds

2mVk,n+2 − (p + mk)Vk,n+1 + 2mVk,n − (p + mk)Vk,n−1 (4.6)

=
(
m2k2 + 4m2 − p2

)
Lk,n

Proof. If we equate corresponding terms of matrices in the equation (4.5), we get

2mVk,n+2 − (p + mk)Vk,n+1

p2m2 + 4m2 − p2
=

rn+1 − sn+1

r − s

and

2mVk,n − (p + mk)Vk,n−1
p2m2 + 4m2 − p2

=
rn−1 − sn−1

r − s

Therefore,

2mVk,n+2 − (p + mk)Vk,n+1 + 2mVk,n − (p + mk)Vk,n−1
p2m2 + 4m2 − p2

=
rn−1

(
r2 + 1

)
− sn−1

(
s2 + 1

)
r − s

=
rn (r − s) + sn (r − s)

r − s

Thus

2mVk,n+2 − (p + mk)Vk,n+1 + 2mVk,n − (p + mk)Vk,n−1

=
(
m2k2 + 4m2 − p2

)
Lk,n

Hence the result.
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5. Cassini’s Identity for 〈Vk,n〉

In this section we obtain Cassinin’s identity for Fibonacci-Like sequence by using
matrix V .

Theorem 7. For n ≥ 1, we have

V 2
k,n − Vk,n+1Vk,n−1 = (−1)n

(
m2k2 + 4m2 − p2

)
(5.1)

Proof.

det (V n) =

∣∣∣∣∣∣∣∣
2mVk,n+2 − (p + mk)Vk,n+1

m2k2 + 4m2 − p2
2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2

2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2
2mVk,n − (p + mk)Vk,n−1

m2k2 + 4m2 − p2

∣∣∣∣∣∣∣∣
det (V n) =

(
m2k2 + 4m2 − p2

)−2 {
2mVk,n+2

[
2mVk,n − (p + mk)Vk,n−1

]
− (p + mk)Vk,n+1

[
2mVk,n − (p + mk)Vk,n−1

]
−
[
2mVk,n+1

− (p + mk)Vk,n

]2}
By using expansion of Vk,n+2 and V 2

k,n+1, we have

det (V n) =
(
m2k2 + 4m2 − p2

)−2 [
4m2kVk,n+1Vk,n − 2mk (p + mk)Vk,n+1

Vk,n−1 + 4m2V 2
k,n − 2m (p + mk)Vk,nVk,n−1 + (p + mk)2 Vk,n+1

Vk,n−1 − 2m (p + mk)Vk,n+1Vk,n − 4m2k2V 2
k,n − 4m2V 2

k,n−1

− 8m2kVk,nVk,n−1 − (p + mk)2 V 2
k,n + 4m (p + mk)Vk,n+1Vk,n

]
det (V n) =

(
m2k2 + 4m2 − p2

)−2 [
4m2kVk,n+1Vk,n − 2m (p + mk)Vk,nVk,n−1

+ 2m (p + mk)Vk,n+1Vk,n − 4m2V 2
k,n−1 − 8m2kVk,nVk,n−1

− 2mk (p + mk)Vk,n+1Vk,n−1 + 4m2V 2
k,n + (p + mk)2 Vk,n+1Vk,n−1

− 4m2V 2
k,n − (p + mk)2 V 2

k,n

]
=
(
m2k2 + 4m2 − p2

)−2 [(
6m2k + 2mp

)
Vk,n+1Vk,n −

(
2mp + 2m2k

)
Vk,nVk,n−1 − 4m2V 2

k,n−1 − 8m2kVk,nVk,n−1 − 2mk (p + mk)

Vk,n+1Vk,n−1 + 4m2V 2
k,n + (p + mk)2 Vk,n+1Vk,n−1 − 4m2V 2

k,n

− (p + mk)2 V 2
k,n

]
=
(
m2k2 + 4m2 − p2

)−2 (
6m2V 2

k,n + 2mpkV 2
k,n − 4m2kVk,n+1Vk,n−1

−m2k2Vk,n+1Vk,n−1 + 4m2V 2
k,n + p2Vk,n+1Vk,n−1 − 4m2k2V 2

k,n

51



A. A. Wani, V. H. Badshah, S. Halici, P. Catarino – On A Fibonacci-Like . . .

− p2V 2
k,n −m2k2V 2

k,n − 2mpkV 2
k,n

)
=
(
m2k2 + 4m2 − p2

)−2 (
m2V 2

k,n + 4m2V 2k, n− p2V 2
k,n −m2k2

Vk,n+1Vk,n−1 − 4m2Vk,n+1Vk,n−1 + p2Vk,n+1Vk,n−1
)

=
(
m2k2 + 4m2 − p2

)−2 (
m2k2 + 4m2 − p2

) (
V 2
k,n − Vk,n+1Vk,n−1

)
=
(
m2k2 + 4m2 − p2

)−1 (
V 2
k,n − Vk,n+1Vk,n−1

)
Since det (V n) = (−1)n, we have

V 2
k,n − Vk,n+1Vk,n−1 = (−1)n

(
m2k2 + 4m2 − p2

)
Hence the result.
From the proof of this theorem, we conclude that[

2mVk,n+2 − (p + mk)Vk,n+1

][
2mVk,n − (p + mk)Vk,n−1

]
(5.2)

−
[
2mVk,n+1 − (p + mk)Vk,n

]2
= (−1)2

(
m2k2 + 4m2 − p2

)
6. Characteristic Equation of V n

In theorem (5) we easily saw the characteristic equation of V . But in this section
we obtain the characteristic equation for V n.

Theorem 8. For n ∈ Z0, the characteristic equation of V n is given by

x2 − Lk,nx + (−1)n = 0 (6.1)

Proof. Since V n is a square matrix then by Cayley Hamilton theorem, we have

det (V n − xI2) = 0

Here

det (V n − xI2)

=

∣∣∣∣∣∣∣∣
2mVk,n+2 − (p + mk)Vk,n+1

m2k2 + 4m2 − p2
− x

2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2

2mVk,n+1 − (p + mk)Vk,n

m2k2 + 4m2 − p2
2mVk,n − (p + mk)Vk,n−1

m2k2 + 4m2 − p2
− x

∣∣∣∣∣∣∣∣
=
(
m2k2 + 4m2 − p2

)−2 {[
2mVk,n+2 − (p + mk)Vk,n+1

][
2mVk,n − (p + mk)

Vk,n−1
]
− x

(
m2k2 + 4m2 − p2

) [
2mVk,n+2 − (p + mk)Vk,n+1

]
− x
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(
m2k2 + 4m2 − p2

) [
2mVk,n − (p + mk)Vk,n−1

]
+ x2

(
m2k2 + 4m2 − p2

)2
−
[
2mVk,n+1 − (p + mk)Vk,n

]2}
=
(
m2k2 + 4m2 − p2

)−2 {
x2
(
m2k2 + 4m2 − p2

)2 − x
(
m2k2 + 4m2 − p2

)
[
2mVk,n+2 − (1 + mk)Vk,n+1 + 2mVk,n − (p + mk)Vk,n−1

]
+
[
2mVk,n+2 − (p + mk)Vk,n+1

][
2mVk,n − (p + mk)Vk,n−1

]
−
[
2mVk,n+1 − (p + mk)Vk,n

]2}
If we consider corollary (6) and equation (5.2), we get

det (V n − xI2) =
(
m2k2 + 4m2 − p2

)−2 [
x2
(
m2k2 + 4m2 − p2

)2
− Lk,nx

(
m2k2 + 4m2 − p2

)2
+ (−1)n

(
m2k2 + 4m2 − p2

)2]
= x2 − Lk,nx + (−1)n

Hence the characteristic equation of V n is

x2 − Lk,nx + (−1)n = 0

Hence the result.
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