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MULTIPLE SOLUTIONS FOR A P (X)-LAPLACIAN-LIKE
PROBLEM WITH NEUMANN CONDITION ORIGINATED FROM

A CAPILLARY PHENOMENA

S. Heidarkhani, A.L.A. De Araujo, G.A. Afrouzi, S. Moradi

Abstract. This paper presents several sufficient conditions for the existence of
at least three weak solutions for the following Neumann problem, originated from a
capillary phenomena,

−div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+ a(x)|u|p(x)−2u

= λf(x, u) + µg(x, u), in Ω,
∂u
∂ν = 0, on ∂Ω

where Ω ⊂ RN (N ≥ 2) is a bounded domain with boundary of class C1, ν is the
outer unit normal to ∂Ω, λ > 0, µ ≥ 0, a ∈ L∞(Ω), f, g : Ω × R → R are two
L1-Carathéodory functions and p ∈ C0(Ω). Our technical approach is based on
variational methods. The main result is also demonstrated with an example.
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1. Introduction

In this paper, we are interested in establishing the existence of at least three weak
solutions to the following p(x)-Laplacian-like problem, originated from a capillary
phenomena,

−div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+ a(x)|u|p(x)−2u

= λf(x, u) + µg(x, u), in Ω,
∂u
∂ν = 0, on ∂Ω

(P f,gλ,µ)
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where Ω ⊂ RN (N ≥ 2) is a bounded domain with boundary of class C1, ν is
the outer unit normal to ∂Ω, λ > 0, µ ≥ 0, a ∈ L∞(Ω) with ess infΩ a ≥ 0,
f, g : Ω × R → R are two L1-Carathéodory functions and p ∈ C0(Ω) satisfies the
condition

N < p− := inf
x∈Ω

p(x) ≤ p+ := sup
x∈Ω

p(x) < +∞.

During the last fifteen years, differential and partial differential equations with vari-
able exponent growth conditions have become increasingly popular. This is partly
due to their frequent appearance in applications such as the modeling of electrorhe-
ological fluids [41], image restoration [13], elastic mechanics [45] and continuum
mechanics [2], but these problems are very interesting from a purely mathematical
point of view as well. For a general account of the underlying physics see [23] and
for some technical applications [37]. Electrorheological fluids also have functions
in robotics and space technology. For background and recent results, we refer the
reader to [11, 15, 17, 18, 34, 38, 39, 40] and the references therein for details. For
example, Fan and Deng in [18] studied the existence and multiplicity of positive
solutions for the inhomogeneous Neumann boundary value problems involving the
p(x)-Laplacian of the following form{

−div(|∇u|p(x)−2∇u) + λ|u|p(x)−2u = f(x, u), in Ω,

|∇u|p(x)−2 ∂u
∂η = ϕ, on ∂Ω

where Ω is a bounded smooth domain in RN , p ∈ C1(Ω) and p(x) > 1 for x ∈ Ω,
ϕ ∈ C0,γ(∂Ω) with γ ∈ (0, 1), ϕ ≥ 0 and ϕ 6= 0 on ∂Ω, they by using the sub-
supersolution method and the variational method, under appropriate assumptions
on f , obtained there exists λ∗ > 0 such that the problem has at least two positive
solutions if λ > λ∗, has at least one positive solution if λ = λ∗, and has no positive
solution if λ < λ∗. Deng in [17] by using a local mountain pass theorem without
(P.S) condition and Ricceri’s variational principle, obtained the existence and mul-
tiplicity of non-trivial solutions for the following p(x)-Laplacian double perturbed
Neumann problem with nonlinear boundary condition{

−∆p(x)u+ a(x)|u|p(x)−2u = f(x, u) + λh1(x, u), in Ω,

|∇u|p(x)−2 ∂u
∂γ = g(x, u) + µh2(x, u), on ∂Ω

where Ω is a bounded open domain in RN with smooth boundary, −∆p(x)u =

−div(|∇u|p(x)−2∇u) is the p(x)-Laplacian with p ∈ C(Ω̄), p(x) > 1, λ, µ ∈ R,
a ∈ L∞(Ω) with ess infx∈Ω a(x) = a− > 0, γ is the outward unit normal to ∂Ω.
Cammaroto and Vilasi in [11] by using as main tool, a recent variational principle
due to Ricceri, established the existence of at least three solutions for the Neumann
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problem involving the p(x)-Laplacian operator. D’Agùı and Sciammetta in [15]
based on variational methods established the existence of an unbounded sequence of
weak solutions for a class of differential equations with p(x)-Laplacian and subject
to small perturbations of nonhomogeneous Neumann conditions.

In recent years, existence, non-existence and multiplicity of positive solutions for
one dimensional mean curvature problems have been widely investigated. We refer
the reader to the papers [30, 31, 32, 36] and the references therein. We just observe
that the one-dimensional problem has been rather thoroughly discussed, by using
different methods, in some recent papers by Bonanno et al., in [8], Bonheure et al.,
in [9], Habets and Omari [24], Boreanu and Mawhin in [4], Faraci in [22] and Pan
in [35].

Capillarity can be briefly explained by considering the effects of two opposing
forces: adhesion, i.e., the attractive (or repulsive) force between the molecules of the
liquid and those of the container; and cohesion, i.e., the attractive force between the
molecules of the liquid. Recently, the study of capillarity phenomena has been an
interesting topic. We refer the reader to [3, 5, 10, 14, 16, 25, 27, 29, 33, 46] for an
overview of and references on this subject. For example, Manuela Rodrigues in [29]
by using Mountain Pass lemma (see [12]) and Fountain theorem (see Theorem 3.6
in [43]), established the existence of non-trivial solutions for problem −div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
= λf(x, u), x ∈ Ω,

u = 0, x ∈ ∂Ω
(1)

where Ω ⊂ RN (N ≥ 2) is a bounded domain with boundary of class C1, λ is a
positive parameter, p ∈ C(Ω) and f is a Carathéodory function. Bin in [5] obtained
the existence results of non-trivial solutions for every parameter λ for the nonlinear
eigenvalue problems for p(x)-Laplacian-like operators originated from a capillary
phenomena of the following form: −div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
= λf(x, u), in Ω,

u = 0, on ∂Ω

where Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω, λ > 0 is a parameter.
Firstly, by using the mountain pass theorem a nontrivial solution is constructed for
almost every parameter λ > 0. Then, he considered the continuation of the solutions.
Zhou in [46] by employing variational methods, established the existence of at least
one non-trivial solution for the following nonlinear eigenvalue problem for the p(x)-
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Laplacian-like operators originated from a capillary phenomenon −div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
= λf(x, u), in Ω,

u = 0, on ∂Ω

where Ω is a bounded domain in RN with smooth boundary ∂Ω, p ∈ C(Ω̄), λ > 0
is a parameter, f ∈ C(Ω̄× R) is superlinear and do not satisfy the Ambrosetti and
Rabinowitz type condition. The existence of at least one nontrivial solution was
also proved. In [25] by using variational methods, the existence of at least one weak

solution and infinitely many weak solutions for the problem (P f,gλ,µ), in case µ = 0

was discussed. In [27] the multiplicity results for the problem (P f,gλ,µ), in case µ = 0
were established. In fact, using a consequence of the local minimum theorem due
Bonanno and mountain pass theorem the existence results for the problem under
algebraic conditions with the classical Ambrosetti-Rabinowitz (AR) condition on the
nonlinear term were obtained. Furthermore, by combining two algebraic conditions
on the nonlinear term employing two consequences of the local minimum theorem
due Bonanno the existence of two solutions was guaranteed, applying the mountain
pass theorem given by Pucci and Serrin the existence of third solution for the problem
(P f,gλ,µ), in case µ = 0 was discussed.

Inspired by the above results, in the present paper, we obtain the existence
of at least three weak solutions for the problem (P f,gλ,µ), in which two parameters
are involved. Precise estimates of these two parameters λ and µ will be given. In
Theorem 3 we establish the existence of at least three weak solutions for the problem
(P f,gλ,µ). In particular, we require that there is a growth of the antiderivative of f
which is greater than quadratic in a suitable interval (see, for instance, condition
(A4) of Theorem 4), and which is less than quadratic in a following suitable interval
(see, for instance, condition (A4) of Theorem 4). We present Example 1 in which
the hypotheses of Theorem 4 are fulfilled. Theorem 5 is a simple consequence of
Theorem 4. As a special case of Theorem 4, we obtain Theorem 6 in the case f
does not depend upon x. Theorems 7 and 8, under suitable conditions on f at zero
and at infinity, ensure four distinct non-trivial solutions to the problem (P f,gλ,µ) when
µ = 0. As a special case of Theorem 3, we obtain Theorem 9 considering the case
p(x) = p > N .

The remainder of the paper is organized as follows. In Section 2, we will recall
the definitions and some properties of variable exponent Sobolev spaces. In Section
3 we will state and prove the main results of the paper.
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2. Preliminaries

Let X be a nonempty set and Φ,Ψ : X → R be two functions. For all r, r1, r2 >
infX Φ, r2 > r1, r3 > 0, we define

ϕ(r) := inf
u∈Φ−1(]−∞,r[)

(supu∈Φ−1(]−∞,r[) Ψ(u))−Ψ(u)

r − Φ(u)
,

β(r1, r2) := inf
u∈Φ−1(]−∞,r1[)

sup
v∈Φ−1([r1,r2[)

Ψ(v)−Ψ(u)

Φ(v)− Φ(u)
,

γ(r2, r3) :=
supu∈Φ−1(]−∞,r2+r3[) Ψ(u)

r3
,

α(r1, r2, r3) := max{ϕ(r1), ϕ(r2), γ(r2, r3)}.

Theorem 1 ([6], Theorem 3.3). Let X be a reflexive real Banach space, Φ : X →
R be a convex, coercive and continuously Gâteaux differentiable functional whose
Gâteaux derivative admits a continuous inverse on X∗, Ψ : X → R be a continuously
Gâteaux differentiable functional whose Gâteaux derivative is compact, such that

(a1) infX Φ = Φ(0) = Ψ(0) = 0;

(a2) for every u1, u2 ∈ X such that Ψ(u1) ≥ 0 and Ψ(u2) ≥ 0, one has

inf
s∈[0,1]

Ψ(su1 + (1− s)u2) ≥ 0.

Assume that there are three positive constants r1, r2, r3 with r1 < r2, such that

(a3) ϕ(r1) < β(r1, r2);

(a4) ϕ(r2) < β(r1, r2);

(a5) γ(r2, r3) < β(r1, r2).

Then, for each λ ∈] 1
β(r1,r2) ,

1
α(r1,r2,r3) [ the functional Φ − λΨ admits three distinct

critical points u1, u2, u3 such that u1 ∈ Φ−1(] − ∞, r1[), u2 ∈ Φ−1([r1, r2[) and
u3 ∈ Φ−1(]−∞, r2 + r3[).

We refer the interested reader to the papers [1, 7, 26] in which Theorem 1 has
been successfully employed to obtain the existence of at least three solutions for
boundary value problems.

For the reader’s convenience, we state some basic properties of variable ex-
ponent Sobolev spaces and introduce some notations. For other basic notations
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and definitions, and for a thorough account on the subject, we refer the reader to
[19, 20, 21, 28, 41, 42].

Set
C+(Ω) :=

{
h ∈ C(Ω) : h(x) > 1, ∀x ∈ Ω

}
.

For p ∈ C+(Ω), define

Lp(x)(Ω) :=

{
u : Ω→ R measurable and

∫
Ω
|u(x)|p(x)dx < +∞

}
.

We can introduce a norm on Lp(x)(Ω) by

|u|p(x) = inf

{
β > 0 :

∫
Ω

∣∣∣∣u(x)

β

∣∣∣∣p(x)

dx ≤ 1

}
.

The space (Lp(x)(Ω), |u|p(x)) is a Banach space called a variable exponent Lebesgue
space. Define the Sobolev space with variable exponent

W 1,p(x)(Ω) =
{
u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)

}
equipped with the norm

‖u‖1,p(x) := |u|p(x) + |∇u|p(x).

W 1,p(x)(Ω) is a separable and reflexive Banach space (see [20]).
When a ∈ L∞(Ω) with ess infΩ a ≥ 0, we define

L
p(x)
a(x)(Ω) :=

{
u : Ω→ R measurable and

∫
Ω
a(x)|u(x)|p(x)dx < +∞

}
with the norm

|u|p(x),a(x) = inf

{
β > 0 :

∫
Ω
a(x)

∣∣∣∣u(x)

β

∣∣∣∣p(x)

dx ≤ 1

}
.

For any u ∈W 1,p(x)(Ω), define

‖u‖a := inf

{
β > 0 :

∫
Ω

(∣∣∣∣∇u(x)

β

∣∣∣∣p(x)

+ a(x)

∣∣∣∣u(x)

β

∣∣∣∣p(x))
dx ≤ 1

}
.

Then, it is easy to see that ‖u‖a is a norm on W 1,p(x)(Ω) equivalent to ‖u‖1,p(x). In

the following, we will use ‖ · ‖a instead of ‖ · ‖1,p(x) on X = W 1,p(x)(Ω).
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As pointed out in [21] and [28], X is continuously embedded in W 1,p−(Ω) and,
since p− > N, W 1,p−(Ω) is compactly embedded in C0(Ω̄). Thus, X is compactly
embedded in C0(Ω̄). So, in particular, there exists a positive constant k > 0 such
that

‖u‖C0(Ω̄) ≤ k‖u‖a (2)

for each u ∈ X. When Ω is convex, an explicit upper bound for the constant k is

k ≤ 2
p−−1

p− max

{(
1

‖a‖1

) 1
p−

,
σ

N
1

p−

(
p− − 1

p− −N
meas(Ω)

) p−−1

p− ‖a‖∞
‖a‖1

}
(1 + meas(Ω)),

where σ = diam(Ω) and meas(Ω) is the Lebesgue measure of Ω (for details, see [15]),
‖a‖1 =

∫
Ω a(x)dx and ‖a‖∞ = supx∈Ω a(x).

Lemma 2 ([21]). Set ρ(u) =
∫

Ω(|∇u(x)|p(x) +a(x)|u(x)|p(x))dx. For u ∈ X we have

(i) ‖u‖a < (=;>)1⇔ ρ(u) < (=;>)1,

(ii) ‖u‖a < 1⇒ ‖u‖p
+

a ≤ ρ(u) ≤ ‖u‖p
−
a ,

(iii) ‖u‖a > 1⇒ ‖u‖p
−
a ≤ ρ(u) ≤ ‖u‖p

+

a .

We need the following proposition in the proofs of our main results.

Proposition 1 ([29]). The functional Φ : X → R is convex and the mapping
Φ′ : X → X∗ is a strictly monotone and bounded homeomorphism.

Corresponding to the functions f and g, we introduce the functions F : Ω×R→
R and G : Ω× R→ R, respectively, as follows

F (x, t) =

∫ t

0
f(x, ξ)dξ for all (x, t) ∈ Ω× R

and

G(x, t) =

∫ t

0
g(x, ξ)dξ for all (x, t) ∈ Ω× R.

Moreover, set Gθ :=
∫

Ω sup|t|≤θG(x, t) dx for every θ > 0 and Gη := infΩ×[0,η]G(x, t)
for every η > 0.

If g is sign-changing, then Gθ ≥ 0 and Gη ≤ 0.
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3. Main results

We present our main result as follows.
We fix four positive constants θ1 ≥ k, θ2, θ3 and η ≥ 1, put

δλ,g := min

{
1

kp−p+
min

{θp−1 − λkp−p+

∫
Ω
F (x, θ1)dx

Gθ1
(3)

,

θp
−

2 − λk
p−p+

∫
Ω
F (x, θ2)dx

Gθ2
,

(θp
−

3 − θ
p−

2 )− λkp−p+

∫
Ω
F (x, θ3)dx

Gθ3

}

,

ηp
+

p− ‖a‖1 − λ
( ∫

Ω
F (x, η)dx−

∫
Ω
F (x, θ1)dx

)
Gη −Gθ1

}
.

Theorem 3. Assume that there exist positive constants θ1 ≥ k, θ2, θ3 and η ≥ 1

with θ1 <
p−
√
‖a‖1kη and max{η, p−

√
p+‖a‖1
p− kη

p+

p− } < θ2 and θ2 < θ3 such that

(A1) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ3, θ3];

(A2)

max
{∫

Ω F (x, θ1)dx

θp
−

1

,

∫
Ω F (x, θ2)dx

θp
−

2

,

∫
Ω F (x, θ3)dx

θp
−

3 − θ
p−

2

}
<

p−

kp−p+‖a‖1

∫
Ω F (x, η)dx−

∫
Ω F (x, θ1)dx

ηp+ .

Then, for every

λ ∈
( ηp

+

p− ‖a‖1∫
Ω F (x, η)dx−

∫
Ω F (x, θ1)dx

,
1

p+kp−
min

{ θp
−

1∫
Ω F (x, θ1)dx

,
θp
−

2∫
Ω F (x, θ2)dx

,
θp
−

3 − θ
p−

2∫
Ω F (x, θ3)dx

})
for every non-negative L1-Carathéodory function g : Ω×R→ R there exists δλ,g > 0

given by (3) such that, for each µ ∈ [0, δλ,g), the problem (P f,gλ,µ) possesses at least
three non-negative weak solutions u1, u2, and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < θ2 and max

x∈Ω
|u3(x)| < θ3.
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Proof. Our aim is to apply Theorem 1 to our problem. We consider the auxiliary
problem

−div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+ a(x)|u|p(x)−2u

= λf̂(x, u) + µg(x, u), in Ω,
∂u
∂ν = 0, on ∂Ω

(P f̂ ,gλ,µ)

where f̂ : Ω× R→ R is an L1-Carathéodory function, defined as follows

f̂(x, ξ) =


f(x, 0), if ξ < −θ3,
f(x, ξ), if − θ3 ≤ ξ ≤ θ3,
f(x, θ3), if ξ > θ3.

If any solution of the problem (P f,gλ,µ) satisfies the condition −θ3 ≤ u(x) ≤ θ3 for

every x ∈ Ω, then, any weak solution of the problem (P f̂ ,gλ,µ) clearly turns to be also

a weak solution of (P f,gλ,µ). Therefore, for our goal, it is enough to show that our

conclusion holds for (P f,gλ,µ). Fix λ, g and µ as in the conclusion. In order to apply
Theorem 1 to our problem. Φ,Ψ for every u ∈ X, defined by

Φ(u) :=

∫
Ω

1

p(x)

(
|∇u(x)|p(x) +

√
1 + |∇u(x)|2p(x) + a(x)|u(x)|p(x)

)
dx (4)

and

Ψ(u) :=

∫
Ω
F (x, u(x))dx+

µ

λ

∫
Ω
G(x, u(x))dx, (5)

and put Iλ(u) = Φ(u) − λΨ(u) for every u ∈ X. Note that the weak solutions

of (P f,gλ,µ) are exactly the critical points of Iλ. The functionals Φ and Ψ satisfy the
regularity assumptions of Theorem 1. Indeed, similar arguments as in [29] show
that Φ is Gâteaux differentiable and sequentially weakly lower semicontinuous and
its Gâteaux derivative is the functional Φ′(u) ∈ X∗, given by

Φ′(u)(v) =

∫
Ω

(
|∇u(x)|p(x)−2∇u(x) +

|∇u(x)|2p(x)−2∇u(x)√
1 + |∇u(x)|2p(x)

)
∇v(x)dx

+

∫
Ω
α(x)|u(x)|p(x)−2u(x) v(x) dx

for every v ∈ X. Furthermore, Proposition 1 gives that Φ′ : X → X∗ admits a
continuous inverse, and Lemma 2 follows that Φ is coercive. On the other hand,
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it is well known that Ψ is a differentiable functional whose differential at the point
u ∈ X is

Ψ′(u)(v) =

∫
Ω

(
f(x, u(x)) +

µ

λ
g(x, u(x))

)
v(x) dx

for any v ∈ X as well as it is sequentially weakly upper semicontinuous. Furthermore
Ψ′ : X → X∗ is a compact operator. Indeed, it is enough to show that Ψ′ is strongly
continuous on X. For this end, for u ∈ X, let un → u weakly in X as n→∞, then
un converges uniformly to u on Ω as n → ∞; see [44]. Since f, g are continuous
functions in R for every x ∈ Ω, so

f(x, un) +
µ

λ
g(x, un)→ f(x, u) +

µ

λ
g(x, u)

as n→∞. Hence Ψ′(un)→ Ψ′(u) as n→∞. Thus we have proved that Ψ′ is strongly
continuous on X, which implies that Ψ′ is a compact operator by Proposition 26.2

of [44]. Put r1 := 1
p+ ( θ1k )p

−
, r2 := 1

p+ ( θ2k )p
−

, r3 := 1
p+ (

θp
−

3 −θ
p−
2

kp−
) and w(x) = η for all

x ∈ Ω. We clearly observe that w ∈ X. Hence, we have definitively,

ηp
−

p+
‖a‖1 ≤ Φ(w) =

∫
Ω

1

p(x)

(
a(x)ηp(x)

)
dx ≤ ηp

+

p−
‖a‖1.

From the conditions θ3 > θ2, θ1 < p−
√
‖a‖1kη and p−

√
p+‖a‖1
p− kη

p+

p− < θ2, we get

r3 > 0 and r1 < Φ(w) < r2. By Lemma 2 and the fact max{r1/p−

1 , r
1/p+

1 } = r
1/p−

1 ,
we deduce

Φ−1(−∞, r1) ={u ∈ X : Φ(u) < r1} ⊆
{
u ∈ X : ‖u‖a < r

1/p−

1

}
=

{
u ∈ X : ‖u‖a <

θ1

k

}
.

Moreover, due to (2), we have

|u(x)| ≤ ‖u‖∞ ≤ k‖u‖a ≤ θ1, ∀x ∈ Ω.

Hence, {
u ∈ X : ‖u‖a <

θ1

k

}
⊆ {u ∈ X : ‖u‖∞ ≤ θ1} .

By using the assumption (A1), one has

sup
u∈Φ−1(−∞,r1)

∫
Ω
F (x, u(x))dx ≤

∫
Ω

sup
|t|≤θ1

F (x, t)dx ≤
∫

Ω
F (x, θ1)dx.

10
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In a similar way, we have

sup
u∈Φ−1(−∞,r2)

∫
Ω
F (x, u(x))dx ≤

∫
Ω
F (x, θ2)dx

and

sup
u∈Φ−1(−∞,r2+r3)

∫
Ω
F (x, u(x))dx ≤

∫
Ω
F (x, θ3)dx.

Therefore, since 0 ∈ Φ−1(−∞, r1) and Φ(0) = Ψ(0) = 0, one has

ϕ(r1) ≤
supu∈Φ−1(−∞,r1) Ψ(u)

r1

=
supu∈Φ−1(−∞,r1)

[ ∫
Ω F (x, u(x))dx+ µ

λ

∫
ΩG(x, u(x))dx

]
r1

≤
∫

Ω F (x, θ1)dx+ µ
λG

θ1

1
p+ ( θ1k )p−

,

ϕ(r2) ≤
sup

u∈Φ−1(−∞,r2)

Ψ(u)

r2

=
supu∈Φ−1(−∞,r2)

[ ∫
Ω F (x, u(x))dx+ µ

λ

∫
ΩG(x, u(x))dx

]
r2

≤
∫

Ω F (x, θ2)dx+ µ
λG

θ2

1
p+ ( θ2k )p−

and

γ(r2, r3) ≤
sup

u∈Φ−1(−∞,r2+r3)

Ψ(u)

r3

=
supu∈Φ−1(−∞,r2+r3)

[ ∫
Ω F (x, u(x))dx+ µ

λ

∫
ΩG(x, u(x))dx

]
r3

≤
∫

Ω F (x, θ3)dx+ µ
λG

θ3

1
p+ (

θp
−

3 −θ
p−
2

kp−
)

.

On the other hand, we have

Ψ(w) =

∫
Ω
F (x,w(x))dx+

µ

λ

∫
Ω
G(x,w(x))dx

≥
∫

Ω
F (x,w(x))dx+

µ

λ
Gη.

11
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For each u ∈ Φ−1(−∞, r1) one has

β(r1, r2) ≥
∫

Ω F (x, η)dx−
∫

Ω F (x, θ1)dx+ µ
λ (Gη −Gθ1)

Φ(w)− Φ(u)

≥
∫

Ω F (x, η)dx−
∫

Ω F (x, θ1)dx+ µ
λ (Gη −Gθ1)

ηp+

p− ‖a‖1
.

Due to (A2) we get
α(r1, r2, r3) < β(r1, r2).

Now, we show that the functional Iλ satisfies the assumption (a2) of Theorem 1. Let
u1 and u2 be two local minima for Iλ. Then u1 and u2 are critical points for Iλ, and
so, they are weak solutions for the problem (P f,gλ,µ). We want to prove that they are

non-negative. Let u0 be a (non-trivial) weak solution of the problem (P f,gλ,µ). Arguing

by a contradiction, assume that the set A =
{
x ∈ Ω : u0(x) < 0

}
is non-empty and

of positive measure. Put v̄(x) = min{0, u0(x)} for all x ∈ Ω. Clearly, v̄ ∈ X and
one has ∫

Ω

(
|∇u0(x)|p(x)−2∇u0(x) +

|∇u0(x)|2p(x)−2∇u0(x)√
1 + |∇u0(x)|2p(x)

)
∇v̄(x)dx

+

∫
Ω
a(x)|u0(x)|p(x)−2u0(x)v̄(x)dx

−λ
∫

Ω
f(x, u0(x))v̄(x)dx− µ

∫
Ω
g(x, u0(x))v̄(x)dx = 0.

Since we could assume that f is a non-negative, and g is a non-negative, for fixed
λ > 0 and µ ≥ 0 and by choosing v̄(x) = u0(x) one has∫

A

(
|∇u0(x)|p(x) +

|∇u0(x)|2p(x)√
1 + |∇u0(x)|2p(x)

)
dx

+

∫
A
a(x)|u0(x)|p(x)dx

=λ

∫
A
f(x, u0(x))u0(x)dx+ µ

∫
A
g(x, u0(x))u0(x)dx ≤ 0.

Hence, that is, ‖u0‖w1,p(x)(A) = 0 which is an absurd. Hence, our claim is proved.
Then, we observe u1(x) ≥ 0 and u2(x) ≥ 0 for every x ∈ Ω. Thus, it follows that
(λf + µg)(x, su1 + (1 − s)u2) ≥ 0 for all s ∈ [0, 1], and consequently, Ψ(su1 + (1 −
s)u2) ≥ 0, for every s ∈ [0, 1]. Hence, Theorem 1 implies that for every

λ ∈
( ηp

+

p− ‖a‖1∫
Ω F (x, η)dx−

∫
Ω F (x, θ1)dx

12
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,
1

p+kp−
min

{ θp
−

1∫
Ω F (x, θ1)dx

,
θp
−

2∫
Ω F (x, θ2)dx

,
θp
−

3 − θ
p−

2∫
Ω F (x, θ3)dx

})
and µ ∈ [0, δλ,g), the functional Iλ has three critical points ui, i = 1, 2, 3, in X such
that Φ(u1) < r1, Φ(u2) < r2 and Φ(u3) < r2 + r3, that is,

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < θ2 and max

x∈Ω
|u3(x)| < θ3.

Then, taking into account the fact that the weak solutions of the problem (P f,gλ,µ) are
exactly critical points of the functional Iλ we have the desired conclusion.

Remark 1. We observe that, in Theorem 3, no asymptotic conditions on f and g
are needed and only algebraic conditions on f are imposed to guarantee the existence
of the weak solutions.

For positive constants θ1 ≥ k, θ4 and η ≥ 1, set

δ′λ,g := min

{
1

kp−p+
min

{θp−1 − λkp−p+

∫
Ω
F (x, θ1)dx

Gθ1
(6)

,

θp
−

4 − 2λkp
−
p+

∫
Ω
F (x,

1
p−√2

θ4)dx

2G
1

p−√2

θ4
,

θp
−

4 − 2λkp
−
p+

∫
Ω
F (x, θ4)dx

2Gθ4

}

,

ηp
+

p− ‖a‖1 − λ
( ∫

Ω
F (x, η)dx−

∫
Ω
F (x, θ1)dx

)
Gη −Gθ1

}
.

Now, we deduce the following straightforward consequence of Theorem 3.

Theorem 4. Assume that there exist positive constants θ1 ≥ k, θ4 and η ≥ 1 with

θ1 < min{η
p+

p− , p−
√
‖a‖1kη} and max{η, p−

√
2p+‖a‖1
p− kη

p+

p− } < θ4 such that

(A3) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ4, θ4];

(A4)

max
{∫

Ω F (x, θ1)dx

θp
−

1

,
2
∫

Ω F (x, θ4)dx

θp
−

4

}
<

p−

p− + kp−p+‖a‖1

∫
Ω F (x, η)dx

ηp+ .

13
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Then, for every

λ ∈
( p−+kp

−
p+‖a‖1

p+p−kp−
ηp

+∫
Ω F (x, η)dx

,
1

p+kp−
min

{ θp
−

1∫
Ω F (x, θ1)dx

,
θp
−

4

2
∫

Ω F (x, θ4)dx

})
and for every non-negative L1-Carathéodory function g : Ω × R → R, there exists
δ′λ,g > 0 given by (6) such that, for each µ ∈ [0, δ′λ,g), the problem (P f,gλ,µ) possesses
at least three non-negative weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < 1

p−√2
θ4 and max

x∈Ω
|u3(x)| < θ4.

Proof. Choose θ2 = 1
p−√2

θ4 and θ3 = θ4. So, from (A4) one has

∫
Ω F (x, θ2)dx

θp
−

2

=
2
∫

Ω F (x, 1
p−√2

θ4)dx

θp
−

4

≤
2
∫

Ω F (x, θ4)dx

θp
−

4

(7)

<
p−

p− + kp−p+‖a‖1

∫
Ω F (x, η)dx

ηp+

and ∫
Ω F (x, θ3)dx

θp
−

3 − θ
p−

2

=
2
∫

Ω F (x, θ4)dx

θp
−

4

<
p−

p− + kp−p+‖a‖1

∫
Ω F (x, η)dx

ηp+ . (8)

Moreover, taking into account that θ1 < η
p+

p− , by using (A4) we have

p−

kp−p+‖a‖1

∫
Ω F (x, η)dx−

∫
Ω F (x, θ1)dx

ηp+

>
p−

kp−p+‖a‖1

∫
Ω F (x, η)dx

ηp+ − p−

kp−p+‖a‖1

∫
Ω F (x, θ1)dx

θp
−

1

>
p−

kp−p+‖a‖1

(∫
Ω F (x, η)dx

ηp+ − p−

p− + kp−p+‖a‖1

∫
Ω F (x, η)dx

ηp+

)
=

p−

p− + kp−p+‖a‖1

∫
Ω F (x, η)dx

ηp+ .

Hence, from (A4), (7) and (8), it is easy to see that the assumption (A2) of Theorem
3 is satisfied, and it follows the conclusion.

We now present the following example to illustrate Theorem 4.

14
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Example 1. Let Ω = {(x, y) ∈ R2 : x2 + y2 < 10−4}. We consider the problem
−div

((
1 + |∇u|p(x,y)√

1+|∇u|2p(x,y)

)
|∇u|p(x,y)−2∇u

)
+ a(x, y)|u|p(x,y)−2u

= λf(x, y, u) + µg(x, y, u), in Ω,
∂u
∂ν = 0, on ∂Ω

(9)

where p(x, y) = x2 + y2 + 4 for every x, y ∈ Ω, a(x, y) = 4(x2 + y2) + 2 for every
x, y ∈ Ω and

f(x, y, t) =

{
104(x2 + y2)t12, if t ≤ 1,
8(x2 + y2)(13t− 3π

2 sin(3π
2 t)), if t > 1.

By the expression of f , we have

F (x, y, t) =

{
8(x2 + y2)t13, if t ≤ 1,
8(x2 + y2)(13

2 t
2 + cos(3π

2 t)−
11
2 ), if t > 1.

By simple calculations, we obtain k = 4

√
4
π

(1+10−4π)

(10−8+10−4)
1
4

, p− = 4 and p+ = 4 + 10−4.

Taking θ1 = 3
10 , θ4 = 108 and η = 1, then all conditions in Theorem 4 are satisfied.

Therefore, it follows that for each

λ ∈
(4 + 2k4π(4 + 10−4)(10−8 + 10−4)

16k4π(4 + 10−4)× 10−8
,

109

4× 39k4π(4 + 10−4)× 10−8

)
there exists δ > 0 and for every non-negative L1-Carathéodory function g : Ω×R→
R, there exists δ > 0 such that, for each µ ∈ [0, δ), the problem (9) possesses at least
three non-negative weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < 3

10
, max
x∈Ω
|u2(x)| < 1

4
√

2
108 and max

x∈Ω
|u3(x)| < 108.

We want to point out a simple consequence of Theorem 4, in which the function
f has separated variables.

Theorem 5. Let f1 ∈ L1(Ω) and f2 ∈ C(R) be two functions. Put F̃ (t) =
∫ t

0 f2(ξ)dξ
for all t ∈ R and assume that there exist positive constants θ1 ≥ k, θ4 and η ≥ 1

with θ1 < min{η
p+

p− , p−
√
‖a‖1kη} and max{η, p−

√
2p+‖a‖1
p− kη

p+

p− } < θ4 such that

(A5) f1(x) ≥ 0 for each x ∈ Ω and f2(t) ≥ 0 for each t ∈ [−θ4, θ4];

(A6) max
{sup|t|≤θ1 F̃ (t)

θp
−

1

,
2 sup|t|≤θ4 F̃ (t)

θp
−

4

}
< p−

p−+kp−p+‖a‖1

F̃ (η)

ηp+ .

15
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Then, for every

λ ∈
( p−+kp

−
p+‖a‖1

p+p−kp−
ηp

+

F̃ (η)
∫

Ω f1(x)dx
,

1

p+kp−
∫

Ω f1(x)dx
min

{ θp
−

1

sup|t|≤θ1 F̃ (t)
,

θp
−

4

2 sup|t|≤θ4 F̃ (t)

})
and for every non-negative L1-Carathéodory function g : Ω× R→ R, for each

µ ∈

[
0,min

{
1

kp−p+
min

{θp−1 − λkp−p+ sup
|t|≤θ1

F̃ (t)

∫
Ω
f1(x)dx

Gθ1

,

θp
−

4 − 2λkp
−
p+ sup
|t|≤ 1

p−√2

θ4

F̃ (t)

∫
Ω
f1(x)dx

2G
1

p−√2

θ4

,

θp
−

4 − 2λkp
−
p+ sup
|t|≤θ4

F̃ (t)

∫
Ω
f1(x)dx

2Gθ4

}

,

ηp
+

p− ‖a‖1 − λ
∫

Ω
f1(x)dx

(
F̃ (η)− sup

|t|≤θ1
F̃ (t)

)
Gη −Gθ1

})
,

the problem
−div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+ a(x)|u|p(x)−2u

= λf1(x)f2(u) + µg(x, u), in Ω,
∂u
∂ν = 0, on ∂Ω

possesses at least three non-negative weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < 1

p−√2
θ4 and max

x∈Ω
|u3(x)| < θ4.

Proof. Set f(x, u) = f1(x)f2(u) for each (x, u) ∈ Ω× R. Since

F (x, t) = f1(x)F̃ (t)

from (A5) and (A6) we obtain (A3) and (A4), respectively.

Here, we present a simple consequence of Theorem 4 in the case f does not
depend upon x.

16



S. Heidarkhani, A.L.A. De Araujo, G.A. Afrouzi, S. Moradi – Multiple . . .

Theorem 6. Assume that there exist positive constants θ1 ≥ k, θ4 and η ≥ 1 with

θ1 < min{η
p+

p− , p−
√
‖a‖1kη} and max{η, p−

√
2p+‖a‖1
p− kη

p+

p− } < θ4 such that

(A7) f(t) ≥ 0 for each t ∈ [−θ4, θ4];

(A8)

max
{F (θ1)

θp
−

1

,
2F (θ4)

θp
−

4

}
<

p−

p− + kp−p+‖a‖1
F (η)

ηp+ .

Then, for every

λ ∈
( p−+kp

−
p+‖a‖1

p+p−kp−
ηp

+

meas(Ω)F (η)
,

1

p+kp−meas(Ω)
min

{ θp
−

1

F (θ1)
,
θp
−

4

2F (θ4)

})
and for every non-negative L1-Carathéodory function g : Ω× R→ R, for each

µ ∈

[
0,min

{
1

kp−p+
min

{θp−1 − λkp−p+meas(Ω)F (θ1)

Gθ1

,

θp
−

4 − 2λkp
−
p+meas(Ω)F (

1
p−√2

θ4)

2G
1

p−√2

θ4
,
θp
−

4 − 2λkp
−
p+meas(Ω)F (θ4)

2Gθ4

}

,

ηp
+

p− ‖a‖1 − λmeas(Ω)
(
F (η)− F (θ1)

)
Gη −Gθ1

})
,

the problem
−div

((
1 + |∇u|p(x)√

1+|∇u|2p(x)

)
|∇u|p(x)−2∇u

)
+ a(x)|u|p(x)−2u

= λf(u) + µg(x, u), in Ω,
∂u
∂ν = 0, on ∂Ω

possesses at least three non-negative weak solutions u1, u2 and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < 1

p−√2
θ4 and max

x∈Ω
|u3(x)| < θ4.

The following result is a consequence of Theorem 4 when µ = 0.

Theorem 7. Let f : Ω×R→ R be a continuous function such that tf(x, t) > 0 for
all (x, t) ∈ Ω× (R\{0}). Assume that

17
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(A9) limt→0
f(x,t)

|t|p−−1
= lim|t|→∞

f(x,t)

|t|p−−1
= 0.

Then, for every λ > λ where

λ =
p− + kp

−
p+‖a‖1

p+p−kp−
max

{
inf
η≥1

ηp
+∫

Ω F (x, η)dx
; inf

0<η<1

ηp
−∫

Ω F (x, η)dx

; inf
−1<η<0

(−η)p
−∫

Ω F (x, η)dx
; inf
η≤−1

(−η)p
+∫

Ω F (x, η)dx

}
,

the problem (P f,gλ,µ), in the case µ = 0 possesses at least four distinct non-trivial
solutions.

Proof. Set

f1(x, t) =

{
f(x, t), if (x, t) ∈ Ω× [0,+∞),
0, otherwise,

and

f2(x, t) =

{
−f(x,−t), if (x, t) ∈ Ω× [0,+∞),
0, otherwise,

and define F1(x, t) :=
∫ t

0 f1(x, ξ)dξ for every (x, t) ∈ Ω × R. Fix λ > λ∗, and let

η ≥ 1 such that λ >
(
p−+kp

−
p+‖a‖1

p+p−kp
− )ηp

+∫
Ω F1(x,η)dx

. From

lim
t→0+

f1(x, t)

tp−−1
= lim

t→+∞

f1(x, t)

tp−−1
= 0,

there is θ1 ≥ k such that

θ1 < min{η
p+

p− , p−
√
‖a‖1kη} and

∫
Ω F1(x, θ1)dx

θp
−

1

<
1

λkp−p+

and there is θ4 > 0 such that

max{η, p−

√
2p+‖a‖1
p−

kη
p+

p− } < θ4 and

∫
Ω F1(x, θ4)dx

θp
−

4

<
1

2λkp−p+
.

Then, (A4) in Theorem 4 is satisfied,

λ ∈
( p−+kp

−
p+‖a‖1

p+p−kp−
ηp

+∫
Ω F1(x, η)dx

,
1

p+kp−
min

{ θp
−

1∫
Ω F1(x, θ1)dx

,
θp
−

4

2
∫

Ω F1(x, θ4)dx

})
.

18
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Hence, the problem (P f1,g
λ,µ ), in the case µ = 0 admits two positive solutions u1, u2,

which are positive solutions of the problem (P f,gλ,µ), in the case µ = 0. Next, arguing
in the same way, from

lim
t→0+

f2(x, t)

tp−−1
= lim

t→+∞

f2(x, t)

tp−−1
= 0,

we ensure the existence of two positive solutions u3, u4 for the problem (P f2,g
λ,µ ), in

the case µ = 0. Clearly, −u3, −u4 are negative solutions of the problem (P f,gλ,µ), in
the case µ = 0 and the conclusion is achieved.

Theorem 8. We explicitly observe that in Theorem 7 no symmetric condition on f
is assumed. However, whenever f is an odd continuous non-zero function such that
f(x, t) ≥ 0 for all (x, t) ∈ Ω× [0,+∞), (A9) can be replaced by

(A10) limt→0+
f(x,t)

tp−−1
= limt→∞

f(x,t)

tp−−1
= 0,

ensuring the existence of at least four distinct non-trivial solutions the problem
(P f,gλ,µ), in the case µ = 0 for every λ > λ∗ where

λ∗ = inf
η≥1

p−+kp
−
p+‖a‖1

p+p−kp−
ηp

+∫
Ω F (x, η)dx

.

We end this paper by presenting the following version of Theorem 3, in the case
p(x) = p for every x ∈ Ω.

Theorem 9. Let p(x) = p > N for every x ∈ Ω. Assume that there exist positive
constants θ1 ≥ k, θ2, θ3 and η ≥ 1 with θ1 <

p
√
‖a‖1kη, max{η, p

√
‖a‖1kη} < θ2 and

θ2 < θ3 such that

(A11) f(x, t) ≥ 0 for each (x, t) ∈ Ω× [−θ3, θ3];

(A12)

max
{∫

Ω F (x, θ1)dx

θp1
,

∫
Ω F (x, θ2)dx

θp2
,

∫
Ω F (x, θ3)dx

θp3 − θ
p
2

}
<

1

kp‖a‖1

∫
Ω F (x, η)dx−

∫
Ω F (x, θ1)dx

ηp
.

Then, for every

λ ∈
( ηp

p ‖a‖1∫
Ω F (x, η)dx−

∫
Ω F (x, θ1)dx
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,
1

pkp
min

{ θp1∫
Ω F (x, θ1)dx

,
θp2∫

Ω F (x, θ2)dx
,

θp3 − θ
p
2∫

Ω F (x, θ3)dx

})
for every non-negative L1-Carathéodory function g : Ω×R→ R for each µ ∈ [0, δλ,g),

µ ∈

[
0,min

{
1

kpp
min

{θp1 − λkpp ∫
Ω
F (x, θ1)dx

Gθ1

,

θp2 − λk
pp

∫
Ω
F (x, θ2)dx

Gθ2
,

(θp3 − θ
p
2)− λkpp

∫
Ω
F (x, θ3)dx

Gθ3

}

,

ηp

p ‖a‖1 − λ
( ∫

Ω
F (x, η)dx−

∫
Ω
F (x, θ1)dx

)
Gη −Gθ1

})
.

the problem
−div

((
1 + |∇u|p√

1+|∇u|2p

)
|∇u|p−2∇u

)
+ a(x)|u|p−2u

= λf(x, u(x)) + µg(x, u), in Ω,
∂u
∂ν = 0, on ∂Ω

possesses at least three non-negative weak solutions u1, u2, and u3 such that

max
x∈Ω
|u1(x)| < θ1, max

x∈Ω
|u2(x)| < θ2 and max

x∈Ω
|u3(x)| < θ3.
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