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ESTIMATE FOR INITIAL TSCHEBYSCHEFF POLYNOMIALS
COEFFICIENTS ON A CERTAIN SUBCLASS OF BI-UNIVALENT
FUNCTIONS DEFINED BY SALAGEAN DIFFERENTIAL
OPERATOR
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ABSTRACT. In this present study, we introduce a comprehensive class of ana-
lytic and bi-univalent functions defined by Salagean operator, and also obtain initial
Maclaurin coefficient estimates by using the Tschebyscheff polynomials for this sub-
class. Furhermore, we solve the Fekete-Szegd problem for functions belonging to this
subclass.
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1. INTRODUCTION

Denote by D the unit disc of the complex plane D = {2z : z € C : |2| < 1}, and A
the class of functions analytic in D; satisfying the conditions

f(0)=1 and f'(0)=1.

Then each function f in A has the Taylor expansion
o0
f(2) :z+2anz". (1)
n=2

Also let S be the subclass of A consisting of functions the form (1) which are
univalent in D.

Further, we denote the class of starlike functions in A by S*. It is well known
that a function f € A is in §* if and only if

() >
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Denote by K the subclass of S consisting of convex functions, so that f € K if and

only if, for z € D ,
R <1+ 2 (Z)> > 0.
f'(z)

These two classes have been widely and repeatedly studied by various authors. The
theory of analytic functions has wide application in many physical problems such
as fluid flows, heat conduction, aerodynamics and so on.The concern of this work is
the study of particular subclass of analytic and bi-univalent functions defined chosen
domain.

If the functions f and g are analytic in D, then f is said to be subordinate to g
, Written as

f(z) <g(2), (2€D)

if there exists a Schwarz function w(z), analytic in D, with
w(0) =0 and |w(z)|]<1 (z€D)

such that
f(z) =g(w(z)  (z€D).
If the function f and its inverse F' = f~! are univalent in D, we say that
the function f € A is bi-univalent in D.

Let X define the class of all bi-univalent functions in D. Someone can see a
short history and examples of functions in the class ¥ in [8]. The Koebe 1/4 Theorem
[19] asserts that the image of D under each univalent function f € S contains the
disk of radius 1/4. According to this, if F' = f~! is the inverse of a function f € S,
then F' has a Taylor-Maclaurin series expansion in some disk about the origin. So,
from the Koebe 1/4 Theorem (for details, see [8]) each univalent f has an inverse
f~1 fulfilling

FHf(R) =2 (z € D)

and

) =v (lol <m0, ) =)
On the other hand, f~! is represented by

F(w) = fH(w) = w — agw? + (2a3 — a3)w® — (5a5 — Sagas + ag)w + - -

(o]
=w+ Z bow".
n=2

A classical theorem of Fekete-Szego [9] states that for f € S of the form (1), the
functional |ag — pa3| satisfies the inequality:
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3 — 4, <0
lag — pa3| = { 1+ exp(724), 0<p<1
4:“‘_37 ,UZO

Keogh and Merkes [10], in 1969, obtained the sharp upper bound of the Fekete-
Szegd functional |az — pa3| for functions in some subclasses of S. The functional
has since received great attention, particularly in many subclasses of the family of
univalent functions (see for example, [2], [3], [4], [18], [20]).

In the case of a real variable t on (—1, 1), the expressions,

T,(t) = cosnb, t = cosb

uniquely define polynomials of the n th degree, so called Tschebyscheff polynomials
(see [12]).

The Tschebyscheff polynomials T,(t),t € (—1, 1) have the generating function of
the form

iT(t)” L2 (ep
M= (z .
" 1— 2tz + 22
n=0
Thus, we write
T(z,t) =14 Li(t)z + La(t)2> 4+ ... (2 € D).
Also it is known that

Loi1(t) + 2tLy(t) + Ly_1(t) = 0

and
Lo(t) =1
Li(t) =t,
Lo(t) = 2t> — 1,
Ls(t) = 4¢3 — 3t,

The study of operators plays an important role in mathematics especially in
geometric function theory. Recently, the interest in this area has been increasing
because it permits detailed investigations of problems with physical applications.
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For example, the differential operator is linked between function theory and mathe-
matical physics. Ruscheweyh in 1975 [16], and then several authors (see [1], [7], [11],
[13], [14] and [15]) defined new operators and studied various classes of analytic and
univalent functions, which generalise a number of previously well known subclasses
and at that times they discovered new subclasses of analytic functions. Salagean in
1983 [17] defined the differential operator D* of the class of analytic functions by
using the technique of convolution. Many authors have used the Saldgean operator
to define and investigate the properties of certain known and new classes of analytic
functions.

In this study we also mentioned a comprehensive class defined by Salagean op-
erator. The class introduced in this paper is motivated by the corresponding class
investigated in [6]. We establish bounds for the coefficients, and solve the Fekete-
Szego problem for the functions that belong to this class. Furthermore, some related
corollaries and remarks are also considered.

2. THE SUBCLASS Byx(u, A\, t, k)

In this part, we present and research the comprehensive subclass By (u, A, ¢, k). For
f € A, we also consider the Sélagean operator [17] which introduced by Salagean as
follows:

Df(z) = f(2),
D'f(z) = 2f'(z) = Df(2),

(2)

DFf(z) = D(DF1f(2)),  (keN:={1,2,3,..}).

If f is given by (1), then from (3) and (4) we see that
DFf(z) =24+ nFanz", (k€ No:= (NU{0}), (5)
n=2

with D*£(0) = 0.
Next, we consider the following new subclass of analytic bi-univalent functions
defined by Saldgean operator .
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Definition 1. A function f € 3 is said to be in the class By (u, \,t,k) , A > 1, >
0,k € NU{0},z € D and t € (3,1] if the following subordination hold

(1-XN) <Dkf(z)>u+)\ (Dkf(z))/ <Dk£(z)>”1 < T(z,t):= 1_12;;:7_22 (z€ D).

and )

(1-2) <D”;(l”)>M+A (ka(w))’ <Dki(“’))“_l < T(w,t) == 1_12;1% (we D)
(7)

where the function F(w) = f~(w).
Now, we give some special cases as remarks for the case of special parameters.

Remark 1 (i) For p = 1 and k& = 0, we get the class Bx(1,,t,0) = Bx(A,t)
consists of functions f € ¥ satisfying the condition

, 1—t
(1—A)f(j)+Af(Z)<T(Z,t)=1_2tziz2
and F(w) 1—t
w / —ww
(L= A= F HAF () < T(w, ) = ;=5

where the function F' = f~! . This class introduced and studied by Bulut et al. [5].
(73) For A = 1 and k = 0, we get the class Bx(u,1,t,0) = Bs(u,t) consists of
bi-Bazilevi¢ functions:

/ 2)\F1 1-—1tz
F) (ﬂ)> STE =g

and

F (w) <F(“’)>#_1 < T(w,t) = —

w :1—2tw+w2

where the function F = f~1.
(7i7) For A =1, u = 1 and k = 0; we have the class Bx(1,1,¢,0) = By (t) consists
of functions f satisfying the condition

’ 1—-tz
T(z,t) = ———
and 1—t
’ — tw
F T(w,t) = ——
(W) <T(w,t) = 5=
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where the function F' = f~! .
(tv) For A =1, p =0 and k = 0 ; we have the class Bx (0, 1,¢,0) = Sx(¢) consists
of functions f satisfying the condition

zf'(2) 1—tz
T(z,t) = ———
f(2) < T 1— 2tz + 22
and )
wF (w) 1—tw
T t = —-—-————
F(w) < T(w,?) 1 — 2tw + w?

where the function F = f~1 .

Theorem 1. Let the function f(z) given by (1) be in the class By (u, A\, t,k) . Then

/2t

T [ TRV RS = TES Y ER TR Vel

and
t 12

3F (1 + 2)N) * 3+ N2
Proof. Let f € By(u, A\, t, k). From (6) and (7), we have

las| <

- (Dkf”> 2 (D)) (Dkf“> 1 L (Op(2) + L) +
and a
(1-)) <Dki(m)u+x (DkF(w))' (W)M = 14 L1 (£)q(w)+ La(t)g* (w) + ..

for some analytic functions
p(z) =c1z+ 022’2 + 0323 +.. (€ D)

q(w) = dyw + dow? + dsw® + ... (w € D)

where p(0) = ¢(0) = 0 and p(z) < 1, g(w) < 1 for all z € D. Tt is well-known that if
Ip(z)| < 1 and g(w)| < 1, then

lejl <1 and |dj| <1 for all j€N and z,we D.

From Egs. (8) and (9) we have
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k w / k() \ 1
(1—)\)<D £(2)> A (Dkf(z)) <D ﬁ( )) = 1+ Ly (t)erz+ Ly (t)en + Lo(t)cd] 22+...
(10)

H p—1
(1-X) (DkF(w)) +A (D*F(w))’ (DkF(w)> = 1+Ly (t)diw+ Ly (t)d2 + La(t)d3] w’+...

w w
(11)
It follows from Egs. (6) and (7) that
28 (1 + Nag = L1 (t)ey (12)
3F(u+2)) {“ ; lag - ag] = Li(t)ca + La(t)ci (13)
— 2%+ Nag = Li(t)dy (14)
3+ 2)) [“ ; 3a§ - a3} = Ly (t)dy + Lo(t)d3. (15)
From Egs. (12) and (14), we have
1 = —dj (16)
and
2 (1 + A)%a3 = LE(t)(cf + d). (17)
Now by summing (13) and (15) we obtain
3% (4 20) (1 + 1)a3 = Ly (t)(c2 + da) + La(t)(c] + d7). (18)
By using (17) in (18), we obtain
St an)(ut 1) - S L2 OWE AT o e ) 10)

L3 (#) a
Also, by considering Lo(t), L1(t) and (18) we obtain

as < \/Et
= R I 1) PR 1)
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8°2(u + 2\)[—a3 + as] = L1(t)(c2 — do) + La(t)(cf — d}). (20)
Then in view of (16) and (17) we obtain the equality (21) from (20)
_ Li(t)(ca —da) | LE(t)(c] +d7)

= . 21
as 3k2(ﬂ + 2)\) 22k+1(ﬂ + /\)2 ( )
Next, in order to find the bound on |as|, by considering Li(t), we obtain
t t2
|as| < (22)

(2N 2N

So, we obtain the desired result and the proof is completed.

3. FEKETE-SZEGO INEQUALITY FOR THE SUBCLASS By (p, A, t, k)
Our next theorem gives the Fekete-Szego inequality for functions in the class By (u, A, ¢, k).
Theorem 2. Let f given by (1) be in the class Bx(u, A\, t, k) and £ € R. Then

+1 22k (242 —1) (u+2)?
€E—1| < (M2)_ ( )(p

__t
3F(ut2X)°

2 342 (p+2X)
las=tas] < 21— €= 1] > | ) 2Eee ()
BRI (u+2X) (1) —22F 1 (262 = 1) (u+A)?[ =] 2 3R2 (u+22)
Proof. From (19) and (20)
Lit)(e—dy)  L3O(E + &) EL3(t)(c2 + da)

- 2 — —
5800 = ot an) TR (i N2 SFLE() (a2 + 1) — 2R Lo () (- A)2

Lil)’(t)(CQ + d2) n Ly (t) (CQ — dg)
T 2N (a1~ P L0t N 320+ 2

where )
e (1 - 9L30) |
BRLT() (1 +20) (4 1) — 22K FL Lo () (1 + )2
Then, by taking modulus of above equality and using by L;(¢) and La(t) , we
conclude that

=(1-¢)

t . 1
’ag —fa%‘ < {3k(#+2)\)7 0 S ’h(§)| S 3k2(ﬂ+2/\)
2t 1G] = m

This completes the proof of Theorem 3.1.
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Taking £ = 1 in Theorem 3.1, we get the following consequence.
Corollary 3.2 If f € By(u, A, t, k) , then

laz — a3| < __t

SR Bk 20)
Taking k = 0 in Corollary 3.2 we get the following Corollary 3.3.
Corollary 3.3 If f € By(u, A,t,0) , then

t

2
a a3 < .
a3 2l < (1 + 2))
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