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NON-BAZILEVIC ANALYTIC FUNCTIONS DEFINED BY LINEAR
OPERATOR
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ABSTRACT. By making use of the principle of subordination between analytic
functions, we introduce non-Bazlevic classes of multivalent functions defined by lin-
ear operator. Various results as subordination properties, superordination proper-
ties, sandwich type results and distortion theorems are obtained.
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1. INTRODUCTION

Let H{a, k] be the class of analytic functions of the form:

f(2) =a+apz® + ap1 25+ (z € U),
and A(p) be the class of functions of the form

f2) =27+ apin2?™" (peN=1{1,2,..}), (1)
n=1

which are analytic and p—valent in U = {z : |2| < 1}.
Let M be the class of functions ®(z) which are analytic and univalent in U and
for which ®(U) is convex with ®(0) =1 and R{ ®(z)} > 0.
FormeNy, (>0, pandneR;, u<p+1;, —co<A<n+p+1;§ > —p. Aouf

et al. [2] defined the operator N;?)’\ifm : A(p) — A(p) as follows:

1767C —_ 57<
Np,)\,um (Z) - Np,/\vumf(z)

= (- QE,IG)+ ¢ (B, 7))

= N p+n (5+p)"(1+p_ﬂ)n(1+p+n_/\)n +n
- ZP+Z( p ) L)n(1+p)n(l+p+n—p) aptnz” ",

n=1
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!

Nyind () = (= QNS TG+ NS, f(2)]

_ p+Cn\" O +p)al+p—Wa(l+p+n—Ny .
= ZP+Z < P > (1)n(1 —|—p)n(1 +p+77_ﬂ)n ap-i—nzp )

and, in general
N 6,¢ _ 6,¢ m—1,6,¢
H#“?f( 2) = Np)\un(Nn A pn fz ))

- +¢n 6+p) (I4-p—p)n A4p+n—N)n +n
= zHZ(p ) (D (TP (Chptr—pn o’ - (2)

From (1.2), we can easily obtain the following identities:

Ca(NIC f(2) = pNITOCf(2) —p (L= QNS f(2) (C>0),  (3)

AN F(2) = (= ANIRC F(2) — (= NS, () ()

and
m(S m5 m6
2N F(2) = (p+ ONIRT L f(2) — ONDRYS £(2). (5)
Using the operator Ngfj\‘s’inf(z) and for pe C, -1 < B< A <1, let:
. m,0
(1) RpAncp/(a p?A’B) =
o7 m+1 5,¢ [e7
f(z) »
1 S _ Py p,7) z —
ream: 0 (metsm) o (805 (eefim) =) |,
=< 1+ Az
1+Bz?
.y (6)
(11) TIZL):J;M(Q,[), Av B) -
“ Nyse 1 f(2) , °
].+ mzp> - < m;D)\,u’rl m, =
feAp): (1+0) <Np ) PN and @) ) \ NI P ) ,
< 1+ Az
1+Bz?
e (7)
(i) V3¢ (0,p; A, B) =
“ Ny b 1 (2) »\°
14+ _ zP > _ < pmkun o z
feAlp): 1+0) ( Ny e (2) PN &) )\ 1) . (8)
= 1+ Az
1+ Bz
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where < denotes the subordination (see for details [1, 3, 6]; see also [9]).
Throughout this paper unless otherwise stated, the parameters n, u, A, d, p, ¢, m,(, A
and B satisfy the constraints:

nu € R u<p+l,—oco<A<n+p+1, §>—p;
0 < a<lmeNy(>0, and p e N,

2. PRELIMINARY RESULTS

In order to establish our main results, we need the following definition and Lemmas.

Definition 1. [7]. Denote by L the set of all functions f that are analytic and
injective on U\E(f), where

Bl@) = {€ € 0 lmy £(2) = oo}

and such that f'(§) # 0 for & € U\E(f).

Lemma 1. [6]. Let h(z) be analytic and convex in U with h(0) =1, and

9(2) =14 2" + ey 2"+ L 9)
be analytic in U. If
29'(2)
9(2) + o h(z) (R(y) >0), (10)

then

9(z) < q(z) = %z—% /h(t)tl—ldt < h(2),
2

and q(z) 1is the best dominant of (2.2).

Lemma 2. [9]. Let q(z) be a convex univalent in U and o € C, 7 € C* = C\{0}

with
R0 ) s o, -2(2))

If g(2) is analytic in U and

og(z) + 7124 (2) < 0q(z) + 72¢'(2),

then g(z) < q(z) and q(z) is the best dominant.
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Lemma 3. [7] Let q(z) be convex univalent in U and T € C. Further assume that
R(1) > 0. If g(z) € H[q(0),1] NL, and g(2) + 72¢'(2) is univalent in U, then

q(2) + 724 (2) < g(2) + 724'(2),
implies q(z) < g(z) and q(z) is the best subordinant.

Lemma 4. [}]. let F' be analytic and convex in U. If f, g € A=A(1) and f,
g < F then

Af(2) + (1= Ng(z) < F(z) (0<A<1).

Lemma 5. [8]. Let f(z) =1+ Y apz* be analytic in U and g(z) = 1+ Y b2*

k=1 k=1
be analytic and conver in U . If f(z) < g(z), then
lag] < |b1] (k € N).
3. MAIN RESULTS
In the remender of this paper, x(z) is given by (6).
Theorem 6. . Let f(z) € R;'f/’\(ff#(a,p; A, B) with R(p) > 0. Then
P : F1+A
z ap + Azu ep_4
—_— =< q(z)z/uCP du
m,o,
(Np,/\,;f’n (z)) Cp / 1+ Bzu
1+ Az
11
= 1+ Bz (11)
and q(z) is the best dominant.
Proof. let
(2 ( ) (12)
9(2) = | 5, .
NPJ\»MC,U (2)

Then g(z) is of the form (9) and is analytic in U. Differentiating (12) and using (3),
we get

(2) + Cr2g'(2)

X(2) = g(2) + L (13

As f(z) € R;?;f;iu(a,p; A, B), we have

)+ Cpzd'(2) - 1—|—Az.
ap 1+ Bz

g9(z
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[0}

Applying Lemma 1 with v = C—ﬁ, leades to

z

(0%
p a «a
() < = [t
Np«\,u,n () P 0

1
ap/1+Azu @,161 1+ Az

Cp

0

~
1+Bzuu v 1+ Bz’

and ¢(z) is the best dominant, which ends the proof of Theorem 6. I

Theorem 7. Let p € C* and q(z) be univalent in U satisfies

R (1 + zj,é’?) > max {0, R (Zf];) } . (15)

If f(z) € A(p) satisfies

Cpzq'(2)
) + Tap (16)

T S =<q(z),
m,d,
N f(2)

and q(z) is the best dominant.

Proof. Let g(z) be defined by (12). We know that (13) holds. Combining (13) and
(16), we fined that

x(2) < q(z

then

o)+ LLE) (o) 4 L) (17)

By using Lemma 2 and (?7?), we easily get the assertion of Theorem 7. i
1+ Az

Taking ¢(z) = T+ Bs (-1<B< A<1) in Theorem 7, we get the following

result.

Corollary 8. Let p € C* and —1 < B < A <1, suppose also that

1— Bz ap
%<1+Bz> >max{0,—8?(cp>}.

If f(z) € A(p) satisfies
1+Az (p(A—B)z

14+ Bz  ap(l+ Bz)?’

x(2) <
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then N
( 2P ) ~ 14+ Az
m,d, ’
Np,/\,/fmf(z) 1+ B2
1
and + Az 1s the best dominant.
14+ Bz

Theorem 9. Let q(z) be convexr univalent in U with R(p) > 0. Also let

(M) € H[q(0),1] NL

DA
and x(z) be univalent in U. If

o() + Cpzq'(2)

< ,
op x(2)

then

P (6%
«@<(,M§>,
Np’)\“u,’nf(z)

and q(z) is the best subdominant.

Proof. Let g(z) be defined by (12) . Then

o)+ L <o) = g(a) + LELE)

Applying Lemma 3 yields the assertion of Theorem 9. 1

1+ Az

Taking ¢(z) = T B>

result.

(-1 < B< A<1) in Theorem 9, we get the following

Corollary 10. Let q(z) be conver univalent in U and —1 < B < A < 1 with

R(p) > 0. Also let
Zp
(ngﬂ@>€HM@JML

DA 7

and x(z) be univalent in U. If

1+Az (p(A—B)z
14+ Bz  ap(l+ Bz)?

=< x(2),
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then

1+ Az ~ ( ZP >a
1+ B m,0,C ’
TEE AN ()
1+ Az
14+ Bz
Combining Theorem 7 and Theorem 9, we easily get the following ”Sandwich
type result”.

and 1s the best subdominant.

Theorem 11. Let q1(2) be convex univalent, q2(z) be univalent in U and satisfies

(15) with p € C*.If
Zp
) eHla(0).1]NL,
( Ny (2 >>

and x(z) is univalent in U, and if also

() + L0 o) = go(a) + LEBE)

ai(2) < (m) < 42(2),
1 NS fy)

and q1(z) and g2(z) are the best subordinant and dominant respectively.

)

then

Theorem 12. If p, o > 0 and f(2) € R™ (a,0;1 — 2th,—1) (0 < ¢ < 1), then

DA
f(z) € Rmfncu(oz p;1—2¢,—1) for |z| < R, where
R= (C’)> 1= (18)
ap

The bound R is the best possible.

Proof. We begin by writing

2P ¢

(M) =¢+(1-v)g(z) 0<yp <. (19)
p,)\ 1y 'r]f( )

Then, clearly, g(z) is of the form (9), analytic and has positive real part in U.

Differentiating (19) and using (3), we obtain

1 B N szg’(Z)_

ﬂ X ap (20)
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By making use of the following well-known estimate (see [5]):

24g'(z 2r
Ry <o (=<
(20) leads to
1 2Cpr
r (W {X(Z) - 1/}}> > ?R{g(z)} (1 - ozp(17“2)> . (21)

It is seen that the right-hand side of (21) is positive, provided that » < R, where R
is given by (18). In order to show that the bound R is the best possible, we consider
the function f(z) € A(p) defined by

ZP a_ 1+2
(Nm,a,c (2)> _w+(1_w)<1—2> @9 <)

DA 4,7

Noting that
1 14z 2(pz
1_¢{X(z) 1/}}_ 1— 2 Oép(].—Z)Z

for |z| = R, we conclude that the bound is the best possible, which ends the proof. i

0, (22)
Theorem 13. Let f(z) € R™C (a, p; A, B) with R(p) > 0. Then

DA
— 1+ Bw(2)  (p " (a(p)e (- +n
J(z) = <Zp (1 + Aw(z)) ) * (Zp +n§ (p+<n> +p)n(p+1—p), T+p—A+7n 2 ’
where w(z) is analytic function with w(0) =0 and |w(z)| < 1.

Q=

(23)

Proof. Suppose that f(z) € R™>¢ (a, p; A, B) with R(p) > 0. It follows from (11)

AT
that N
P
(i) s o
where w(z) is analytic with w(0) = 0 and |w(z)| < 1. By virtue of (24), we easily
find that L
mé ¢ poy o (1LE B\
N, LS (2) == <1 A ) (25)
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Combining (2) and (25), we have
p+cn (64P)n(P+1-p),,Ap=2A40)n _p+n
( o Z < ) (Dn(1+p)n (1+p+n—p)n & = f(2)

_ (W) a3 (26)

The assertion (23) of Theorem 6 can now easily be derived from (26).

Theorem 14. Let f(z) € m/\éncu(a,p;A,B) with RN(p) > 0. Then

0\ +(n (0+p)n(P+1—p), A+p—A+0)n n
1| (14 A4e?) (Z“r ) () e R oo

*f( )= 27 (14 Bei®)a
# 0 (0<6<2m). (27)

2P

Proof. Suppose that f(z) € Rzlkdncu(a,p; A, B) with R(p) > 0. We know that (11)
holds, implying that

2P Y14 Aei?
| F 0 (0<0<27). (28)
m,o0 0
(Nm ,fnf(2)> 1+ Be
It is easy to see that the condition (28) can be written as follows:
1 N™ d, i é i é
Zp[phf,,f()(lJrAee) _zp<1+Bee) }7&0 (0<6<2m). (29)

Combining (2) and (29), we easily get the convolution property (27). i

Theorem 15. Let py > py >0 and —1 < By < By < Ay < A} < 1. Then

Rzlkéngu(a p27A27B2) C R;n)\(sncy(avpl;AlaBl)' (30)

Proof. Suppose that f(z) € Rm)\éngu(a pa; A2, Ba). We have

» a Nm+15Cf() P a 14 Ags
o () o (SHEO) (Ve
NN pey) P\ NS ) ) NS pe) 1+ Bz
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As —1 < By < By < Ay < Ay <1, we easily find that

2P ¢ m;rlécf() 2P ¢
o) (Y (2
AN ) Npe £(2) ) NP ()

1—|—A22_< 1—|—A12
1+ Byz 14 Bz’

(31)

which means that f(z) € R;n/’\é;fu(oz,pz;Al,Bl). Thus the assertion (30) holds for
pe = py > 0. If p, > p; > 0, by Theorem 6 and (31), we know that f(z) €

Rm,é,( (O[, 0; Ay, Bl), that is,

DA,
p “ 1+ A4
z 12
—— | < . 32
( Ml f(s )) 1+ Bz (32)

177 M

At the same time, we have

2P ¢ m;rif,cf() 2P :
v (gtm) (i) (i)
1 pA&;fnf( ) 1 pkngnf( ) pA&;fnf( )

_ P1 Gl ’ P1
= (1- )(Nm5< f(z)) +p2

DA,
“ NLOCf(2) p “
1+ _ _ pm ©n — z i 33
[( /72) ( pkazfnf( )> P2 < pk&/fnf(z) ) < pf,}fmf(z)> :l ( )
Moreover
0<? <y,
P2
and 1B (=1 < By < A1 <1; z € U) is analytic and convex in U. Combining
z

(31)-(33) and Lemma 4, we find that

a m~+1,0 «
(14 p1) <Zp> —py (ij\illl»ncf(z)> < 2P ) = 1+ Az
m,d m,0 m,d ’
p,anf( ) p,)x/fnf( ) Np,)\;fnf(z) 1+ Bz

m,d,¢
DA

which means that f(z) € R
(30) of Theorem 15 holds. &

(a, py; A1, B1), which implies that the assertion
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Theorem 16. Let f(z) € R;nfhcﬂ(a,p; A,B) with p >0 and -1 < B < A< 1.
Then
1 «
ap/ 17Auugfldu < %(Zp )
]. - B m:‘SyC
¢p 0 Y Np,/\,u,n (2)
1
ap/ 14+ Au ep_y
< = usr du. (34)
1+ Bu
Cp )
The extremal function of (34), is given by
) -1
5, ap 1+ Az"u op_4
szl/\,u%nf(z)F(Z) =z CP/HBZ"UUCP du (35)

0

Proof. Let f(z) € Rz,li\(f;iu

(11) holds, which implies that

1

o
ZP ap [[1+Azu ep_y
Y R 9L [TA G
(crm) < e T
P,A%W 0
1
Cp zeU 1+ Bzu
0
i A
ap/1+ U o op_q
< = u  du, (36)
14+ Bu
Cp )
P “ ; A
z . ap [(1+Azu or_y
Rl —— f — | ———ud% d
<Nm,6,C f(z)) > zlgU (p/l—i—Bzuu v
DA 0
1
> ap/inf% 1+ Azu wer Ldu
Cp ) zcU 1+ Bzu
0
i A
ap/l— U ap_q
> u du. (37)
1— Bu
Cp )
Combining (36) and (37), we get (34). By noting that N;Sfinf(z)F(z) € R;’S\‘f;iu(a, p; A, B),

we obtain that equality (34) is sharp. I
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In a similar way, applying the method used in the proof of Theorem 16, we easily
get the following result.

Corollary 17. Let f(z) € Rm)\éncu(a,p;A,B) with p > 0 and —1 < A < B < 1.
Then

14+ Au op_y P “
/ +Buu<§ du < %(ﬂé)
Cpo 1+ Bu pkunf()
1—Au @
< Z”;/l_BZucﬁ Ldu. (38)
0

The extremal function of (38), is given by (35).

In view of Theorem 16 and Corollary 17, we easily derive the following distortion

theorems for the class Rm/\(sn4 u(a,p; A, B).

Corollary 18. Let f(z) € Rgl)\ancu(a,p;A,B) with p > 0 and -1 < B < A < 1.

Then for |z| =1 < 1, we have

pop [1- Aur o N
" (p 1-— Bur du < p’)‘“”f( ?)
0

Q-

1
1+ Aur o»_4
< rP ¢ d . (39

" Cp/l—i—Burup “ (39)

The extremal function of (39) is defined by (35).

Corollary 19. Let f(z) € Rglkancu(a,p;A,B) with p > 0 and -1 < A < B < 1.

Then for |z| =r < 1, we have

Q |~

1

ap 14+ Aur o 4 )

a CP/1+Buru<p duf < ‘ NS d (2 )‘
0

Q-

1
» ap/l—Aur e 0
< r & | T Bur wl| . (40)
0
The extremal function of (40) is defined by (35).
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By noting that
R@)? <R (vi) <pl? (e R(v)20). (41)
we easily derive from Theorem 16 and Corollary 17 the following results.

Corollary 20. Let f(z) € R™0% (a,p; A, B) with p >0 and -1 < B < A < 1.

DA
Then

—_

1 2 a

— o p 2

o [l gy, %<M>
pO - bu Np)\“nf(Z)

1
ap/l—i—Au ey
— du
Cp ) 14+ Bu

0

The extremal function is defined by (35).

Corollary 21. Let f(z) € R;”)\angu(a,p;A,B) with p > 0 and —1 < A < B < 1.
Then

The extremal function is defined by (35).

Remark 1. (i) Using (4) instead of (3) in the above results, we get the corresponding

results for the class T ’ifu(a p; A, B);
(ii) Using (5) mstead of (3) in the above results, we get the corresponding results

for the class V. )\ncu(oz p; A, B);
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