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1. Introduction

Let H[a, k] be the class of analytic functions of the form:

f(z) = a+ akz
k + ak+1z

k+1 + ... (z ∈ U),

and A(p) be the class of functions of the form

f(z) = zp +

∞∑
n=1

ap+nz
p+n (p ∈ N = {1, 2, ...}), (1)

which are analytic and p−valent in U = {z : |z| < 1}.
Let M be the class of functions Φ(z) which are analytic and univalent in U and

for which Φ(U) is convex with Φ(0) = 1 and <{ Φ(z)} > 0.
For m ∈ N0, ζ ≥ 0, µ and η ∈ R; µ < p+ 1; −∞ < λ < η + p+ 1; δ > −p. Aouf

et al. [2] defined the operator Nm,δ,ζ
p,λ,µ,η : A(p)→ A(p) as follows:

N1,δ,ζ
p,λ,µ,ηf(z) = Nδ,ζp,λ,µ,ηf(z)

= (1− ζ)Hλ,δ
p,η,µf(z) + ζ

z

p

[
Hλ,δ
p,η,µf(z)

]′
= zp +

∞∑
n=1

(
p+ ζn

p

)
(δ + p)n(1 + p− µ)n(1 + p+ η − λ)n

(1)n(1 + p)n(1 + p+ η − µ)n
ap+nz

p+n,
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N2,δ,ζ
p,λ,µ,ηf(z) = (1− ζ)Nδ,ζp,λ,µ,ηf(z) + ζ

z

p

[
Nδ,ζp,λ,µ,ηf(z)

]′
= zp +

∞∑
n=1

(
p+ ζn

p

)2 (δ + p)n(1 + p− µ)n(1 + p+ η − λ)n
(1)n(1 + p)n(1 + p+ η − µ)n

ap+nz
p+n,

and, in general

Nm,δ,ζp,λ,µ,ηf(z) = Nδ,ζp,λ,µ,η
(
Nm−1,δ,ζ
p,λ,µ,η f(z)

)
= zp +

∞∑
n=1

(
p+ζn
p

)m
(δ+p)n(1+p−µ)n(1+p+η−λ)n

(1)n(1+p)n(1+p+η−µ)n ap+nz
p+n. (2)

From (1.2), we can easily obtain the following identities:

ζz(Nm,δ,ζp,λ,µ,ηf(z))
′

= pNm+1,δ,ζ
p,λ,µ,η f(z)− p (1− ζ)Nm,δ,ζp,λ,µ,ηf(z) (ζ > 0) , (3)

z(Nm,δ,ζp,λ+1,µ,ηf(z))
′

= (p+ η − λ)Nm,δ,ζp,λ,µ,ηf(z)− (η − λ)Nm,δ,ζp,λ+1,µ,ηf(z) (4)

and

z(Nm,δ,ζp,λ,µ,ηf(z))
′

= (p+ δ)Nm,δ+1,ζ
p,λ,µ,η f(z)− δNm,δ,ζp,λ,µ,ηf(z). (5)

Using the operator Nm,δ,ζp,λ,µ,ηf(z) and for ρ ∈ C, −1 ≤ B < A ≤ 1, let:

(i) Rm,δ,ζp,λ,η,µ(α, ρ;A,B) =f ∈ A(p) :
(1 + ρ)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ

(
Nm+1,δ,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm+1,δ,ζ
p,λ,µ,η f(z)

)α
= χ(z)

≺ 1+Az
1+Bz ,

 ,

(6)

(ii) Tm,δ,ζp,λ,η,µ(α, ρ;A,B) =f ∈ A(p) :
(1 + ρ)

(
zp

Nm,δ,ζp,λ+1,µ,ηf(z)

)α
− ρ

(
Nm,δ,ζp,λ,µ,ηf(z)

Nm,δ,ζp,λ+1,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ+1,µ,ηf(z)

)α
≺ 1+Az

1+Bz ,

 ,

(7)

(iii) V m,δ,ζ
p,λ,η,µ(α, ρ;A,B) =f ∈ A(p) :

(1 + ρ)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ

(
Nm,δ+1,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ 1+Az

1+Bz

 , (8)
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where ≺ denotes the subordination (see for details [1, 3, 6]; see also [9]).
Throughout this paper unless otherwise stated, the parameters η, µ, λ, δ, ρ, α,m, ζ, A

and B satisfy the constraints:

η, µ ∈ R, µ < p+ 1,−∞ < λ < η + p+ 1, δ > −p;
0 < α < 1,m ∈ N0, ζ > 0, and p ∈ N,

2. Preliminary results

In order to establish our main results, we need the following definition and Lemmas.

Definition 1. [7]. Denote by L the set of all functions f that are analytic and
injective on Ū\E(f), where

E(q) =

{
ξ ∈ ∂U : lim

z→ξ
f(z) =∞

}
,

and such that f ′(ξ) 6= 0 for ξ ∈ Ū\E(f).

Lemma 1. [6]. Let h(z) be analytic and convex in U with h(0) = 1, and

g(z) = 1 + ckz
k + ck+1z

k+1 + ... (9)

be analytic in U. If

g(z) +
zg′(z)

γ
≺ h(z) (<(γ) > 0 ), (10)

then

g(z) ≺ q(z) =
γ

k
z−

γ
k

∫
h(t)t

γ
k
−1dt ≺ h(z),

and q(z) is the best dominant of (2.2).

Lemma 2. [9]. Let q(z) be a convex univalent in U and σ ∈ C, τ ∈ C∗ = C\{0}
with

<

(
1 +

zq
′′
(z)

q′(z)

)
> max

{
0,−<

(σ
τ

)}
.

If g(z) is analytic in U and

σg(z) + τzg′(z) ≺ σq(z) + τzq′(z),

then g(z) ≺ q(z) and q(z) is the best dominant.
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Lemma 3. [7] Let q(z) be convex univalent in U and τ ∈ C. Further assume that
<(τ) > 0. If g(z) ∈ H [q(0), 1] ∩ L, and g(z) + τzg′(z) is univalent in U, then

q(z) + τzq′(z) ≺ g(z) + τzg′(z),

implies q(z) ≺ g(z) and q(z) is the best subordinant.

Lemma 4. [4]. let F be analytic and convex in U. If f, g ∈ A = A(1) and f,
g ≺ F then

λf(z) + (1− λ)g(z) ≺ F (z) (0 ≤ λ ≤ 1).

Lemma 5. [8]. Let f(z) = 1 +
∞∑
k=1

akz
k be analytic in U and g(z) = 1 +

∞∑
k=1

bkz
k

be analytic and convex in U . If f(z) ≺ g(z), then

|ak| < |b1| (k ∈ N).

3. Main results

In the remender of this paper, χ(z) is given by (6).

Theorem 6. . Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with <(ρ) > 0. Then(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ q(z) =

αp

ζρ

1∫
0

1 +Azu

1 +Bzu
u
αp
ζρ
−1
du

≺ 1 +Az

1 +Bz
(11)

and q(z) is the best dominant.

Proof. let

g(z) =

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
. (12)

Then g(z) is of the form (9) and is analytic in U. Differentiating (12) and using (3),
we get

χ(z) = g(z) +
ζρzg′(z)

αp
. (13)

As f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B), we have

g(z) +
ζρzg′(z)

αp
≺ 1 +Az

1 +Bz
.
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Applying Lemma 1 with γ = αp
ζρ , leades to(

zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ q(z) =

αp

ζρ
z
−αp
ζρ

z∫
0

1 +At

1 +Bt
t
αp
ζρ
−1
dt

=
αp

ζρ

1∫
0

1 +Azu

1 +Bzu
u
α(p+δ)

ρ
−1
du ≺ 1 +Az

1 +Bz
, (14)

and q(z) is the best dominant, which ends the proof of Theorem 6.

Theorem 7. Let ρ ∈ C∗ and q(z) be univalent in U satisfies

<

(
1 +

zq
′′
(z)

q′(z)

)
> max

{
0,−<

(
αp

ζρ

)}
. (15)

If f(z) ∈ A(p) satisfies

χ(z) ≺ q(z) +
ζρzq′(z)

αp
, (16)

then (
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ q(z),

and q(z) is the best dominant.

Proof. Let g(z) be defined by (12). We know that (13) holds. Combining (13) and
(16), we fined that

g(z) +
ζρzg′(z)

αp
≺ q(z) +

ζρzq′(z)

αp
. (17)

By using Lemma 2 and (??), we easily get the assertion of Theorem 7.

Taking q(z) =
1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1) in Theorem 7, we get the following

result.

Corollary 8. Let ρ ∈ C∗ and −1 ≤ B < A ≤ 1, suppose also that

<
(

1−Bz
1 +Bz

)
> max

{
0,−<

(
αp

ζρ

)}
.

If f(z) ∈ A(p) satisfies

χ(z) ≺ 1 +Az

1 +Bz
+
ζρ (A−B) z

αp(1 +Bz)2
,
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then (
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ 1 +Az

1 +Bz
,

and
1 +Az

1 +Bz
is the best dominant.

Theorem 9. Let q(z) be convex univalent in U with <(ρ) > 0. Also let(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
∈ H [q(0), 1] ∩ L

and χ(z) be univalent in U. If

q(z) +
ζρzq′(z)

αp
≺ χ(z),

then

q(z) ≺

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
,

and q(z) is the best subdominant.

Proof. Let g(z) be defined by (12) . Then

q(z) +
ζρzq′(z)

αp
≺ χ(z) = g(z) +

ζρzg′(z)

αp
.

Applying Lemma 3 yields the assertion of Theorem 9.

Taking q(z) =
1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1) in Theorem 9, we get the following

result.

Corollary 10. Let q(z) be convex univalent in U and −1 ≤ B < A ≤ 1 with
<(ρ) > 0. Also let (

zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
∈ H [q(0), 1] ∩ L,

and χ(z) be univalent in U. If

1 +Az

1 +Bz
+
ζρ(A−B)z

αp(1 +Bz)2
≺ χ(z),

118



A.O. Mostafa, G. M. El-Hawsh – Subordination Results . . .

then
1 +Az

1 +Bz
≺

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
,

and
1 +Az

1 +Bz
is the best subdominant.

Combining Theorem 7 and Theorem 9, we easily get the following ”Sandwich
type result”.

Theorem 11. Let q1(z) be convex univalent, q2(z) be univalent in U and satisfies
(15) with ρ ∈ C∗.If (

zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
∈ H [q1(0), 1] ∩ L,

and χ(z) is univalent in U, and if also

q1(z) +
ζρzq′1(z)

αp
≺ χ(z) = q2(z) +

ζρzq′2(z)

αp
,

then

q1(z) ≺

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ q2(z),

and q1(z) and q2(z) are the best subordinant and dominant respectively.

Theorem 12. If ρ, α > 0 and f(z) ∈ Rm,δ,ζp,λ,η,µ(α, 0; 1 − 2ψ,−1) (0 ≤ ψ < 1), then

f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ; 1− 2ψ,−1) for |z| < R, where

R =

√( ζρ
αp

)2

+ 1− ζρ

αp

 . (18)

The bound R is the best possible.

Proof. We begin by writing(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
= ψ + (1− ψ)g(z) (0 ≤ ψ < 1). (19)

Then, clearly, g(z) is of the form (9), analytic and has positive real part in U.
Differentiating (19) and using (3), we obtain

1

1− ψ
(χ(z)− ψ) = g(z) +

ζρzg′(z)

αp
. (20)
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By making use of the following well-known estimate (see [5]):

|zg′(z)|
< {g(z)}

≤ 2r

1− r2
(|z| = r < 1)

(20) leads to

<
(

1

1− ψ
{χ(z)− ψ}

)
≥ <{g(z)}

(
1− 2ζρr

αp(1− r2)

)
. (21)

It is seen that the right-hand side of (21) is positive, provided that r < R, where R
is given by (18). In order to show that the bound R is the best possible, we consider
the function f(z) ∈ A(p) defined by(

zp

Nm,δ,ζ
p,λ,µ,ηf(z)

)α
= ψ + (1− ψ)

(
1 + z

1− z

)
(0 ≤ ψ < 1).

Noting that
1

1− ψ
{χ(z)− ψ} =

1 + z

1− z
+

2ζρz

αp(1− z)2
= 0, (22)

for |z| = R, we conclude that the bound is the best possible, which ends the proof.

Theorem 13. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with <(ρ) > 0. Then

f(z) =

(
zp
(

1 +Bω(z)

1 +Aω(z)

) 1
α

)
∗

(
zp +

∞∑
n=1

(
p

p+ζn

)m
(1)n(1+p)n(1+p+η−µ)n

(δ+p)n(p+1−µ)n(1+p−λ+η)n
zp+n

)
,

(23)
where ω(z) is analytic function with ω(0) = 0 and |ω(z)| < 1.

Proof. Suppose that f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with <(ρ) > 0. It follows from (11)
that (

zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
=

1 +Aω(z)

1 +Bω(z)
, (24)

where ω(z) is analytic with ω(0) = 0 and |ω(z)| < 1. By virtue of (24), we easily
find that

Nm,δ,ζp,λ,µ,ηf(z) = zp
(

1 +Bω(z)

1 +Aω(z)

) 1
α

. (25)
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Combining (2) and (25), we have(
zp +

∞∑
n=1

(
p+ ζn

p

)m
(δ+p)n(p+1−µ)n(1+p−λ+η)n

(1)n(1+p)n(1+p+η−µ)n zp+n

)
∗ f(z)

= zp
(

1 +Bω(z)

1 +Aω(z)

) 1
α

. (26)

The assertion (23) of Theorem 6 can now easily be derived from (26).

Theorem 14. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with <(ρ) > 0. Then

1

zp

 (1 +Aeiθ
) 1
α

(
zp +

∞∑
n=1

(
p+ζn
p

)m (δ+p)n(p+1−µ)n(1+p−λ+η)n
(1)n(1+p)n(1+p+η−µ)n zp+n

)
∗f(z)− zp

(
1 +Beiθ

) 1
α


6= 0 (0 < θ < 2π) . (27)

Proof. Suppose that f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with <(ρ) > 0. We know that (11)
holds, implying that(

zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
6= 1 +Aeiθ

1 +Beiθ
( 0 < θ < 2π) . (28)

It is easy to see that the condition (28) can be written as follows:

1

zp

[
Nm,δ,ζp,λ,µ,ηf(z)

(
1 +Aeiθ

) 1
α − zp

(
1 +Beiθ

) 1
α

]
6= 0 (0 < θ < 2π) . (29)

Combining (2) and (29), we easily get the convolution property (27).

Theorem 15. Let ρ2 ≥ ρ1 ≥ 0 and −1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1. Then

Rm,δ,ζp,λ,η,µ(α, ρ2;A2, B2) ⊂ Rm,δ,ζp,λ,η,µ(α, ρ1;A1, B1). (30)

Proof. Suppose that f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ2;A2, B2). We have

(1 + ρ2)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ2

(
Nm+1,δ,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ 1 +A2z

1 +B2z
.
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As −1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1, we easily find that

(1 + ρ2)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ2

(
Nm+1,δ,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ 1 +A2z

1 +B2z
≺ 1 +A1z

1 +B1z
, (31)

which means that f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ2;A1, B1). Thus the assertion (30) holds for
ρ2 = ρ1 ≥ 0. If ρ2 > ρ1 ≥ 0, by Theorem 6 and (31), we know that f(z) ∈
Rm,δ,ζp,λ,η,µ(α, 0;A1, B1), that is,(

zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ 1 +A1z

1 +B1z
. (32)

At the same time, we have

(1 + ρ1)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ1

(
Nm+1,δ,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α

= (1− ρ1
ρ2

)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
+
ρ1
ρ2[

(1 + ρ2)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ2

(
Nm+1,δ,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α]
. (33)

Moreover
0 ≤ ρ1

ρ2
< 1,

and
1 +A1z

1 +B1z
(−1 ≤ B1 < A1 ≤ 1; z ∈ U) is analytic and convex in U. Combining

(31)-(33) and Lemma 4, we find that

(1 + ρ1)

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
− ρ1

(
Nm+1,δ,ζ
p,λ,µ,η f(z)

Nm,δ,ζp,λ,µ,ηf(z)

)(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
≺ 1 +A1z

1 +B1z
,

which means that f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ1;A1, B1), which implies that the assertion
(30) of Theorem 15 holds.
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Theorem 16. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0 and −1 ≤ B < A ≤ 1.
Then

αp

ζρ

1∫
0

1−Au
1−Bu

u
αp
ζρ
−1
du < <

(
zp

Nm,δ,ζ
p,λ,µ,ηf(z)

)α

<
αp

ζρ

1∫
0

1 +Au

1 +Bu
u
αp
ζρ
−1
du. (34)

The extremal function of (34), is given by

Nm,δ,ζ
p,λ,µ,ηf(z)F (z) = zp

αp
ζρ

1∫
0

1 +Aznu

1 +Bznu
u
αp
ζρ
−1
du


−1
α

. (35)

Proof. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0. From Theorem 6, we know that
(11) holds, which implies that

<

(
zp

Nm,δ,ζ
p,λ,µ,ηf(z)

)α
< sup

z∈U
<

αpζρ
1∫

0

1 +Azu

1 +Bzu
u
αp
ζρ
−1
du


≤ αp

ζρ

1∫
0

sup
z∈U
<
(

1 +Azu

1 +Bzu

)
u
αp
ζρ
−1
du

<
αp

ζρ

1∫
0

1 +Au

1 +Bu
u
αp
ζρ
−1
du, (36)

<

(
zp

Nm,δ,ζ
p,λ,µ,ηf(z)

)α
> inf

z∈U
<

αpζρ
1∫

0

1 +Azu

1 +Bzu
u
αp
ζρ
−1
du


≥ αp

ζρ

1∫
0

inf
z∈U
<
(

1 +Azu

1 +Bzu

)
u
αp
ζρ
−1
du

>
αp

ζρ

1∫
0

1−Au
1−Bu

u
αp
ζρ
−1
du. (37)

Combining (36) and (37), we get (34). By noting that Nm,δ,ζp,λ,µ,ηf(z)F (z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B),
we obtain that equality (34) is sharp.
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In a similar way, applying the method used in the proof of Theorem 16, we easily
get the following result.

Corollary 17. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0 and −1 ≤ A < B ≤ 1.
Then

αp

ζρ

1∫
0

1 +Au

1 +Bu
u
αp
ζρ
−1
du < <

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α

<
αp

ζρ

1∫
0

1−Au
1−Bu

u
αp
ζρ
−1
du. (38)

The extremal function of (38), is given by (35).

In view of Theorem 16 and Corollary 17, we easily derive the following distortion
theorems for the class Rm,δ,ζp,λ,η,µ(α, ρ;A,B).

Corollary 18. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0 and −1 ≤ B < A ≤ 1.
Then for |z| = r < 1, we have

rp

αp
ζρ

1∫
0

1−Aur
1−Bur

u
αp
ζρ
−1
du


1
α

<
∣∣∣Nm,δ,ζp,λ,µ,ηf(z)

∣∣∣
< rp

αp
ζρ

1∫
0

1 +Aur

1 +Bur
u
αp
ζρ
−1
du


1
α

. (39)

The extremal function of (39) is defined by (35).

Corollary 19. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0 and −1 ≤ A < B ≤ 1.
Then for |z| = r < 1, we have

rp

αp
ζρ

1∫
0

1 +Aur

1 +Bur
u
αp
ζρ
−1
du


1
α

<
∣∣∣Nm,δ,ζp,λ,µ,ηf(z)

∣∣∣
< rp

αp
ζρ

1∫
0

1−Aur
1−Bur

u
αp
ζρ
−1
du


1
α

. (40)

The extremal function of (40) is defined by (35).
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By noting that

(< (v))
1
2 ≤ <

(
v

1
2

)
≤ |v|

1
2 (v ∈ C; < (v) ≥ 0) . (41)

we easily derive from Theorem 16 and Corollary 17 the following results.

Corollary 20. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0 and −1 ≤ B < A ≤ 1.
Then αp

ζρ

1∫
0

1−Au
1−Bu

u
αp
ζρ
−1
du


1
2

< <

(
zp

Nm,δ,ζp,λ,µ,ηf(z)

)α
2

<

αp
ζρ

1∫
0

1 +Au

1 +Bu
u
αp
ζρ
−1
du


1
2

.

The extremal function is defined by (35).

Corollary 21. Let f(z) ∈ Rm,δ,ζp,λ,η,µ(α, ρ;A,B) with ρ > 0 and −1 ≤ A < B ≤ 1.
Then αp

ζρ

1∫
0

1 +Au

1 +Bu
u
αp
ζρ
−1
du


1
2

< <

(
zp

Nm,δ,ζ
p,λ,µ,ηf(z)

)α
2

<

αp
ζρ

1∫
0

1−Au
1−Bu

u
αp
ζρ
−1
du


1
2

.

The extremal function is defined by (35).

Remark 1. (i) Using (4) instead of (3) in the above results, we get the corresponding

results for the class Tm,δ,ζp,λ,η,µ(α, ρ;A,B);
(ii) Using (5) instead of (3) in the above results, we get the corresponding results

for the class V m,δ,ζ
p,λ,η,µ(α, ρ;A,B);
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