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ABSTRACT. In this article, we introduce a multi-variable hybrid class, namely the
Hermite—Apostol-type Frobenius—Genocchi polynomials, and to characterize their
properties via different generating function techniques. Several explicit relations
involving Hurwitz—Lerch Zeta functions and some summation formulae related to
these polynomials are derived. Further, we establish certain symmetry identities
involving generalized power sums.
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1. INTRODUCTION

Several investigations have done to introduce and study classical and generalized
forms of Apostol type polynomials systematically via various analytic means and
generating functions method (see [1]-[3], [7], [8], [11], [12], [14], [15]). Very re-
cently, Araci et. al. [4] introduced and studied a generalized class of 3-variable
Hermite-Apostol type Frobenius-Euler polynomials systematically by use of gen-
erating method. The following class of polynomials is introduced by convoluting
the 3-variable Hermite polynomials H,(z,y, z) [6] with the Apostol type Frobenius-
Euler polynomials F5(z;u; A) (see [9], [17]). The convoluted special polynomials are
important as they possess important properties such as recurrence and explicit re-
lations, summation formulae, symmetric and convolution identities, algebraic prop-
erties etc. These polynomials are useful and possess potential for applications in
certain problems of number theory combinatorics, classical and numerical analysis,
theoretical physics, approximation theory and other fields of pure and applied math-
ematics.
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The 2-variable Kampé de Fériet generalization of the Hermite polynomials (see
[6], [13]) given by

T‘Tl27"

xy—nzr' (n —2r)! (1)

These polynomials are usually defined by the following generating function
ot > t"
633 +y :ZHn(may)ﬁ

The generating function for the three-variable Hermite polynomials (3VHP)
H,(z,y, z) is given by (see [4], [5]):

atyt? 4213 S "
€ = 5 Hn(xvyvz)ﬁa

which for z = 0 reduce to the two-variable Hermite—Kampé de Fériet polynomials
(2VHKJFP)H,,(z,y) and for z = 0,z = 22 and y = —1 become the classical Hermite
polynomials Hy,(z) [6].

In 2013, Kurt and Simsek (see [9], [10]) introduced the generalized Apostol-type
Frobenious-Euler polynomials defined as follows:

a' —u aa:t_ooH(a) cusa.h .)\tn 2
ot — & _220 n (.ZU,U,(Z, e )a ()
n=

For u € C,u # 1, the generating equation for the Apostol-type Frobenius—Genocchi
polynomials (ATFGP) Gla),, (x;u; \) of order a given as:

(1—wu t”
()\etu> Zg (@;u: >\

which for x = 0 gives the Apostol-type Frobenius—Genocchi numbers (ATFGN)
G%(u; ), of order « such that:

() = Lo niy

For v = —1, the ATFGP reduce to the Apostol-Genocchi polynomials QT(La) (z; )
[7], which for A = 1, become the Genocchi polynomials g\ (z) [7]. Furthermore,
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the ATFGP for A = 1 becomes the Frobenius-Genocchi polynomials g\ (z;u) (see
[11], [12]). The generating equations for the special polynomials are important from
different view points and help in finding connection formulas, recursive relations
and difference equations and in solving enumeration problems in combinatorics and
encoding their solutions.

Recently Araci et al. [5] introduced a new hybrid class, namely the class of three-
variable Hermite—based Frobenius—Genocchi polynomials (3VHATFGP) given as

1—u \° 2. 43 ad tm
< ) emt—i-yt +2t° ZH(c;7(lcv)(x’:l/’Z;u;)\)m

t_
el —u =

Definition 1. For u,A € C,u # 1,z,y,z € R, the three-variable Hermite—based
Apostol-type Frobenius—Genocchi polynomials (3VGAFGP) of order o are defined
by means of the following generating function:

1—u)t\“ > tm
<( ) ) €$t+yt2+Zt3 = Z ngy};(m7 Y,z U; A)Ea (3)

t _
et —u =

where G (2,y,2;u;05)\) denotes the three variable generalized Hermite-based
Apostol-type Frobenius-Genocchi polynomials of order a.

For A = 1, (3) becomes the three-variable Hermite-Frobenius-Genocchi poly-

nomials Hgﬁf“) (z,y,z;u) of order o, which again for o = 1, give the three-variable
Hermite-Frobenius—Genocchi polynomials G, (z,y, z;u).

Again, the 3VHATFGP for u = —1 give the three-variable Hermite—Apostol-Fuler
polynomials HQT(LO‘) (z,y,2; A) of order a, which for A = 1 reduce to the three-variable
Hermite-Euler polynomials Hgﬁf‘) (z,y,2).

The three-variable Hermite-based Apostol-type Frobenius—Genocchi polynomi-
als (3VHATFGP) are also defined as the discrete Apostol-type Frobenious-Genocchi
convolution of the 3VHP given as:

”[k/3]Q u)\sz (
n— 37"xy)
O ) =3 3 SN Fiyt)

k=0 r=0

where H,,(z,y) are the two-variable Hermite-Kampé-de-Férite polynomials.

11



Waseem A. Khan and Divesh Srivastava — Generalized Hermite-based ...

Simsek [18] constructed the A-stirling type number of second kind S(n, v;a, b; \)
by means of the following generating function:

d n t_ t\
Zg(my;a,b; )\)L - M
n=0

n! vl
and the generalized array type polynomials is defined by Simsek (see [17], [18]) as:

" (N —a)” o,
nl L (4)

(0.9]

> SP(wia, b N)
n=0

We give the generating function of the polynomial Y,,(z; \; a) as:

t o tn
—a"' = E Yo(z; A;a)—. (a>1).
t _ ) ) ' —

Aa 1 = n!

We also note that for = 0, above equation gives a relation as

Yo(0;A;a) = Yo (X a). (5)
Again if we set z =0 & a =1, in (5), we get
1
Y.\ 1) = ——.
A1) =1—

The main goal of this paper is as follows. In section two, we establish some ex-
plicit properties of three-variable Hermite—based Apostol-type Frobenius—Genocchi
polynomials (3VHATFGP). In section three, we derive some implicit formulae for
three-variable Hermite—based Apostol-type Frobenius—Genocchi polynomials (3VHAT-
FGP) and in last section, we introduce some symmetric identities for three-variable
Hermite—based Apostol-type Frobenius—Genocchi polynomials (3VHATFGP) by ap-
plying generating functions.

2. GENERALIZED HERMITE-BASED APOSTOL-TYPE FROBENIUS-GENOCCHI
POLYNOMIALS GI'(z,y, z;u; )

Theorem 1. The following relation holds true for 3-VHATFGP of order a:

(n+1)uGl o (2, y, 23w A) = 2(n+1)gGE (2, y, 2w \) +2yn(n+1) g GE_ 1 (z,y, z3u; \)
+32n(n — DGl o(x,y, 25w \) + #GE 1 (2,9, 2305 M)

_g (:;) <2> G 1—m (2, 26 Y (1 Muse).  (6)
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Proof. Making o = 1 and differentiating (4) with respect to t, we have

tm (1—u)t 2. .43
F o rt+yt+zt 2
> Y, U N)— = Y + 2yt + 32t
: OHgn (zyy, 230 )n! el — 0 ¢ (x+ 2y 2t%)

e [uet —u)(1—u) — (1 - u)t(Aew]

(Aet —u)?
tn—i—l
—J:ZHQ J:y,zuA) +2yZHg xy,zu)\)
n=0 n=0
n+2 0 n

oo
t
F e
+3zZ%Hgn (2,9, 730\ —
n—

1 h t

m—1

—ZHQny,zu)\ Z Y 1)\/ue)

n=0

(7)

Which, upon comparing the coefficients of ¢” on both sides of (7), gives the
recurrence relation (6).

Corollary 2. The following relation holds true for 3-VHATFP of order a:
(7’L + 1)HG7€+1($, Y, z; A) = JJ(?’L + 1)HG7};($7 Y, z; )‘) + 2yn(n + 1)HG§_1($, Y, z; )\)

+32n(n — V) uGE (2,9, 2 0) + nGE 1 (2,9, 2, \)

- Z ( ) HGn+1 (T, 2, )Y (1; =X e).

Theorem 3. The following result holds true for 3-VHATFGP of order a:

nl WL Y\ [+
- wsf ezt =0 = o S () (M)
X HG (T, Y, 2503 05 N)APP" (—u) 7P (8)

Proof. We start with

n —u)t\ @ 2. 43
S HGE (225 o — ) N = <(1 ”) TP (et )T ((1 = w)t) .

t _
= el —u
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k

[e'e) n © 7
= Z wGE (x,y, z;u; )\)% Z Z <Z) NPpF (—u)'P(1 — u)f"/fv%‘ (9)

n=0 " k=0 p=0

Now, applying Cauchy product in above equation (9) and some simplification leads

us to our required result (8).

Theorem 4. The following result holds true for 3-VHATFGP of order a:

(2'&— 1)2 < ,:L >Hgf($7yvzvua)‘) ngFL;r(a’?:lLZ;l —'LL,)\)

r=0
=n(u—DuG\_1(x+a,y, 2w X)) +nu gGh_i(z+a,y,21—u; \)
+uGE (x + a,y, z;u; \)
— G (x+a,y, 21 —w; \). (10)

Proof. In order to proof (10), we set

(2u —1) (M) oyt 2t <()\1€t__(1(1__u)u)>t> pat+yt?+zt?

1 1
_ 2 1 — 1—(1— (az+a)t+2(yt2+zt3) _ ) 11
B —u)(1— (1 =) e e L)

Employing the result of (4), equation (11) reduces as
n
!

00 4 oo ¢
2u — 1 Fx,ysusa,b,00)— r 1 —wu\)—
( U )Zng (3373/7“,@, , G ) nE_:OHgn (avyaza Uu; )TL

|
= r!
oo tr
= (1= (1 —wt) Y wGF (@ +a,y, 250\ — (1 —w)t
r!
r=0
oo tr
X;Hgf(x—ka,y,z;l—u;)\)ﬂ.
(2U— 1)2:020 < r ) ngF<x7y7z;u; >‘) Hgfllr(avyaz; 1 _uvA)ﬁ
n=0 r=

T

—(1- <1—u)tgﬂgf(wa,y,z;u;x); —(1—u)t
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00
XZHQf(x—i—a,y,z;l—u;/\);

r=0
[e.e] tr+1 o0
= (=1 wG (x+ay,zu\)— +uY mG (x+a,y,21—wuh)
r=0 r r=0 "
oo . 4
+ZHQT (1‘4‘@73/,2;“;)\)5
r=0
) m
r=0 ’

On comparing the coefficient of " form the above equation, we arrive at our desired

result.

Theorem 5. The following result holds true for 3-VHATFGP of order a:

[5]

o3

D HGy (0, 20505 0) =

nl

(TL — 2k)|k|gn—2k(y7 Z23U5 af )‘):U :

Proof. Interchanging x and y in (4), we have

o0 «a
t" 1—u)t
g Hg;: (ya €T, 25U; 0 A) = <( U) > eyt+xt2+zt3

nl t_
= n! el —u
oo oo
tn xt)?m
= ZHgf(y,Z;u;a;/\)a > <n1,
n=0 m=0

Replacing n by n — 2m in the above equation, we leads to required result (12).

Theorem 6. The following result holds true for 3-VHATFGP of order «:

(12)

> HGE (=2 =y, =20 =05 \) HG (g (@, y, 2305 (@ — m); N) = G (u;a — m; A).
k=0

15
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Proof. In order to proof (13), replacing z with —z, y with —y, z with —z and «
with —a in (6), we get get

= tn 1— )t
Z Hgf(—x, —Y, —2Z;U; —Q; )\)ﬁ = <(u)> e*(:vt+yt2+zt3). (14)
n=0 :

et —u

Making use of the above equation in the left-hand side of (14), we can write

N GF RN A < - o ((—wt\ T
;]Hgk (_x7_y7_z7u,_a7)‘)ﬁ nZ:OHgn (wvyvzauaa_mak)m_ m .
We can write the above equation as

> nGL (o —y =z —0s Ny D Gy (Y, 2w —or— mi A)
k=0 " n=0 )

= Gy (u;—m; N
= n!

Using Cauchy product in the above equation and on comparing the coefficients of

t" in the obtained equation, we immediately come to our desired result (13).

In a very similar way, for o, 8 € Z, we can form some more identities which are
given below.

n
76 (22, 2y, 22;u%; —; A?) = Z
k=0

( Z > HGE (z,y, 23 u; —a; \)
X HE (2, y, 2 —u; —a; N).

Proof of this identity can be solved by making use of (4) with some required calcu-
lations.

Theorem 7. The following result holds true for -VHATFGP of order «:

u—1\"</ n A
Hgg(xayvz;u;_a;)‘): < u > Z(l—CK)q)a <u,l—n—a,x) Hl(oaywz)'
(15)
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Proof. From Equation (4), we have
> t" 2. 43
S H0E (@ e ) o = (1= u)t)® (! — ) et
n!
n=0

which on simplification, becomes

ZHgg(wjy,Z;U;a;/\)t =(1-u)* Zz(k
n=0 n=0 k=0

(B) G e

U n!

Using the definition of Hurwitz-Lerch Zeta function ®,(z,s,a) =~ n('l(lifcss and
(1), we have result (15).

Theorem 8. The following result holds true for -VHATFGP of order «:

A ! 1—u\"
Q‘Z( )ngljmxyazua)‘)s<m7aau>_(nﬁa)‘( uu> Hn—a(xvyaz)'

(16)
n+-vy
(n+~)!m! U — m
F A
x Hgn_w_m(x,y,z;u;a;)\)s m, "y, e (17)

Proof. We start with generating function (4) to get (16)

ZHQ m Y, 25U O )\)tn <(1u)t>°‘ext+ytz+zt3'

et —u
n=0

i L 1—u)t\? ,
ZHQ .I 1Yy 25U )‘)!a'— = <(u)> emt+yt2+zt3.

al n! n

By using result (2), Cauchy product application and comparing the coefficients of
equal powers of t" in the obtained equation, yields (16).
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Again we consider (4) as

" 1—u)t\*®
ZHg T,Y, Z;U; 00— ’7,)\) <(u)> emt+yt2+zt3

et —u

T (A
x( h ) 7'( 1) 7.
1—u ~!

Making use of result (2), Cauchy product application and comparison of equal pow-
ers of t" in the obtained equation, yields (17).

Theorem 9. The following inequality holds true:

S (1) (1) st

v 1
<Y, (u; a) Hy_p(z,y).  (18)

F caye
Hgn721/(x7y7 23U —U;

Proof. In order to proof (18), we replace o with —v in equation (2), we get

n 1— (=v)
ZHQ x,Y, 25 U; A);' <( u)t) P

et —u

On arranging the above equation, we arrive at

v 2 3
n (Aet o 1) ea:t—i—yt 42t v

) ;

F U
E HY, (x,y,z;u;—y;)\)— = (V‘) 7 "
= n! W) (E-1)"¢ t

By assistance of generating function for A-Stirling number, above equation reduces
to

ZHQ x,Y, 2 u; —V; \)

tn+21/

ZHgf(x,y,’U,7 a, b7 ba -V )\>
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w (1 t
XYm_k (uaa> Hl—m(x>y)ﬁ'

Using Cauchy product in the above equation, we get our result.

3. SUMMATION FORMULAE

In order to prove the summation formulae for the 3SVHATFGP G (x,y, z;u; o5 \),
we have the following theorems:

Theorem 10. The following result holds true for 3-VHATFGP of order «:

k,l
’ l k m—n
wobtemzan = 3 (5, ) () 6= uo v ez
n,m=0

(19)

Proof. Replacing ¢t with (¢ +w) in (4) and then using required calculations, we get

k0

(1 —u)(t+w)\" (t+w)2+2(t+w)3 _ _—a(t+w) - F LW
<)\et+“’—u e’ =e€ k;ngk-i-l(xayazauaa»/\)k!“'

(20)
Replacing x by s and then equating the obtained equation from the above equation
(20), we get
o0 kol 0 ko,
t"w t"w
- F F
els—2)(tHw) Z HQHZ(J:?yaz;u;a;)\))gW = Z Hgk—s—l(SayaZ;U;a;)‘))gW'
k,1=0 o k,1=0 o

Expanding the exponent part of left-hand side, the above equation converts as

[o¢] o0
(s —z)(t +w)|V th !
> [ i ) > Gy, zu o A
N=0 ’ k,1=0 U
> th w!
= Z Hglf—i-l(sayaz;u;a;)\))gﬁ'
k,1=0

o0 o0
(S _ x)ern(t + w)ern P tk wl
> > ) 25U 05 A)) 27 o
[t mln! kl_OHng(x’y s ))k:' !
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th w!

= Z Hg/irl(s:yaz;u;a;)\))gﬁ- (21)
k,1=0 T

On comparing the coefficients of equal powers of ¢t and w after taking the reference
of Cauchy product to the above equation (21), we attain our required result (19).

Corollary 11. Forl =0 in (19), we have:

n

k
k
HGE (s, zuas ) = 3 ( ) (s — )" 5GE (2, 25 s 3 A).

n=0

Corollary 12. For s with s + x in (19) we have:

k,l
: l k man
HGh(s + .y, 7005 0) = ZO< . > ( " ) ()™ HGE 1o (@, Y, 2505 05 ).

Corollary 13. For s with s+ and y = z = 0 in (19), we have:

k,l
Giw(s o 050) = ) ( ; > ( ) > ()™ " GE 1 (5 15 5 A).

m n
n,m=0

Corollary 14. For s =0 in (19), we have:

k,l

’ l k metn

Hg£+l(y7z;u; ;) = Z ( m ) ( n ) (—x) * Hglf,nﬂ,m(x,y,z;u;a;)\).
n,m=0

Theorem 15. The following result holds true for 3-VHATFGP of order a:

HG, (+w,y, 250505 0) = Z:O ( :1 ) HGpm (T, 9, 23w 05 Nw'™. (22)

3
|

NE

HOL (z+w,y, 2005 ) = < ZL > HOF (@, y, zus s Nw™ ™" (23)

0

S
Il

20



Waseem A. Khan and Divesh Srivastava — Generalized Hermite-based ...

Proof. Substituting x with  + w in (4), then making use of Equation (4) and with
the series expansion of €“! in the resultant equation, we have:

tn—l—m

00 m 0o 00
ZHQT};(Z' + w,y,z;u;a;)\)m = Z Z 7O (2, y, 2 u; 5 N)w™

Im!’
n=0 n=0m=0 nem:

which, upon simplification, gives Assertion (22).
Similarly we can obtain (23).

Theorem 16. The following result holds true for 8-VHATFGP of order «:

n

HO (@, y, zws ok B ) =Y <Z> G NGl (g, 2w 85 0). (24)

k=0
Proof. On replacing o with (o £ ) in (4) and some simplifications leads us to result
(24).
Corollary 17. For u = —1, the above result reduces to 8-VHATGP of order a as:

" /n N
HGE (g, 20+ B;0) =) (k> G N HGE (@, y, 2 £B;N),
k=0

where yGE (2,1, z; a5 \) is known as 3-VHATGP of order a.

Theorem 18. The following result holds true for 8-VHATFGP of order «:

n

n
HG (x4 1,y,zu3050) = Z ( m )Hg,fm(x,y,z;u;oz; A).

m=0

Proof. From equation (4), we replace z with z + 1

- (07
t" 1 —u)t
ZHgg(xayvz;u;a;)\)—' = <(u)> ert+yt2+zt3'
n!

t __
o et —u
=Y Gn (,y, 50505 0) > ot
n=0 m=0

On replacing n by n — m and on comparing the coefficient of equal powers of ¢, we
arrive at the required result.
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Theorem 19. The following result holds true for 3-VHATFGP of order a:

n

W08 st 1) = 3 ()G e, 250:03) Gy 1 ),

m=0

Proof. Replacing o to (o + 1) in equation (4), we have

o0 a+1
t" 1—wu)t

> " uGF (2, 7050 + LA)— = <( v) > eyt tat?
n:

t _
= et —u
_ (1 — u)t (1 — U)t “ 6xt+yt2+zt3
Aet —u et —u
_ - r 2\ " F D t
_Zgn (U, )m ZHgm(xay7Z7u7a7 )ﬁ
n=0 m=0

On using Cauchy product and on comparing coefficient of ¢ from the resulting

equation, we lead to our required result.

4. SYMMETRIC IDENTITIES FOR APOSTOL-TYPE
HERMITE-BASED-FROBENIUS-(GENOCCHI POLYNOMIALS

The identities for the generalized special functions are useful in electromagnetic
processes, combinatorics, numerical analysis, etc. Several types of identities and
relations related to Apostol-type polynomials and related polynomials are consid-
ered in (see [4],[5],[7],[11]-[17]). This provides the motivation to explore symmetry

identities for the 3VHATFGP. We recall the following:

For any 7 € R or C, the generalized sum of integer powers Si(p;~y) is given by:

APHlep)t 1k
k=0

For any v € R or C, the multiple power sums S/,lC (m;~y) is given by:

1 — y™me™ v 1 " /n ol tm

= )" Prs vl —.

< 1 — et ) 7l ZSLO:O Z » (1) k()m Y ml

p=0

To prove the symmetry identities for the 3VHATFGP, we have the following theo-

rems:
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Theorem 20. For all integers c¢,d > 0 and n > 0,a > 1, A\, u € C, the following
symmetry relation holds true:

n

k
"\ n—k ik, c—1 AF 2. g3 ... k A
Z<k>c d"u yG, _(dx,d%y,d z,u,a,)\)Z<Z>Sl(c—1,u)

k=0 =0
xpgGE [(eX,C%Y, 3 Z;u;00 — 1;0)

n k
k A
_ n—k ok d-1 oF .
= <k>d wGE L (cx, Py, SBzu; o \) E (Z>Sl(d—1,u)

k=0 =0
x gGE (X, &Y, d®Z;u;o0 — 1; 1), (25)
Proof. Let
((1 _ u)t)Qa—lecdwt+y(cdt)2+z(cdt)3 ()\cecdt . uc)echt+Y(cdt)2+Z(cdt)3

G(t) = (Aect — u)o‘()\edt — ) !

which on rearranging the powers, we have

d !
ZHQFdx d2y,d32ua/\ CIZSZC—I ( )
n=0

()

XZHQF (cX, C2YC3Z’U,OZ*1 A)—— o

k=0

n

e k
— N\ n—k gk c—1 F 2 3 ... k ) A
_Zkzo(k>c d U Hgnfk(dx7dy7d Z7u7a)>\)§<l>sl(c_l7u)

n=0 k=

X Hg;f_l(cX, C?*Y,3Z:u;a — 1;)\)%7:. (26)
In a similar way, we have ‘
o\ kokyd=1 GF - A
—ZZ()d" YyGk k(cxcy,czuaAZ() d_1;5>

n=0 k=0 =

X Hg,f_l(dX, Y, 7 u; o — 1;)\)%. (27)

Equating the coefficients of the like powers of ¢ in the R.H.S of expansions (26) and
(27), we lead to identity (25).
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Theorem 21. The following inequality holds true

n c—1d-1 i+j
S (1) e () gl X+ ..z

u
k=0 i=0 j=0

d
X g Gh_ . (dz + = d*y, d*z;u; ;)
_ — (n = dice—2 [ A i+jdn—kk Flax d'dZYd?’Z' Y
- f E_ E u " CHgn( +E], ) su;a; \)

x gGr , (cx+ %j, Ay, Aziusaz ). (28)
Proof. Let

((1 _ u)t)2aecdxt+y(cdt)2+z(cdt)3 ()\cecdt _ UC) ()\decdt _ ud)echt+Y(cdt)2+Z(cdt)3

H(t) = (hect — w)atT(nedt — y)a+l

which on rearranging the powers, we have

«a c—1 i
H(t) _ <(1 — u)t> eda:(ct)+d2y(ct)2+d3z(ct)3uc—l Z <A> edti

Aect ; u
1=0
(1 —u)t\* 2 24 .3 3 L
- X (dt)+c2Y (dt)2+BZ(dt)®, d—1 A ti
X ( ol ) e’ ¢ ¢ u ZO (u) e,

d
x gGE_p(dx+—j,d%y, = u; a5 0). (29)
c
In a similar way, we have

n d—1c—1

n o (A g e d.
#0 =30 (1) L3 u = (5) gl ax + vz oo

k=0 i=0 j=0

C .
X 1Gn_i(cx + 27, ¢y, 205 0). (30)

On comparing the coefficients of the like powers of ¢ in the R.H.S. of expansions (29)
and (30), we obtain the required identity (28).
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Theorem 22. The following inequality holds true

d 1 m m
Z:Oud ( > Z(?);;an (cx, Py, Pzus X) d* (em)!

=0

c—1 m m
o (3) 3 (D)o .
0

m= =0

Proof. Let
1— u)t)ecdzt+y(cdt)2+z(cdt)3 ()\decdt - ’U,d)

(Nedt — u)(Net — u)

Proceeding on the same lines of proof as in Theorem 4.2, we get identity (31). Thus,
we omit the proof.

Ny

Theorem 23. The following inequality holds true

n l
l
Z (?) uGE (dx, d%y, d3z; u; N) eV tudoN—e Z <m> (—a)™™"

=0 m=0

s <d; 2) G ez, Py, Eauya+ 1L A)cmd ™

!
l
(7;) uGE (dx, d%y, d3z; u; N) e tudoN—e Z <m> (—a)™™"
0

m=0
o A _
S,(g ) (d; u) nGE . (cx, Py, Azu; o+ 15 N)dmd ™. (32)

Proof. Let

((1 _ u)t)a+260da:t+y(cdt)2+Z(cdt)3 ()\decdt _ ud)aecht+Y(cdt)2+Z(cdt)3

F(t) = ()\edt _ u)a+l()\ect _ u)a+1 ’

which on rearranging the powers, we have
ZHgndxdy,dzuA !ZZ<T>(_Q) -
n=0 m=0 r=0

l
gl <d; 2) Z 16 (X, Y, P Z;u; N)d! ’;
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n

F(t)=)Y

n=0 |=

!
l
<7>Hg5_l(da:,d2y,d32;u; N lydae N —q Z < )(—a)mT
0

m=0

(a) A F 2 3 m lfmtn
S, d; " G, (cx,c?y, zyu; a0+ 1; N)c™d ok (33)

Again we can write

0o n l
F(t) = Z Z (7>Hg5_l(d:c, d?y, d®z;u; NN — o Z <17ll> (—a)™"

n=0 [=0 m=0

S (d? 2) HOE e, Py, o+ LA 39

On comparing the coefficients of equal powers of ¢ in the r.h.s. of Expansions (33)
and (34), yields identity (32).
Theorem 24. The following inequality holds true

n

§ n F 2 3 n—m, doy—« Em: m m—r
(m> Hgn—m( T, A" Y,q 25U; Q5 )C u <’I“)( O[)

m=0 r=0

=22 <,,:;> HO o (da, d®y, dPz;u; \) MO <T> (—a)m—"

r=0
a AN
S,E ) (c; u) d™. (35)
Proof. Let
((1 _ u)t)aecdxt+y(cdt)2+z(cdt)3 ()\cecdt _ uc)a
()\edt _ u)a()\ect _ u)a

Proceeding on the same lines of proof as in Theorem 4.4, we get identity (35). Thus,
we omit the proof.

N(t) =

26



Waseem A. Khan and Divesh Srivastava — Generalized Hermite-based ...

5. CONCLUSION

In this paper, a multi-variable hybrid class of the Hermite—Apostol-type Frobenius—
Genocchi polynomials is introduced and their properties are explored using various
generating function methods. Several explicit and recurrence relations, summation
formulae and symmetry identities are established for these hybrid polynomials. A
brief view of the operational approach is also given for these polynomials. The
operational representations combined with integral transforms may lead to other
interesting results, which may be helpful to the theory of fractional calculus. These
aspects will be undertaken in further investigation.
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