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EXISTENCE AND ULAM STABILITY OF FRACTIONAL
PANTOGRAPH DIFFERENTIAL EQUATIONS WITH TWO
CAPUTO-HADAMARD DERIVATIVES

M. Houas

ABSTRACT. In this work, we study existence, uniqueness and Ulam stability type
of solutions of fractional pantograph equations involving two Caputo-Hadamard frac-
tional orders. The existence and uniqueness of solutions is established by contraction
mapping principle, while the existence of solutions is derived by Leray-Schauder’s
alternative. We also present and discuss different types of Ulam-stability for our
problem. Finally, we give some illustrative examples.
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1. INTRODUCTION

Pantograph equation have been the focus of many studies due to their application
in various sciences, such as electrodynamics, astrophysics, nonlinear dynamical sys-
tems, probability theory on algebraic structures, quantum mechanics. For further
information and applications, see [3, 11, 12, 13, 19]. Recently, many studies on
fractional pantograph differential equations involving different operators, such as
Caputo operators [1], Riemann-Liouville operators [16], Hilfer operators [22], Hilfer-
Hadamard operators [23], Caputo-Hdamard fractional derivative [9] have appeared
during the past several years. Moreover, by applying different fixed point theo-
rems, many mathematicians have obtained results of the existence and uniqueness
of solutions for various classes of fractional pantograph differential equations, see
[1, 2, 4, 6, 7]. Recently, Ulam’s type stability problems have been taken up by sev-
eral researchers and the study of this area has grown to be one of the most important
subjects in the mathematical analysis area, for more details see [8, 10, 15, 18, 20]
and references therein. Also the Ulam stability of pantograph differential equations
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with fractional derivative has been investigated by different authors, we refer the
reader to the papers [9, 12, 21, 22, 23|.

In the present work, we study existence, uniqueness and Ulam-stability of solu-
tions for fractional pantograph differential equations involving two Caputo-Hadamard
type derivatives:

%DO‘ (gD5+'y)u(t) =f(tu(t),u(At)),t e[, T,y eR,0< <1,

(1)
u(l)=0, u(T)=19, 6,9€R,

where 0 < «, 8 < 1,% Da,g DP are Caputo-Hadamard fractional derivatives and
f:[L,T] x R xR — R, is given continuous function.

The paper is organized as follows. In Section 2, we recall some definitions and
lemma which are used throughout the paper. In Section 3, we present our main
results for existence and uniqueness of solutions for the proposed fractional problem
(1). Section 4, we study the Ulam-stability type of solutions for the fractional
problem (1). Some examples to illustrate our results are presented in Section 5.

2. PRELIMINARIES

In this section, we recall some basic definitions and lemmas which are used through-
out this work.

Definition 1. [17] The Hadamard fractional integral of order « for a continuous
function h : [a,+00) — R is defined as

t p=l g
HIO‘f(t):F(lp)/ <logz> I )ds,p>0, (2)

s
where log (.) = log, (.), provided that the integral ezist.

Definition 2. [1}] For at least n—times differentiable function f : [a,00) — R the
Caputo-Hadamard fractional derivative of order p is defined as

t n—p—1
G050 = iy [ (o) oI Q

wheren —1 < p < n,n = [p|+1,§ = t%, [p] denotes the integer part of o and
log (.) = log, (.).
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Lemma 1. [14] Let u € C§ ([a,b] ,R). Then

|
—

a1 (D) (1) = u(t) — 3 ci(logt), ¢; € R, (4)

i

I
o

where C ([a,b],R) = {h: [a,b] > R: 6" 'h e C([a,b] ,R)}.

Lemma 2. [5]. (Leray-Schauder alternative). Let S : F' — F be a completely
continuous operator (i.e.,a map that restricted to any bounded set in S is compact).
Let

QS)={ueF:u=0S(u) for some0 <o <1}.

Then either the set 2 (S) is unbounded, or S has at least one fized point.
Now we prove the following auxiliary lemma.
Lemma 3. Suppose that h(t) € C ([1,T],R) and consider the fractional problem
GDP (D + ) u(t)=h(t),t€[1,7],0 <, B < 1, (5)

with the condition

w(@) =0, u(T)="9. (6)

Then, we have

w(t) = F(al—i—ﬁ)/lt (mgi)w_lh(s)is—rzﬁ)/j <logi>ﬁ_1u(s)ds

'y T 7\ @61
- — log — u(s)ds—9+60)+40. 7
), (oe3) v g
Proof. Using Lemma 1, we can write
1 t £\ oAt ds
= - log — @s
) = g [ (o) nel 0

~ 0 e ) )
F(/B)/l <log8> U(S)dS+F(5+1) (logt)” + c1.

where ¢y, c1 € R.
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From (6), a simple calculation gives

6129,

Ty (o, 1 T TN s
© 7 logT) (ﬁ ’ P(a+ﬁ)/1 <log8> i

+% /1T <1og f)ﬁ_l u(s) ds> .

Substituting the values of ¢y and ¢; in (8) yields the solution (7).This completes the
proof.

3. EXISTENCE AND UNIQUENESS OF SOLUTION

We denote by X = C ([1,7],R) the Banach space of all continuous functions from
[1,T] to R endowed with the norm defined by ||z| = sup {|z (¢)| : ¢t € [1,T]}.
In view of Lemma 3, we define an operator P : X — X as

Pult) = F(al+6)/1t <logi>a+ﬁ_1f(s,u(s),u()\s))CiS—Fzﬂ)/lt <logi>ﬁ_1u(s)ds

(log )" 1 Ty ethl "
(logT)” (F(a+6)/1 (logs> fsiuls),u(ds)) —

_ F(Vﬂ)/f <log f)awlu(s) ds — 0+e> +6. 9)

Our first main result is based on the Banach contraction principle.

Theorem 4. Let f : [1,T] Xx R x R = R be a continuous function. Assume that:
(Hy) : There exists a constant k > 0 such that

|f(t,l’1,l’2) - f(t7y1>y2)| < k(|$1 _y1| + ‘1'2 _y2|) S [17T] y Ty Yi € sz = 1a2

If the inequality

4k
I'(a+p+1)

2|y
r@+1)

is valid, then problem (1) has a unique solution on [1,T].

(logT)**P <1 — (log T)" (10)
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Proof. Let us define L = sup;cp g7 |f (£,0,0)] < oo. Setting

W(logT)o‘Jrﬁ—i—Q\Gl + 9]

a+ 2 ’
i (o8 T)™ + il (log 7’|

We show that PB, C B,, where B, = {u € X : |Jul]| <r}. For u € B;, we find the
following estimate based on the hypothesis (H;) :

|f G u(t),u(M)] < [f(Eu(t), u(At) = f(s,0,0)[+]f (s,0,0)]
< 2%k |ul|+ L <2kr+1L, (11)

r >

1—

Using (11), we get

< g (eel) T oo 1L [ (o) s

oo t)? T -1 .
) v [ (y) Wbl

S

(log T)”

T
bl T\
+ F(ﬁ)/l <10g 3) |U(5)| ds + ’19| + ‘9’> + ’9|

2 (log T)**7° 2|y| (log T)"

Tlat i) P+ D+ =gy

r+ 20|+ |9 .
Thus

(log T)aJrB + TG+1 (25’1 0 (log T)6> r

(log T)* ™ +210] + 9] <,

ol < (g
= \I'(a+B+)
2L
T (a + B+)
which implies that PB, C B,. Now, for u,v € B, and for any t € J, we get

|Pu(t) = Pu(t)]

IN

N (oe EY ) -
s [ (ost) e o olas

o Jé] T a+p-1 S
togy (r(l () 08— (s 0 0 )] 2

(log T)”
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By (Hi), we can write

4k 21|y
Pw)-P0|<(———@ogT)*? + U1 (1ogT)? ) |Ju — o]
1P = P < (g Oou )™+ 20 o)) = o]
By (10), we see that P is a contractive operator. Consequently, by the Banach fixed
point theorem, has a fixed point which is a solution of (1).

In the next result, we show the existence of solutions for the problem (1) by
Lemma 2.

Theorem 5. Let f:[1,T] x R x R — R be a continuous function. Assume that:
(Ha2) : there exist real constants w; > 0 (i =1,2) and wy > 0 such that for all
z,y € R, we have
[f (82, y)] < wo +wr 2] + wa lyl -
If
4(log 7)™ 2|y| (logT)”
Fla+B+1" " T(E+1)

Then the problem (1) has at least one solution on J.

<1. (12)

Proof. First, we show that the operator P : X — X is completely continuous. By
continuity of the function f, it follows that the operator P is continuous.
Let ® C X be bounded. Then we can find positive constant M such that

If (t,u(t),u (M) < M,Y ue®.

Then for any u € © and by (Hs), we have

M t £\ oAt ds yr t P!
IPal < v | <1°gs> T ) <10g5) @
(logt)” M T ( T)‘W‘l ds
g T)? (F(a+/5’)/1 o8 s

T a+p8—1
yr T)
+ log — ds+ |9+ 0] | +16|.
v [ (o ||\>r|

2M (log T)* 241 (log T)?
I'la+p+1) rep+1)

Hence, we obtain

[Pull < + [0+ 216].
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From the above inequality, it follows that the operator P is uniformly bounded.
Next, we show that P is equicontinuous. Let t1,ty € [1,T] with 1 <t} <ty <T.
Then we have

|Pu (t2) — Pu (t1)]

] () [ )
e[ (o) () S e [ ()
. (log tl(ig— T()l;g tr)* Gg( Scf ?:1‘; " Elﬁoi 71))5 9] + |e|)

< F(aiwﬁ+1) [(10gt2)a+5 - (10g751)a+5]
+% (log t1)? — (log t2)® + 2 (log Z)B

(log t1)? — (log ts)” (M(logT)aJrB vr (log T)°

(
(log T)” T(a+B+1)  T(B+1) +W|+|‘9|>'

As ty — t; — 0, the right-hand side of the above inequality tends to zero indepen-
dently of u. Therefore by the Arzeld-Ascoli theorem the operator P is completely
continuous.

Finally, it will be verified that the set @ = {u € X :u=0P (u),0 <o <1} is
bounded. Let u € Q, then u = o P (u). For any ¢ € [1,T], we have

u(t) =ocPu(t),
then

u (t)

<o w/ (mi)w1\f<s,u<s>,u<xs>>\f+r"{g)/j (logz)ﬁl u (s)|ds

(log t)’fj 1 T T\ oHA-1 s
+(logT)5 <F (a+P) /1 <log s> [/ (s,u(s),u(As))| o

LT (e 7Y
ot [ () u(s)ds+|ﬁ+re|)+|0\>-
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Thanks to (Hz), we can write

2 (log )+

27 (log T)”
Fa+pB+1)

0= L(B+1)

(wo + 2wy [|ull) + [[ull + 2161+ |9]

Hence, we have

4 (log T)**7 27 (log T)” 2 (log T)**”
Hu”§<r<a+5+1>m rEn ) M T s

It follows that

wo +210] + 19

2(log T)* TP
r(((;g+,5?+1)*w0 +210] + [V

4(log T)* 7 2y(log T)? \
- ( Tatpr) W1 T @ >

This shows that the set € is bounded. Thus, by Lemma 2, the operator P has
atleast one fixed point. Hence problem (1) has at least one solution on [1,7].

lufl <

4. ULMA-STABILITY

In this section, we define and study the Ulam—-Hyers stability, the generalized Ulam-—
Hyers stability and Ulam-Hyers-Rassias stability for the problem (1).

Definition 3. The fractional boundary value problem (1) is Ulam-Hyers stable if
there exists a real number cy > 0 such that for each € > 0 and for each solution
v € X of the inequality

(G0 (GD7 +9) v () = £ (t,0(6),0 )| <=, t e [1,7], (13)
there exists a solution u € X of fractional boundary value problem (1) with
v (t) —u(t)] < cpe, t€[1,T].

Definition 4. The fractional boundary value problem (1) is generalized Ulam-Hyers
stable if there exists 1y € C(Ry,Ry), ¢ (0) =0, such that for each solution v € X
of the inequality (13) there exists a solution uw € X of the fractional boundary value
problem (1) with

0(8) —u ()] < ¥y (), t€ [1,T).

Definition 5. The fractional boundary value problem (1) is Ulam-Hyers-Rassias
stable with respect to ¢ € X if there ewists a real number ¢y > 0 such that for each
€ > 0 and for each solution v € X of the inequality

G0 (507 +9) v ()~ F (Lo ()0 )| <o), te1,T),  (14)
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there exists a solution u € X of problem (1) with
[0 () —u @) < crep(t), t € 1,T].

Definition 6. The fractional boundary value problem (1) is generalized Ulam-Hyers-
Rassias stable with respect to ¢ € X if there exists a real number cy , > 0 such that
for each solution v € X of the inequality

G0 (GD7 +) v (t) = F(to @), v )| @), te LTI, (15)
there exists a solution u € X of problem (1) with
[0 (t) —u(@)] < crpp(t), t € [1,T].

Remark 1. A function v € X is a solution of the inequality (13) if and only if there
exists a function v : [1,T] — R such that

(1) [ (@) <ete ).
(2) : GD (5DP +y)u(t) = f(t,ut),u(At)+ (), t€[1,T],y€R0< A< 1L
Theorem 6. Assume that f: [1,T] x RxR — R is a continuous function satisfying

(Hi). If

2k a+ ”7|
T(a+fB+1) (log )™ + T(5+1)

then the fractional boundary value problem (1) is Ulam-Hyers stable and conse-
quently, generalized Ulam-Hyers stable.

(logT)? < 1, (16)

Proof. Let v € X be a solution of the inequality (13), i.e.
G0 (G0 u () +7) = f (tu(t), u ()| < et € [1,T],
and let us denote by u € X the unique solution of the problem
%DO‘ (%Dﬁu(t) —i—’y) =f(t,u(t),u(At)),veRte J0<a,pf<l,0<A<],
u(l)=v(1),u(T)=v(T),
By using Lemma 5, we have

co (logt)”

u(t) = pI*Phy, (t) — yulPu(t) + TG+

Cq.
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and by integration of the inequality (13), we obtain

¢s (logt)?

v (t) — HIa+Bhv(t)_7HIBU(t)+ L(B+1)

(log t)*'47)

13
+ -
S = Tt s+l

9 a+p
S Tlaspgn losD

On the other hand, if u (1) =v (1) ,u(T) = v (T), then ¢y = co and c3 = c3
For any t € [1,T], we have

_ o ¢z (logt)?
o) —u(t) = v(t)— gI*Phy (t) — yaI’u(t) — 13(5+1) -
+ 510 (hy(t) = hu(t) = v I” (v (8) — u(t)),
where,
ho (8) = f(tu(t) ,u (M) and hy (t) = f (v (1), (A)),
and

a1 (hy (8) = ha (0) = 5I°[f(s,0(s),0 (M) = f(s,u(s),u (A1))]-

Using (H1), we get

ca (logt)”
2ol s

T (s D ) ()

D o BV 10 () — ()1 %
g [ Gea Dy (s —u (o)

[o(t) —u@®)] <

v(t)— gI*Phy (t) —ypIPu(t) —

By (17), we obtain

e(log 7)™ 2k (logT)**"  |y|(logT)"

which implies that

2k (log T)**" 7] (log T)"
Ma+p+1)  T(B+1)

[o(s) = u(s)] (1 -

< e (log T)**°
“T(a+68+1)
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For each t € [1, €], we have

(log T)***
v (t) —u(t)] < v A
2k(log T)“ log T
I'(a+p5+1) (1 - [ Mg+ e D

Thus, the fractional boundary value problem (1) is Ulam-Hyers stable. By putting
¢ (g) = ve,¢(0) = 0 yields that the fractional problem (1) generalized Ulam-Hyers
stable.

Theorem 7. Let f:[1,T] x R x R — R be a continuous function and suppose that
(H1) and (16) hold. In addition, the following hypothesis holds (Hs) : There exists
an function ¢ € C([1,T],Ry) and there exists n, > 0 such that for any t € [1,T]

o [ (or D)™ ) D < mlt) (19)

Then the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.
Proof. Let v € X be a solution of the inequality (15), i.e.

(G0 (GD%u (1) +7) = £ (tu () u ()| < 2p(t), t e [1,T],
and let us denote by u € X the unique solution of the problem

GD (GDPu(t)+v) = f(tu(t),u(\)),yERtE J0<a,B<L0< A<,

Thanks to Lemma 3, we obtain

1 B
wlt) = " ha () = u (o) + DB e,

and by integration of the inequality (15), we obtain

ca (logt)”
rpg+1)

- t ¢ a+B-1 ds
merm ) () w0 se0

v(t) — gI®Phy (t) — yaIPv (t) + +c3 (20)
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By (18) and (20), we have

2k t b ats ds
v () —u®)] < enpp(t)+ W/l (log ;) 7y (5) — u(s) |;
il /t tig-1 ds
+— log — v(s) —u(s)|—
w7 [ Goa sy o) —u(s) |
Hence,
2w (log T')* Ny
_ 1— < t).
HU(S) U(S)H < F(Oé+ 1) ) = 1_ [Qk(logT)o‘J"B |’y|(10gT)ﬂ} (70( )
I'(a+B+1) T(B+1)
Then, for each t € [1,T]
ENy
t)—u(t)| < t).
’U( ) u( )‘ = 1 |:2k(logT)a+B |’y\(logT)B:| ()0( )
T(a+B+1) T(B+1)

So, the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.

5. EXAMPLES

To illustrate our main results, we treat the following examples.
Example 1. Consider the Caputo-Hadamard type fractional pantograph equation

1 1 2 _|- (=
CHD§ (CHD§ 115>u(t) :133# Hu(t)+13€% U (Zt) %v telle,

For this example, we have o = %,[3 = %,’y =L A=3and T =e.
On the other hand,

2 2 2
f(tuv) = 323 T (323’ T g

Fort € [1,e] and (u1,v1), (ug,v2) € R%, we have
o (un — ug| + o1 —wal).
Hence the condition (Hy) holds with k =

_2
13e? "
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Thus conditions

4k _ 2|v]
o (QogT)*P ~325T1x102<1— ——"1_(logT)® ~ 0.850 69,
F(a+5+1)(0g ) F(,B+1)(Og )
and
2k v _
— 2 (QogT)*P+ — L (logT)” ~9.0942 x 1072 < 1,
P(a+ﬁ+1)(og ) P(6+1)(0g )

are satisfied. It follows from Theorem 6, that the problem (21) has a unique solution
on [1,€e] and from Theorem 1/, the fractional problem (21) is Ulam-Hyers stable.

Example 2. Let us consider the following fractional pantograph equation

GDR (GDF + &) u(®) = fsin(@u(®) + fu(3t) + 2, te e,

(22)
u(l)=2, wu(e) =3,
Consider fractional pantograph equation with a = %,ﬁ = %,'y = %07/\ = % and
ft,zy) = 5sin () + 5y + 3.
For (u1,y1), (ug,v2) € R? and t € [1,¢], we have
1 . 1
|f(t,ur,v1) = f(tug, )| < — [sin(?)||ur — ua| + < |v1 —v2
15 15
< w0y o)
= 15 ui (75 V1 v21) .
Hence hypothesis (H1) is satisfied with with k = %
We can show that
4k 2|y
—————(log 7)™+ T (log T)” =~ 0.47394 < 1.
TatprD os?) CESTRE
Let o (t) =t3. Then
1 t t 3,2 ds 6
—_—— log )1T5 7 1p(s)— < 3 = t).
P(i+§+1)/1(gs) 90()8_F(;1%) N (1)
Thus hypothesis (Hs) is satisfied with o (t) = t* and n, = 5 It follows from

r(z5)°
Theorem 6 that the fractional problem (22) as a unique solution on [1,e], and from
Theorem 15 problem (22) is Ulam-Hyers-Rassias stable.
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