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ABSTRACT. In this paper, we introduce a new subclass of harmonic univalent
convex functions of complex order and type alpha by using quantum calculus. In
particular, we introduce coeflicient estimates, partial sums, distortion bounds and
convolution conditions for this subclass.
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1. INTRODUCTION

Quantum calculus (or g—calculus) is a theory of calculus where smoothness is not
required. In 1908 and 1910, Jackson initiated in-depth study of g—calculus (see [11,
12, 13]) and developed the g—derivative and g—integral in a systematic way. Later,
quantum calculus has been used in various branches of physics and mathematics,
as for example, in the areas of ordinary fractional calculus, orthogonal polynomials,
basic hypergeometric functions, combinatorics, the calculus of variations, the theory
of relativity, optimal control problems, g—difference and g—integral equations and
in g—transform analysis.

Throughout this paper, we shall assume that g—satisfies the condition ¢ € (0,1).

Definition 1. Let g € (0,1) and A € C. The g—number, denoted by [N4, is defined
by
1—¢*
Ag = .
[ ]q 1— q
When A = n € N, we obtain [n]; =1+ q+¢*>+ ...+ ¢" %, and when ¢ — 17, then
[n]g = n.

Applying the g—number and motivated by Jackson [11], g—derivative is defined
below.
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Definition 2. The q—derivative (or q—difference operator) of a function f, defined
on a subset of C, is given by

f(?l):;‘)(EZ)’ 240

(Dgf)(z) = (1)
f(0), z=0.
We note that lim,_,;- (Dyf)(2) = f'(2) if f is differentiable at z.

For a function f(z) = 2", we observe that

For definitions and properties of g—derivative and g—calculus, one may refer to
[4, 5, 8,9, 10, 15].
Let A denote the class of normalized functions of the form

f(z) = Zanz”, a; =1 (2)
n=1

which are analytic in the open unit disk D := {2z : |z| < 1}. In view of (1) and (2),
it follows that for any f € A, we have

Dyf(z) = Z[n]qanznfl and Dy(zDqf(2)) = Z[n}ganznfl,
n=1 n=1

where ¢ € (0,1).

In order to define a subclass of harmonic univalent functions associated with
q—calculus, we first need some notations and terminology of harmonic univalent
functions.

Let H denote the family of complex-valued harmonic functions f = h + g in the
unit disc D, where h and g are analytic and have the following series expansion

f(2) :z+Zanz”+anz”, |by| < 1. (3)
n=2 n=1

Note that f = h + g is locally univalent and sense-preserving in D if and only if
lg'(2)/W (2)] < 1in D (see [6]). Also, let Sy be a subclass of functions f in H that
are univalent in . We observe that for g(z) = 0 in D, the class Sy reduces to the
class S of normalized analytic univalent functions in D.
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We also recall that convolution of two complex-valued harmonic functions
(e ¢] (o] o (o]
f(z)=2z+ Z anz" + Z bpz® and F(z)=z+ Z Apz™ + Z Bpz™ (4)
n=2 n=1 n=2 n=1
is defined by
(o] (o)
fR)*xF(z) = (f*F)(2) =2+ Y _anAnz"+ Y byBpz", (2 €D).
n=2 n=1

A comprehensive study for the theory of harmonic univalent functions may be found
in Duren [7]. One may also refer to the survey articles [1] and [2].

Let the function f = h 4 g be defined by (3) with b = 0. Then, the sequences
of partial sums of functions f are given by

m o0
fm(2) =2z + Zanz" + anz”,
n=2 n=2

oo S
fs(z)=z+ Z an?" + Z b, 2",
n=2 n=2

Study of partial sums of starlike functions and convex functions was first initiated
by Silverman [18] and Silvia [19]. Later, Porwal [16], Porwal and Dixit [17] derived
some results of partial sums for harmonic univalent functions.

Using g—difference operator, we define the class C, (b, @) of g—harmonic univa-
lent convex functions of complex order and type alpha:

Definition 3. A function f = h+g given by (8) is in the class Cy, (b, ) if

where b € C\ {0}, ¢ € (0,1), @ € [0,1) and z € D. Such functions are called
q—harmonic univalent convex functions of complex order and type alpha.

For various parameters, we obtain some known subclasses as special cases:
a) Setting b = 1, we get the class Cy, (1, ) = Cy, (), [3].
b) Setting b= 1 and ¢ — 17, we get the class lim,_,;- C3,(1, @) = Cy (), [14].

c) Setting b =1, a =0 and ¢ — 17, we get the class lim,_,;- Cy,(1,0) = Cy, [6].
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In this paper, we first obtain sufficient coefficient estimates of the class C3,, (b, @).
Making use of these coeflicient estimates, we explore some ratios of partial sums of
the functions in the class class Cy, (b, a) by

f(z) } {fm(z)} {f(Z) } {fs(Z)}
Re , Re , Re , Re .
{ fm(2) f(z) fs(2) f(2)
We finally introduce distortion theorems, covering theorem and convolution condi-
tions for the class Cy, (b, @).

2. COEFFICIENT BOUNDS AND UNIVALENCE CRITERIA

We first prove sufficient coefficient condition and show the univalence criteria of the
class Cy, (b, @).

Theorem 1. Let b e C\ {0}, g€ (0,1), « €[0,1), 2€D, and let f =h+g € H be
defined by (3). If

Z)‘n|an|+zyn|bn| < [b[(1 = a), (6)
n=2 n=1
where
An = [n]g([n]g =1+ [b[(1 —a)),  (n=2), (7)
vn = [n]g([n]g +1=bl(1 —a)), (n2=1), (8)
then f is sense-preserving and univalent function in D; thus, f € C3,(b, ).

Proof. In order to show that the class CHq(b, «) is univalent, we will show that
f(z1) # f(z2) if 21 # 29. Then

g9(z1) —

f(z1) = f(22) B 9(22)
‘ “hiz)| = ‘( D= h(z)
Z bn(zyf _53)
-1_ n=1 —
(21 — 22) + nZ::Q an (27 — 2%)
> i)
>1- =L
1= > nlay,|
n=2
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0 [n]q([n]g+1—b](1—c
) ( i) Do
>1_ =l

o [n]q([n]q—14+b](1—a
Z L =) D

> 0.

This proves univalence of f. Also, f is sense-preserving in ID because
S . —14|b)(1—
wmmwamww1n_zmwwwlw<a»
—«

n=2 n=2

[72]q Ibl( a))
‘b, ) [bn|

|an|

> Zn\anZ\”‘l > |Dqg(2)|.
n=1

We recall that Re(w) > « if and only if |1 —a+w| > |1 + a —w|. In view of (5), we
will show that

(b—1)2Dyf(2) + 2Dy(2Dy f(2)) ‘

oo D, 1) o
_‘1 o (b—1)2Dqf(2) + 2Dg(2Dq f(2)) ‘ -0
bzDy f(2) =

The series expansions of 2D, f(z) and zDy(2D,f(z)) can be written as

2Dqf(2) = 2D h( ) = 2Dqg(2)

=z+ Z n)ganz" Z[n]qbnﬁ

n=1

and
Dy(2Dyf(2)) = 2Dg(2Dgh(z)) + 2Dg(2Dgg(%))

oo o0
=z+ Z[n]ganz” + Z[n]gbnﬁ
n=2 n=1

Substituting these series expansions into the left side of (9), we observe that

‘ 2—042—1—2 Jlq — 1402 — a))a,2" +Z +1—b2—a))b,z"
n=1
— |baz =Y “[nlg(Inly — 1 = ba)anz" =Y [nlg([nlg + 1 + ba))bp 2"
n=2 n=1
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[e.9]

> [0l(2 = a)lz] = D _nlg([nlg — 1+ [b](2 — a))lan]|2["

n=2

NE

[]q([n]g +1 = [b[(2 = @))[bnl[2]"

n=1

= [plafz = > [nlg([nlg — 1 = [plalanl|=l™ = > [nlg([nly + 1+ bla))[bal|2]"
n=2 n=1
> 2|b|(1 — a)|z] —22 Jg — 14 10|(1 — a))|an|]z|"
n=2

—22 1= (L~ )l
>rbr<1—az|( Z‘b‘ Sl - Z‘b‘ il ) =0,

by (6). This proves that f € C;, (b, ). The function defined by

> [b](1 — > |bl(1 —
SIS o] ((E RS SRy
n=2 n

n=1 n

where Z |zn| + Z |yn| = 1, show that the estimate in (6) is sharp.

n=2 n=1

In order to establish that (6) is also necessary condition, we need to define a
class TH containing the functions f = h + g, where

z)=z—) laplz" and g(z Z|b |2" (2 €D). (10)
n=2

The bound in (6) is necessary condition for the class 7Cyx, (b, &) defined by TCy, (b, ) :=

THNCy,(b,a). We prove the next coefficient characterization.

Theorem 2. If f = h + g defined by (10) belongs to TH, then f € TCy,(b,a) if
and only if

D Anlan] + > valba] < [bl(1 - @), (11)
n=2 n=1

where A, and v, given, respectively, by (7) and (8), and where b € C\ {0}, ¢ € (0,1)
and o € [0,1).
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Proof. Due to TCy, (b, ) C Cy,(b,c), we need to show that “only if” part of this
theorem. Using the functions f = h+g defined by (10), we observe that the condition
(5) can be written by

(b —1)zDq f(2) + 2Dg(2Dg f(2)) N
Re{ bzDy f(2) } 20,

which is equivalent to

b(l—a)z— > Mplan|z™ — > vn|bp|Z"
n=2 n=1

Re{ = = } > 0. (12)
z— ) [nlglan|z™ + ngl[n]q’bn‘zn

n=2

The expression given in (12) must satisfy for all z € D, (|z| = r < 1). If we choose
the values of z on the positive real axis, we must have

b](1 —a) — > )‘n‘anW%l - Vn’bn‘rrhl
n=2

- i > 0. (13)
1- 2732[7”L]q|an|1""*1 + zl[n]q\bnlr”*l

The numerator in (13) is negative for r sufficiently close to 1 if the bound in (11)
does not satisfy. Hence, there is a point zg = ro between (0, 1) for which the quotient
in (13) is negative. Due to contradiction, we say that f € TCy,(b,a).

3. PARTIAL SUMS

We now establish some ratios of partial sums of the functions in the class Cy, (b, ).

Theorem 3. Let f = h + g defined by (3) be in H with by = 0. If f holds the
condition given by (6) and

|b](1 — ), n=2,3,....,m

An >
Am+1, n=m+1,m+2,...,
then
) (1) 51 e
) B (fm(z) = Ami1l (14)
.. fm(z) )\m—‘rl
i re(B3) 2 5 ey (%)
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These estimates are sharp for

f(z2)=z+ Msn;a)zmﬂ. (16)

Proof. i) Since f € Cy,(b,a), by (6) we have

> o X g <

where )\, and v, given, respectively, by (7) and (8). For proving (14), we consider
)

MtE et (RS e )

Ami1 (f(2) = fm(2)>
/(1 = a) fm(2)

wi(z) =

m = , (17)
Z4 Y. anz™+ > by2™

n=2 n=2
which is analytic in D with w(0) = 1. It is sufficent to show that Re(w1(z)) > 0 or
equivalently

@ilz) =1
wi(z)+1] —
Substituting (17) into this inequality, we get
Amil o=
a
wi(z) =1 < 1o1(1= )n:%—l-l‘ ol
wi(z)+ 1]~

m o0 A\ L o0 :
2-2(3 lanl + 3 1bal) ~ ity > aal
n=2 n=2 n=m-+1

The last inequality is bounded by 1 if and only if

o0

Z Jan] + Z onl + 5 oy A T > i<t (18)

n=m-+1

It suffices to show that left side of (18) is bounded above by

Z |b| ool + Z e
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which is equivalent to

i An = [0|(1 — @) > Up —|7|(1 — ) > An — A1
——an| + — b, | + ————a,| > 0.
D iy D iy 2 T a)

If we take f(2) = z + Ibl(liﬂa) M+l with z = re'™/™ and r approaches to 1 from left,
then we get
1-— 1-—
fl2) o bld=o) o o [l —a)
fm(2) Am+1 Am+1

i1) Similarly, for proving (15) we consider

() = et ML (fal2) (Bl )

bl(1 —a) f(2) m+1+[b|(1 — )
P Tl L € etc)) <fm(z) - f(2)>
bl(1 =) f(2)
|, S T(E DY i an?"

z—l—Zanz”—i—sz”
n=2 n=2

which is analytic in D with ws(0) = 1. Therefore

Am+1+bl(1—a) §

‘WQ(Z) _ 1‘ < pli-a) 2o |an| »
SO 225 jaal + 5 1) - 2l 5 ol
if and only if . . .
> an] + Y [bal + M?I”fa) S Jaal <1 (19)
n=2 n=2 n=m+1

Since left side of (19) is bounded above by

Z |b| oy Z e

this completes the proof.
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Theorem 4. Let f = h + G defined by (3) be in H with by = 0. If f holds the

condition given by (6) and

b|(1 — ), n=23,...,s

Vp 2
Vst1, n=s+1,s+2,...,

then

, f(z) b[(1 — a)

.. fs(z) Vs41

o w(53) > 2y
These estimates are sharp for

b
fo) =z 4 A=W (22)
s+1

Proof. i) Since f € C3,(b, ), by (6) we have

Ia |+
Z \b\ n Z |b\
where \,, and v, given, respectively, by (7) an

)

wy(z) = { flz

Ib!

d (8). For proving (20), we consider

)

)

pl(1—a) L fs(z)
Vs41 f
=1
R
‘b‘latla) ;4_1 bnz"
-1 + n=s

which is analytic in D with w3(0) = 1. It is sufficent to show that Re(ws(z)) > 0, or

Vs+1

<

n=s+1

[bn|
<1

’w?)(z) _ 1’ bl(1—a)
ws(z) + 1
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if and only if

[o¢] S Vs+1 o0
Z|an\+2|bn|+m Z by| < 1. (23)
n=2 n=2 n=s+1

It suffices to show that left side of (23) is bounded above by

E:|b| '”*E:w

which is equivalent to

o S o
An = [0](1 — a) bl(1 — a) Vn — Vs41
Y Ty el X e el Y Sl 20
2 B(1-a) 2l 2 Bli-a)
To prove that f(z) = z + |b|( ) 7z5*! gives the sharp result, we observe that for
z = re™/5t2 we have
FG) =) s, Bl=a)
fs(z) Vs+1 Vg1
when r — 17.

i) Similarly, we obtain (21). Therefore, the proof is omitted.

4. DISTORTION BOUNDS AND COVERING THEOREM

Distortion bounds for the functions belonging to the class 7Cy, (b, ) can be proven
as below. This result also yields the covering theorem.

Theorem 5. If f € TCy,(b,a), then for |z| =r <1 we have

) (-2 ) e

[f(2)] < (T4 [ba])r +

2,(@, — 1+ bl —a) 0
and
e bl(1 = ) 2w, s
(=) = @~ bil) mamm—1+mu—a»(1 wu—a>‘“0 - (35)
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Proof. Let TCy, (b, ). Then

)< Qo)+ Y (lan] + [bal)r"

n=2

< (L [oul)r + D (Jan] + [bal)r?

n=2
[b[(1 — o)
214([2lg = 1+ [6[(1 = @)

. [204(([2)g — 1+ b1 — )
2 Bl - a)

< (1+|b1|)r +

(‘an’ + ’bn‘)rz

bl(1 —a)

< (1+ |bu])r + 21,(2], — 1+ [b](1 — @)

= ([nlg(fnly — 1+ b0 = ) [alg(fnl + 1= Bl =), )
Z;( - )
bl(1 -~ ) 2 (1 - o)
§“+wmr+pmmh—1+wa—a»<“‘ wu—a>'“0ﬂ'

This proves (24). Similarly, we get the proof of (25).
From inequality (25), we obtain the covering result as follows:
Corollary 6. If f € TCy,(b,a), then

s bl — a) 2-pli-a) Y,
{ | '<(1 [21q<[2]q—1+|b|<1—a>>)*([21q<[2]q—1+|b|<1—a>> 1)‘b'}cf®)'

5. CONVOLUTION CONDITIONS

By using the definition of convolution, we show that 7Cy, (b, ) is closed under
convolution.

Theorem 7. For 0 < < a < 1, suppose f € TCy,(b,a) and F € TCy, (b, 8), then
f*F €TCu,(b,a) C TCa,l(b,B).

Proof. By using (10), the harmonic functions f and F' given by (4) can be written
as

fz)=2— Z |an|2" — Z |bn 2"
n=2 n=1
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and
o0 o0
z)=1z— Z |Ap|2" — Z | Bp|Zz".
n=2 n=1
Due to the definition of convolution of two harmonic functions, we write

(f * F)(z —z—l—Z\anHA E& +Z|b || B2

Since F' € TCy,(b, 3), from Theorem 2 we observe that |A,| < 1 and |B,| < 1.
Thus, we obtain

~ b1 — ) il T L b1 — )
> [n]g([nly — 1+ [B(1 — . [l = b1 = )
<2 b1 - a) ’"”; eyl <1

Due to Theorem 2, we prove that f* I’ € TCy, (b, ) C TCyx, (b, B).
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