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1. Introduction

Quantum calculus (or q−calculus) is a theory of calculus where smoothness is not
required. In 1908 and 1910, Jackson initiated in-depth study of q−calculus (see [11,
12, 13]) and developed the q−derivative and q−integral in a systematic way. Later,
quantum calculus has been used in various branches of physics and mathematics,
as for example, in the areas of ordinary fractional calculus, orthogonal polynomials,
basic hypergeometric functions, combinatorics, the calculus of variations, the theory
of relativity, optimal control problems, q−difference and q−integral equations and
in q−transform analysis.

Throughout this paper, we shall assume that q−satisfies the condition q ∈ (0, 1).

Definition 1. Let q ∈ (0, 1) and λ ∈ C. The q−number, denoted by [λ]q, is defined
by

[λ]q =
1− qλ

1− q
.

When λ = n ∈ N, we obtain [n]q = 1 + q + q2 + ... + qn−1, and when q → 1−, then
[n]q = n.

Applying the q−number and motivated by Jackson [11], q−derivative is defined
below.
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Definition 2. The q−derivative (or q−difference operator) of a function f , defined
on a subset of C, is given by

(Dqf)(z) =


f(z)−f(qz)

(1−q)z , z 6= 0

f ′(0), z = 0.

(1)

We note that limq→1−(Dqf)(z) = f ′(z) if f is differentiable at z.

For a function f(z) = zn, we observe that

Dqz
n =

1− qn

1− q
zn−1 = [n]qz

n−1.

For definitions and properties of q−derivative and q−calculus, one may refer to
[4, 5, 8, 9, 10, 15].

Let A denote the class of normalized functions of the form

f(z) =
∞∑
n=1

anz
n, a1 = 1 (2)

which are analytic in the open unit disk D := {z : |z| < 1}. In view of (1) and (2),
it follows that for any f ∈ A, we have

Dqf(z) =
∞∑
n=1

[n]qanz
n−1 and Dq(zDqf(z)) =

∞∑
n=1

[n]2qanz
n−1,

where q ∈ (0, 1).
In order to define a subclass of harmonic univalent functions associated with

q−calculus, we first need some notations and terminology of harmonic univalent
functions.

Let H denote the family of complex-valued harmonic functions f = h+ g in the
unit disc D, where h and g are analytic and have the following series expansion

f(z) = z +

∞∑
n=2

anz
n +

∞∑
n=1

bnz
n, |b1| < 1. (3)

Note that f = h + g is locally univalent and sense-preserving in D if and only if
|g′(z)/h′(z)| < 1 in D (see [6]). Also, let SH be a subclass of functions f in H that
are univalent in D. We observe that for g(z) ≡ 0 in D, the class SH reduces to the
class S of normalized analytic univalent functions in D.
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We also recall that convolution of two complex-valued harmonic functions

f(z) = z +
∞∑
n=2

anz
n +

∞∑
n=1

bnzn and F (z) = z +
∞∑
n=2

Anz
n +

∞∑
n=1

Bnzn (4)

is defined by

f(z) ∗ F (z) = (f ∗ F )(z) = z +
∞∑
n=2

anAnz
n +

∞∑
n=1

bnBnzn, (z ∈ D).

A comprehensive study for the theory of harmonic univalent functions may be found
in Duren [7]. One may also refer to the survey articles [1] and [2].

Let the function f = h + g be defined by (3) with b1 = 0. Then, the sequences
of partial sums of functions f are given by

fm(z) = z +
m∑
n=2

anz
n +

∞∑
n=2

bnzn,

fs(z) = z +

∞∑
n=2

anz
n +

s∑
n=2

bnzn.

Study of partial sums of starlike functions and convex functions was first initiated
by Silverman [18] and Silvia [19]. Later, Porwal [16], Porwal and Dixit [17] derived
some results of partial sums for harmonic univalent functions.

Using q−difference operator, we define the class CHq(b, α) of q−harmonic univa-
lent convex functions of complex order and type alpha:

Definition 3. A function f = h+ g given by (3) is in the class CHq(b, α) if

Re

[
1 +

1

b

(
zDq(zDqf(z))

zDqf(z)
− 1

)]
≥ α, (5)

where b ∈ C \ {0}, q ∈ (0, 1), α ∈ [0, 1) and z ∈ D. Such functions are called
q−harmonic univalent convex functions of complex order and type alpha.

For various parameters, we obtain some known subclasses as special cases:

a) Setting b = 1, we get the class CHq(1, α) ≡ CHq(α), [3].

b) Setting b = 1 and q → 1−, we get the class limq→1− CHq(1, α) ≡ CH(α), [14].

c) Setting b = 1, α = 0 and q → 1−, we get the class limq→1− CHq(1, 0) ≡ CH, [6].
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In this paper, we first obtain sufficient coefficient estimates of the class CHq(b, α).
Making use of these coefficient estimates, we explore some ratios of partial sums of
the functions in the class class CHq(b, α) by

Re

{
f(z)

fm(z)

}
, Re

{
fm(z)

f(z)

}
, Re

{
f(z)

fs(z)

}
, Re

{
fs(z)

f(z)

}
.

We finally introduce distortion theorems, covering theorem and convolution condi-
tions for the class CHq(b, α).

2. Coefficient Bounds and Univalence Criteria

We first prove sufficient coefficient condition and show the univalence criteria of the
class CHq(b, α).

Theorem 1. Let b ∈ C \ {0}, q ∈ (0, 1), α ∈ [0, 1), z ∈ D, and let f = h+ g ∈ H be
defined by (3). If

∞∑
n=2

λn|an|+
∞∑
n=1

νn|bn| ≤ |b|(1− α), (6)

where
λn = [n]q([n]q − 1 + |b|(1− α)), (n ≥ 2), (7)

νn = [n]q([n]q + 1− |b|(1− α)), (n ≥ 1), (8)

then f is sense-preserving and univalent function in D; thus, f ∈ CHq(b, α).

Proof. In order to show that the class CHq(b, α) is univalent, we will show that
f(z1) 6= f(z2) if z1 6= z2. Then∣∣∣∣f(z1)− f(z2)

h(z1)− h(z2)

∣∣∣∣ ≥ 1−
∣∣∣∣ g(z1)− g(z2)

h(z1)− h(z2)

∣∣∣∣
= 1−

∣∣∣∣
∞∑
n=1

bn(zn1 − zn2 )

(z1 − z2) +
∞∑
n=2

an(zn1 − zn2 )

∣∣∣∣

> 1−

∞∑
n=1

n|bn|

1−
∞∑
n=2

n|an|
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≥ 1−

∞∑
n=1

[n]q
(
[n]q+1−|b|(1−α)

)
|b|(1−α) |bn|

1−
∞∑
n=2

[n]q
(
[n]q−1+|b|(1−α)

)
|b|(1−α) |an|

≥ 0.

This proves univalence of f . Also, f is sense-preserving in D because

|Dqh(z)| ≥ 1−
∞∑
n=2

n|an||z|n−1 > 1−
∞∑
n=2

[n]q
(
[n]q − 1 + |b|(1− α)

)
|b|(1− α)

|an|

≥
∞∑
n=1

[n]q
(
[n]q + 1− |b|(1− α)

)
|b|(1− α)

|bn|

>

∞∑
n=1

n|bn||z|n−1 ≥ |Dqg(z)|.

We recall that Re(ω) > α if and only if |1−α+ω| > |1 +α−ω|. In view of (5), we
will show that ∣∣∣∣1− α+

(b− 1)zDqf(z) + zDq(zDqf(z))

bzDqf(z)

∣∣∣∣
−
∣∣∣∣1 + α− (b− 1)zDqf(z) + zDq(zDqf(z))

bzDqf(z)

∣∣∣∣ ≥ 0.

(9)

The series expansions of zDqf(z) and zDq(zDqf(z)) can be written as

zDqf(z) = zDqh(z)− zDqg(z)

= z +
∞∑
n=2

[n]qanz
n −

∞∑
n=1

[n]qbnzn

and

zDq(zDqf(z)) = zDq(zDqh(z)) + zDq(zDqg(z))

= z +

∞∑
n=2

[n]2qanz
n +

∞∑
n=1

[n]2qbnz
n.

Substituting these series expansions into the left side of (9), we observe that

=

∣∣∣∣b(2− α)z +

∞∑
n=2

[n]q([n]q − 1 + b(2− α))anz
n +

∞∑
n=1

[n]q([n]q + 1− b(2− α))bnzn
∣∣∣∣

−
∣∣∣∣bαz − ∞∑

n=2

[n]q([n]q − 1− bα)anz
n −

∞∑
n=1

[n]q([n]q + 1 + bα))bnzn
∣∣∣∣
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≥ |b|(2− α)|z| −
∞∑
n=2

[n]q([n]q − 1 + |b|(2− α))|an||z|n

−
∞∑
n=1

[n]q([n]q + 1− |b|(2− α))|bn||z|n

− |b|α|z| −
∞∑
n=2

[n]q([n]q − 1− |b|α)|an||z|n −
∞∑
n=1

[n]q([n]q + 1 + |b|α))|bn||z|n

≥ 2|b|(1− α)|z| − 2
∞∑
n=2

[n]q([n]q − 1 + |b|(1− α))|an||z|n

− 2

∞∑
n=1

[n]q([n]q + 1− |b|(1− α))|bn||z|n

≥ |b|(1− α)|z|
(

1−
∞∑
n=2

λn
|b|(1− α)

|an||z|n−1 −
∞∑
n=1

νn
|b|(1− α)

|bn||z|n−1
)
≥ 0,

by (6). This proves that f ∈ CHq(b, α). The function defined by

f(z) = z +

∞∑
n=2

|b|(1− α)

λn
xnz

n +

∞∑
n=1

|b|(1− α)

νn
ynzn,

where
∞∑
n=2
|xn|+

∞∑
n=1
|yn| = 1, show that the estimate in (6) is sharp.

In order to establish that (6) is also necessary condition, we need to define a
class T H containing the functions f = h+ g, where

h(z) = z −
∞∑
n=2

|an|zn and g(z) = −
∞∑
n=1

|bn|zn (z ∈ D). (10)

The bound in (6) is necessary condition for the class T CHq(b, α) defined by T CHq(b, α) :=
T H ∩ CHq(b, α). We prove the next coefficient characterization.

Theorem 2. If f = h + g defined by (10) belongs to T H, then f ∈ T CHq(b, α) if
and only if

∞∑
n=2

λn|an|+
∞∑
n=1

νn|bn| ≤ |b|(1− α), (11)

where λn and νn given, respectively, by (7) and (8), and where b ∈ C\{0}, q ∈ (0, 1)
and α ∈ [0, 1).
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Proof. Due to T CHq(b, α) ⊂ CHq(b, α), we need to show that “only if” part of this
theorem. Using the functions f = h+g defined by (10), we observe that the condition
(5) can be written by

Re

{
(b− 1)zDqf(z) + zDq(zDqf(z))

bzDqf(z)
− α

}
≥ 0,

which is equivalent to

Re

{b(1− α)z −
∞∑
n=2

λn|an|zn −
∞∑
n=1

νn|bn|zn

z −
∞∑
n=2

[n]q|an|zn +
∞∑
n=1

[n]q|bn|zn

}
≥ 0. (12)

The expression given in (12) must satisfy for all z ∈ D, (|z| = r < 1). If we choose
the values of z on the positive real axis, we must have

|b|(1− α)−
∞∑
n=2

λn|an|rn−1 −
∞∑
n=1

νn|bn|rn−1

1−
∞∑
n=2

[n]q|an|rn−1 +
∞∑
n=1

[n]q|bn|rn−1
≥ 0. (13)

The numerator in (13) is negative for r sufficiently close to 1 if the bound in (11)
does not satisfy. Hence, there is a point z0 = r0 between (0, 1) for which the quotient
in (13) is negative. Due to contradiction, we say that f ∈ T CHq(b, α).

3. Partial Sums

We now establish some ratios of partial sums of the functions in the class CHq(b, α).

Theorem 3. Let f = h + g defined by (3) be in H with b1 = 0. If f holds the
condition given by (6) and

λn ≥


|b|(1− α), n=2,3,...,m

λm+1, n=m+1,m+2,...,

then

i) Re

(
f(z)

fm(z)

)
≥ 1− |b|(1− α)

λm+1
, (14)

ii) Re

(
fm(z)

f(z)

)
≥ λm+1

λm+1 + |b|(1− α)
. (15)
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These estimates are sharp for

f(z) = z +
|b|(1− α)

λm+1
zm+1. (16)

Proof. i) Since f ∈ CHq(b, α), by (6) we have

∞∑
n=2

λn
|b|(1− α)

|an|+
∞∑
n=1

νn
|b|(1− α)

|bn| ≤ 1,

where λn and νn given, respectively, by (7) and (8). For proving (14), we consider

ω1(z) =
λm+1

|b|(1− α)

{
f(z)

fm(z)
−
(

1− |b|(1− α)

λm+1

)}
= 1 +

λm+1

|b|(1− α)

(
f(z)− fm(z)

fm(z)

)

= 1 +

λm+1

|b|(1−α)

∞∑
n=m+1

anz
n

z +
m∑
n=2

anzn +
∞∑
n=2

bnzn
, (17)

which is analytic in D with ω1(0) = 1. It is sufficent to show that Re(ω1(z)) > 0 or
equivalently ∣∣∣∣ω1(z)− 1

ω1(z) + 1

∣∣∣∣ ≤ 1.

Substituting (17) into this inequality, we get

∣∣∣∣ω1(z)− 1

ω1(z) + 1

∣∣∣∣ ≤
λm+1

|b|(1−α)

∞∑
n=m+1

|an|

2− 2(
m∑
n=2
|an|+

∞∑
n=2
|bn|)− λm+1

|b|(1−α)

∞∑
n=m+1

|an|
.

The last inequality is bounded by 1 if and only if

m∑
n=2

|an|+
∞∑
n=2

|bn|+
λm+1

|b|(1− α)

∞∑
n=m+1

|an| ≤ 1. (18)

It suffices to show that left side of (18) is bounded above by

∞∑
n=2

λn
|b|(1− α)

|an|+
∞∑
n=2

νn
|b|(1− α)

|bn|,
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which is equivalent to

m∑
n=2

λn − |b|(1− α)

|b|(1− α)
|an|+

∞∑
n=2

νn − |τ |(1− α)

|b|(1− α)
|bn|+

∞∑
n=m+1

λn − λm+1

|b|(1− α)
|an| ≥ 0.

If we take f(z) = z + |b|(1−α)
λm+1

zm+1 with z = reiπ/m and r approaches to 1 from left,
then we get

f(z)

fm(z)
= 1 +

|b|(1− α)

λm+1
zm → 1− |b|(1− α)

λm+1
.

ii) Similarly, for proving (15) we consider

ω2(z) =
λm+1 + |b|(1− α)

|b|(1− α)

{
fm(z)

f(z)
−
(

1− |b|(1− α)

λm+1 + |b|(1− α)

)}
= 1 +

λm+1 + |b|(1− α)

|b|(1− α)

(
fm(z)− f(z)

f(z)

)

= 1−

λm+1+|b|(1−α)
|b|(1−α)

∞∑
n=m+1

anz
n

z +
∞∑
n=2

anzn +
∞∑
n=2

bnzn
,

which is analytic in D with ω2(0) = 1. Therefore

∣∣∣∣ω2(z)− 1

ω2(z) + 1

∣∣∣∣ ≤
λm+1+|b|(1−α)
|b|(1−α)

∞∑
n=m+1

|an|

2− 2(
m∑
n=2
|an|+

∞∑
n=2
|bn|)− λm+1−|b|(1−α)

|b|(1−α)

∞∑
n=m+1

|an|
≤ 1

if and only if
m∑
n=2

|an|+
∞∑
n=2

|bn|+
λm+1

|b|(1− α)

∞∑
n=m+1

|an| ≤ 1. (19)

Since left side of (19) is bounded above by

∞∑
n=2

λn
|b|(1− α)

|an|+
∞∑
n=2

νn
|b|(1− α)

|bn|,

this completes the proof.

59
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Theorem 4. Let f = h + g defined by (3) be in H with b1 = 0. If f holds the
condition given by (6) and

νn ≥


|b|(1− α), n=2,3,...,s

νs+1, n=s+1,s+2,...,

then

i) Re

(
f(z)

fs(z)

)
≥ 1− |b|(1− α)

νs+1
, (20)

ii) Re

(
fs(z)

f(z)

)
≥ νs+1

νs+1 + |b|(1− α)
. (21)

These estimates are sharp for

f(z) = z +
|b|(1− α)

νs+1
zs+1. (22)

Proof. i) Since f ∈ CHq(b, α), by (6) we have

∞∑
n=2

λn
|b|(1− α)

|an|+
∞∑
n=1

νn
|b|(1− α)

|bn| ≤ 1,

where λn and νn given, respectively, by (7) and (8). For proving (20), we consider

ω3(z) =
νs+1

|b|(1− α)

{
f(z)

fs(z)
−
(

1− |b|(1− α)

νs+1

)}
= 1 +

νs+1

|b|(1− α)

(
f(z)− fs(z)

fs(z)

)

= 1 +

νs+1

|b|(1−α)

∞∑
n=s+1

bnzn

z +
∞∑
n=2

anzn +
s∑

n=2
bnzn

.

which is analytic in D with ω3(0) = 1. It is sufficent to show that Re(ω3(z)) > 0, or

∣∣∣∣ω3(z)− 1

ω3(z) + 1

∣∣∣∣ ≤
νs+1

|b|(1−α)

∞∑
n=s+1

|bn|

2− 2(
∞∑
n=2
|an|+

s∑
n=2
|bn|)− νs+1

|b|(1−α)

∞∑
n=s+1

|bn|
≤ 1

60
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if and only if
∞∑
n=2

|an|+
s∑

n=2

|bn|+
νs+1

|b|(1− α)

∞∑
n=s+1

|bn| ≤ 1. (23)

It suffices to show that left side of (23) is bounded above by

∞∑
n=2

λn
|b|(1− α)

|an|+
∞∑
n=2

νn
|b|(1− α)

|bn|

which is equivalent to

∞∑
n=2

λn − |b|(1− α)

|b|(1− α)
|an|+

s∑
n=2

νn − |b|(1− α)

|b|(1− α)
|bn|+

∞∑
n=s+1

νn − νs+1

|b|(1− α)
|an| ≥ 0.

To prove that f(z) = z + |b|(1−α)
νs+1

zs+1 gives the sharp result, we observe that for

z = reiπ/s+2 we have

f(z)

fs(z)
= 1 +

|b|(1− α)

νs+1
rse−i(s+2) π

s+2 → 1− |b|(1− α)

νs+1
,

when r → 1−.
ii) Similarly, we obtain (21). Therefore, the proof is omitted.

4. Distortion Bounds and Covering Theorem

Distortion bounds for the functions belonging to the class T CHq(b, α) can be proven
as below. This result also yields the covering theorem.

Theorem 5. If f ∈ T CHq(b, α), then for |z| = r < 1 we have

|f(z)| ≤ (1 + |b1|)r +
|b|(1− α)

[2]q([2]q − 1 + |b|(1− α))

(
1− 2− |b|(1− α)

|b|(1− α)
|b1|
)
r2, (24)

and

|f(z)| ≥ (1− |b1|)r −
|b|(1− α)

[2]q([2]q − 1 + |b|(1− α))

(
1− 2− |b|(1− α)

|b|(1− α)
|b1|
)
r2. (25)
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Proof. Let T CHq(b, α). Then

|f(z)| ≤ (1 + |b1|)r +
∞∑
n=2

(|an|+ |bn|)rn

≤ (1 + |b1|)r +

∞∑
n=2

(|an|+ |bn|)r2

≤ (1 + |b1|)r +
|b|(1− α)

[2]q([2]q − 1 + |b|(1− α))
∞∑
n=2

[2]q([2]q − 1 + |b|(1− α))

|b|(1− α)

(
|an|+ |bn|

)
r2

≤ (1 + |b1|)r +
|b|(1− α)

[2]q([2]q − 1 + |b|(1− α))
∞∑
n=2

(
[n]q([n]q − 1 + |b|(1− α))

|b|(1− α)
|an|+

[n]q([n]q + 1− |b|(1− α))

|b|(1− α)
|bn|
)
r2

≤ (1 + |b1|)r +
|b|(1− α)

[2]q([2]q − 1 + |b|(1− α))

(
1− 2− |b|(1− α)

|b|(1− α)
|b1|
)
r2.

This proves (24). Similarly, we get the proof of (25).

From inequality (25), we obtain the covering result as follows:

Corollary 6. If f ∈ T CHq(b, α), then{
w : |w| <

(
1− |b|(1− α)

[2]q([2]q − 1 + |b|(1− α))

)
+

(
2− |b|(1− α)

[2]q([2]q − 1 + |b|(1− α)) − 1

)
|b1|

}
⊂ f(D).

5. Convolution Conditions

By using the definition of convolution, we show that T CHq(b, α) is closed under
convolution.

Theorem 7. For 0 ≤ β ≤ α < 1, suppose f ∈ T CHq(b, α) and F ∈ T CHq(b, β), then
f ∗ F ∈ T CHq(b, α) ⊂ T CHq(b, β).

Proof. By using (10), the harmonic functions f and F given by (4) can be written
as

f(z) = z −
∞∑
n=2

|an|zn −
∞∑
n=1

|bn|zn
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and

F (z) = z −
∞∑
n=2

|An|zn −
∞∑
n=1

|Bn|zn.

Due to the definition of convolution of two harmonic functions, we write

(f ∗ F )(z) = z +

∞∑
n=2

|an||An|zn +

∞∑
n=1

|bn||Bn|zn.

Since F ∈ T CHq(b, β), from Theorem 2 we observe that |An| ≤ 1 and |Bn| ≤ 1.
Thus, we obtain

∞∑
n=2

[n]q([n]q − 1 + |b|(1− α))

|b|(1− α)
|an||An|+

∞∑
n=1

[n]q([n]q + 1− |b|(1− α))

|b|(1− α)
|bn||Bn|

≤
∞∑
n=2

[n]q([n]q − 1 + |b|(1− α))

|b|(1− α)
|an|+

∞∑
n=1

[n]q([n]q + 1− |b|(1− α))

|b|(1− α)
|bn| ≤ 1.

Due to Theorem 2, we prove that f ∗ F ∈ T CHq(b, α) ⊂ T CHq(b, β).
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