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CLASS OF COMPLEX ORDER DEFINED BY (Q—DERIVATIVE
OPERATOR
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ABSTRACT. In this paper, we introduce the class Wé,b, q((p, 1) of quasi-subordination
defined by g—derivative operator, and obtain the Fekete-Szego coefficient bounds for
functions belonging to this class.
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1. INTRODUCTION

Denote by A the class of analytic functions of the form:

f(z):z+2akzk (zeU={z:z€Cand |z| <1}). (1)
k=2

For g(z) € A, given by g(z) = 2z + _ brz*¥, the Hadamard product (convolution) of
k=2
f(2) and g(z) is defined by:

(f*9)(z) = 2+ Y abpz" = (g% f)(2). (2)
k=2

Definition 1 ([22],(30] ). The the function f(z) is said to be quasi subordinate to
g(z) if there exists two analytic functions ¢(z) and w(z), where |p(2)| < 1, |w(z)] < 1
and w(0) = 0 such that f(2) = p(2)g(w(z)) and written by

f(2) <@ 9(2).

We note that:
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f(z) is subordinate to g(z) and written f(z) < g(z), when ¢(2) =1, and f(z) =
g(w(z)) (see [9],[24]). Also, f(z) is majorized by g¢(z) and written f(z) << g(2),
when w(z) = z, and f(z) = ¢(2)g(2) (see [13], [14], [27], [35]).

It is observed that quasi subordination is a generalization of subordination as
well as majorization see ([3],[19],[29]) for works related to quasi subordination.

Let 1(z) be univalent starlike function with positive real part on U, which satisfies
¥(0) =1 and ¥(0) > 0. Denote by p the class of these functions.

For f(z) € A, given by (1) and 0 < ¢ < 1, the Jackson’s g—derivative of a
function f is given by [16] (see also [4],[5],][7],[8],[31],[34],[36],[37])

f(z) — flgz)
(1-q)2

D, f(0) = f(0) and D2f(z) = Dg(Dgf(2)). From (3) we have

D,f(z) = ,(2€eU,0<qg< 1), (3)

Dyf(2) =1+ [kl ap?" ", (4)
k=2
where . 3
K== 0<a<1). (5)

As ¢ — 17, [k], = k and, so Dy f(z) = f'(2).

According to the definition of quasi subordination and g—derivative operator,
we introduce the following class:

Definition 1. If f(z) € A, A > 0,b € C* = C\{0} and 0 < ¢ < 1, then f is
said to be in the class W&b’ q(go, ), if it satisfies the following quasi subordination
condition:

1+1k1—n

2Dy f(2) N /\Dq(quf(z))
b

f(2) Dy f(2)
Specializing the parameters A, b, ¢, and 1(z), we obtain the following subclasses:
(i)Wé,bg(l,T/J) = Hé\yb(ﬂ)) (see Aouf et al. [6]),
(ii)Wé,l,q((pvd}) = Wé,q(@ﬂ/)) :
2Duf(2) |\ DaleDyf(2)
f(z) Dqf(2)

(iii)Wg,b,q(Sov ¢) = WQ,b,q(SD7 sz)) :

- 1] <0 (). ©)

{reasa-n “qu(:)

{fE.Azl—i—l

3 [quf(z)

7 1] et}
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(iV)Wé’b,q(Soa QP) = QBQJ)’q(QO, w) :

esiod 2582 o)

[ }gv)hmq—ﬂ— Wg,b7q(907 Y) = Sé,b(@? ) and lin’lq—>1_ Wclg,b,q(cpv V) = 022711(30’ ¥) (see
11}]),
(Vl) limq—)lf Wéjl,q(@ﬂb) = Wé((,@,l/}) :

1"

zf (%)

2f (2)
7o) <@ ¢<z>} :

f(z)

+ A1+

{feA:(l—)\)

- }gvu)hmqﬁl— WG 1.4(0:0) = S5, 1) and limg_,;- W | (,9) = Colp,v) (see
(viii)lim, ;- Wqu( , ) = 8*(¢) and limg_,y- W (1,9)) = C*() (see [20]),
(Mimy 1= WY (1 cosme-ing(#:8) = Sq(p,7:0,9)(0 < p < 17| < §) and

hmq_>1 W Q,(1— p)COS"yE wq(SO dj) CQ(pv’Ya @,¢) (See [11])7

(xi) Timg_,1- W3, ,(1,9) = WA() (see [2]),
(<) 4(1,9) = Fpg(¥) and W, ((1,4) = Tp (1) (see [31]),
(i lon - W, (1) = (1) and lingy- Wy, (1) = Co(y) (see 28],
(xiv)lim,_,; - Wqu( ) = Wl;\(z/)):
NI RO
{feA.1+b (1-=X) e + A1+ 70 ) 1] < Y( )},
(VWS (1,9) = W (Y) :
D) | DD )

R Ry » = C)E

(XVi)WS,(l_p) Cosve—mq(%w) = Wé,q(pv’}/a ¥, ¢)(0 < p< 17 h/| < %) :

: el ERNELLTIC) Dy(Dy/(2)) 2)(1 — p) cos cos isin
{reasera-nTlE A RASBIEN] < y(e)(1 = p)eos+ peosy + ising }.

(VLM 1= W) (1) coseing(9:8) = Wi (0,70, 0)(0 < p < LIy < §) -

{f cA:e” [(1 - /\)Z}f(S) + A1+ Z}{C,(S))] <0 ¥(2)(1 — p)cosy +pcosv+isin'y} .
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Let © be the class of analytic functions of the form
wz) =wiz+ w2l +...,  Jwl <1 (7)

In order to prove our results, we need the following lemma.
Lemma 1. [18] Let w € 2, then for any complex number 7 we have

lwi| <1, }wg — Tw%} <1+ (]r]-1) |(,u1|2 < max{1,|7|}. (8)
The result is sharp for the function
w(z) = z when |7| > 1 and w(z) = 2% when |7| < 1.

Srivastava et al. [32] discussed Fekete-Szeg6 properties for classes of starlike, convex,
and close-to convex functions. see also ([1],[12],[15],[17],[23],[21],[26]). The purpose
of this paper is to obtain the Fekete-Szego properties for the class Wé,b’q(go, ).

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that w(z) of the form
(7), p(2) =co+c1z+coz? + ., Y(2) =1+ Biz+ B2 + ., A >0,0< qg< 1,9 €
P, beC* By >0,ueC,cg#0and z € U.

Using Lemma 1, we have the following theorem:

Theorem 1. Let f(z) € Wé,b,q(%@b)- Then

|b| By
az| < ; 9
92l < T TRl D+ 1 ©)
b B [Ba| | (121a-1) -2l [212+1)[2],—1]
’“3‘<<{31q1>[|A|<[31}q1>+1}{1+ max {1’ B, T @@ e A5
(10)

and

2 B1b| | B2|
|as — pa3| < GEpRI-E-T {1+max [LB%+

(2la—1) A2 —[22+D)[2)a— 1 —a([3lg— D A(3g=1)+1]
( a2 Ny =D 417 ) b3} (11)

The result is sharp.

Proof. If f(2) € Wéyb’q(cp, 1), then there exist analytic functions ¢(z) and w(z) with
lp(2)] < 1,w(0) =0 and |w(z)| < 1 such that

z2Dqf(2) Dy(2Dyf(2))
7 TN D)
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We have
-0 AR
= 3(12lg = DM, — 1) + 1azz + ${([3]g = DIM[B]; — 1) + 1]as
—{([20g = 1) = Al(12)g — 205 + D[2)g — 1}a3}2* + ... (13)
Also,
Y(w(z)) — 1= Biwiz + (Biw1 + ng%)z2 + ...
and
o(2)[Y(w(z)) — 1] = c¢Biwiz + [coBiws + COng% + ¢1Biwi] 24 (14)
2 we get

Substituting (13) and (14) in (12) and equating the coefficients of z and z

o — bCoBlwl
T (@2 - )R, -+ 1
(2o ~1)~M(2ly 2+ D [2]o 1] bcoBl] }

beo By 1 2 [|Ba]
% = ElL-DAE D] {“2+ Wi, T B+ B
and
ag — paz = beo By wa + wi £ —l—w 1B2|
3 T Haz Bl DBl DFT W2 T ¥l T |5
(12]a— D)= AL([2)g—[212+1) 2], — 1] - u([3]q—1)[>\([3]q 1)+1]
+ (BPEE(PPERIE beo B ”
then
|b|B | B
S @ELDNE, D] {‘““' |+“" +wi {BJ
H(3-DINE D+ BI] ‘} .

lag — pa3| <
(2l =)= N2l 2+ 1) 121, 1)
(@22 DRl -D+12

Since ¢(z) is analytic and bounded in U, we have (see [28])

len] <1 =leol? <1 (n>0),

and from (8), |wi| <1, then

|b|B |Ba|
S @ DNE, D] {”‘“2*“ [Bf

lag — pa3| <
(12— [2]24—1)[2] —1]—p([3]q—1)[A([3]q—1)+1] bCOBIH } .

((2lg=1)=A
(2lg=1)?M([2]g—D)+1]?

_l’_
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Our result now follows by using Lemma 1. The result is sharp for the functions

1[0 1 2Def(2) |\ Dg(2Dgf(2)) ] _ Nib(z) —
; [(1 A) e +A 5. 7() 1} = ¢(2)[¥(2) 1]
and

1[0\ 2Dgf(2) |\ Dg(2Dgf(2)) ] _ Ab(22) —

; [(1 A) e +A ) 1] e(2)[¥(z") — 1].

This completes the proof of Theorem 1. §

Putting A = 0 in Theorem 1, we get the following corollary:
Corollary 1. Let f(z) € Wg4(4,%), Then

b| B
lag| < ([2]117_11)7

1B |Ba| N
las| < @1=n {1 + max [L B ([2]q 1)\5\31]}

and

B _1)— _
o ] < ity {1 L2 (et i .

Putting A = 1 in Theorem 1, we get the following corollary:
Corollary 2. Let f(z) € g q(v, %), Then

|a2| < ﬂ
(2l - D2y’
BB [ Ba| (2= D) —[(2lg—[212+1)[2),—1)
23] < (= {”max Lt e B
and
5 Bulb T Bsl , 1(12la=1)—=[([2g—[2124+D)[2lg—1]—p[3]4 ([3lg—1)]
a3 — na3| < ErhE, {1 + max _1’% +== B IS E— !b\Bl} }

Theorem 2. If f(z) satisfies

1 _ 2Dy f(2) Dy(2Dqyf(2)) _ ) —
5 [(1 A) ) + A Dof(2) 1| << ¢(z) -1
Then
o] < b
~ (2l - DR -+ 1)
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EE |Ba| | (@a=-)-A(2g— (23 +D2le~1]
193] < T nuaiqlwll{1+ By T @ P, DR w”ﬁ}

and

o B 0] 1Byl | |(21q=1D=AL(121g = [21241)[2]g— 1= n([3]g — DA (8l —1)+1]]
“” ‘“‘2‘ S W=D Blg=DF1 {1+ B T (@lq—D2N[2lg—1)+112 bl By

The result is sharp.
Proof. The result follows by taking w(z) = z in the proof of Theorem 1.

Putting A = 0 in Theorem 2, we get the following corollary:
Corollary 3. If f(z) satisfies

1 [2D,f(z)
i [fq(z) — 1} << P(z) — 1.
Then B
_ MR
= ), 1
lag| < AUEL {1+ 1Bal (12], — 1)]5;31}
TBle—D) B “
and

B -
jas — pad| < {1+ |Bj| + Mg l)l\b\B}

Putting A = 1 in Theorem 2, we get the following corollary:
Corollary 4. If f(z) satisfies

1| Dy(zD,f(z
3 [q(D fq(zg ) _ 1} <<(z) - L.
q
Then
sl < |b| By
~(2lg - D2l
B [y, 1B (2= D=[(2— R+ DRl )
3| < @r—oer (1t B, T @, -1°B b1
and

Bilb B (12]g=1)—[([2]q—[2]5+1)[2]g—1] —u([3]q—1) [3]
‘CLS - N(I2’ < 43] 71|1)|[3]* {1 + % + ‘ 2 1 ([2?44_1)2[;]3 ! q’ ‘b‘Bl} .

Taking ¢(z) = 1, in Theorem 1. we obtain
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Theorem 3. If f(z) € Wli‘q(w), Then

las] < |b| By
~(2lg = DMl - 1) + 1]

B |Ba| | (12le—1)-M(Rlo—[213+D)[2]g~1]
5] < =BT max{lv B T @@, o B

and

s By b| 1Byl , |(121g=D=A(21g—[212+1)(2)g— 1] = n([8]g — DIA([3lg — D+1]|
|a3 “a2)5([B]qfl)[k([ii]q—l)ﬂ] max{l B T @lg—D2(2lg—1)+112 6151 -

The result is sharp.

Remarks:
(1) For b=1,g — 1~ and A = 0 in Theorem 1, we obtain the result obtained by
(see [[25] ,Theorem 2.1));
(2) For b=X=1and ¢ — 17 in Theorem 1, we obtain the result obtained by (see
[ [25] ,Theorem 2.4]);
(3) For ¢p(z) =1,4 - 17 and A = 0 in Theorem 1, we obtain the result obtained
by (see [ [28] ,Theorem 4.1});
(4) Forb=1,¢g — 1~ and ¢(2) =1 in Theorem 3, we obtain the result obtained by
(see [ [10] ,Theorem 2.10, with k = 1]);
(5) For b =1 and ¢ — 1~ in Theorem 3, we obtain the result obtained by (see |
[25] ,Theorem 2.12]) and Ali et al. (see [[2] , Theorem 2.9, with k = 1]);
(6) For ¢ — 1~ and A = 0 in Theorem 3, we obtain the result obtained by Suchithra
et al. (see [[33] ,Theorem 2.1, with o = 0]).
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