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1. INTRODUCTION

Let A denote the class of functions f(z) normalized by the conditions f(0) =0
and f'(0) = 1 and given by Taylor Maclaurin series :

f2) =2+ an2" (1.1)
n=2

which are analytic in the open unit disc U = {z € C : |z] < 1} Let S be the class
of all functions in the normalized analytic function class A which are univalent in
U. An analytic function f is subordinate to an analytic function g can be written as
f(2) < g(2), (z € U) provided there is schwartz function ¢ which is analytic in U
with ¢(0) =0 and | ¢(2) |< 1, (z € U) such that f(z) = g(¢(2)), (z€U).

By Koebe one quarter theorem [8]ensures that the image of Uunder every function
f € S contains a disc of radius i. So every f € S has an inverse f~! which satisfies

f7Hf(2) = 2, (= € U) and f(f7(w)) = w (! w[<ro(f)iro(f) = i) also the

inverse function ¢ = f~! is given by

fHw) = w — agw?® + (243 — az)w?® — (5a3 — bagaz + ag)w* + ... . (1.2)
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A function f € A is said to be bi-univalent in U if both f and f~! are univa-
lent in U. Let ¥ denote the class of bi-univalent functions in U given by(1.1).
For various properties of subclasses of bi-univalent functions one can refer[[1],[4],[5],
(6],[10],[11],[12],[15], 16]]
Recently babalola [3] defined the class Ly(/5) of A-pseudo starlike functions of or-
der 3 as follows, suppose 0 < 8 < 1 and A > 1 is real , A function f € A given
by (1.1)belongs to the class Ly(/) of order 8 in the unit disc U if and only if
2(f'(2))
R(———"—)>p8 (z€U
EFaD)>8 (D)

One of the important tools in numerical analysis ,from both theoritical and practi-
cal point of view is chebyshev polynomials. The majority of research papers dealing
with specific orthogonal polynomials of chebyshev family are first and second kind
T (t) and Un(t) [[2],[7],[9],[13] |
The chebyshev polynomial of the first kind second kinds are well-known. In case of
real variable t on (-1,1) they are defined by

T (t) = cosmb,

U, (1) = sm(m + 1)07

where subscript m denotes the polynomial degree and t = cos6.

Definition 1. For A > 1, t € (3,1] and 0 < pu < 1 a function f € Y given by
(1.1)is said to be in the class LGx (A, pu,t)if the following conditions are satisfied.

A () B 1
A= 070) +pefe) “HED = 1552 (€U) (1.3)
and » )]A 1
wlg’ (w
0= Wg(w) + pug(w) D = T gy e 00 04

where the function g = f~Vis defined by equation (1.2).

We note that if ¢ = cosa where a € (-5, §) then
1 > sin(n + 1)a
H(z,t) = =1 ———2" (2 €).
(%) 1 — 2cosaz + 22 * ; sina (2 )

Thus
H(z,t) = 1+ 2cosaz + (3cos’a — sin*a)z? + ... (z € U).
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We can write

H(z,t) =1+ Ui(t)z2+ Us(t)2® + ... (z€U,te(~1,1)),
Where
sin(narccost)

Uy1=——— €N
1 T ( )

are the chebyshev polynomials of second kind and we have

Un(t) = 2tUp_1(t) — Un_a(t), U (t) = 2t, Ua(t) = 4> — 1, Us(t) = 83 — 4t (1.5)

The generating function of the first kind of chebyshev polynomial T, (), t € [—1, 1]is
given by

> 1—1tz
T,#):" == ——— U).
nz—o n(t)z 1 — 2tz + 22 (z€U)

The first kind of chebyshev polynomial T;,(¢) and second kind of the chebyshev
polynomial U, (t) are connected by

dT,(t)
dt

= Up1(£); Ta(t) = Un(t) — tUp_1(£): 2T0(t) = Un () — Un_o(t)

In the present paper we use the chebyshev polynomial expansion to provide the
initial coefficient of bi-univalent functions in LGx (A, i1, t) also we have determine
fekete-Szego problem for function in this class.

2. COEFFICIENT ESTIMATES FOR THE FUNCTIONS IN THE CLASS LGx(\, u,t)

Theorem 1. For A > 1,0 < u <1 andt € (%,1] let the function f € X given
by(1.1) be in the class LGx (A, u,t) then

2t\/2t
laz |< (2.1)
VA2 M — 2202+ 30 =2 — 1) + (2A — pu — 1)2
and
4 2
t 2t (2.2)

<
R e s s e pa
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Proof. Let the function f € ¥ given by (1.1)be in the class LGx (A, p,t) from the
equation (1.3) and (1.4) we have

2f' ()]

A= /(o) + o () =1+ U1()p(2) + Us(t)p*(2) + ... (2.3)

and

wlg' (w)]*
(1 _ M)g([if§ —1—)],uwg’(w) =14+U; (t)Q(w) + UQ(t)q2(w) + ... (2'4)
for some analytic functions

p(z) =c1(2) + 22 +c322 + ... (z€U) (2.5)

and
q(w) = dy(w) 4 dow? + dzw® + ... (w € U) (2.6)

such that p(0) = ¢(0) =0, | p(z) [< 1,2z €U and | q(w) |< 1, w € U It is known
that if | p(z) [< 1 and | g(w) |< 1 then

| cj|<land | d;j |<1Vje N where N=1,2,3... (2.7)
from (2.3),(2.4),(2.5),(2.6) we get
/
Z[f ( )] =1+ Ul(t)clz + [Ul(t)CQ + Ug(t)C%]Z2 + ... (28)

(1 =) f(2) + pzf'(2)
and
wlg' (w)*
(1 = p)g(w) + pwg' (w)
equating the coefficients of (2.8),(2.9) we get

= 1+ Uy (t)dyw + [Uy (t)da + U (t)d3]w? + ... (2.9)

(QA - U — 1)&2 = Ul(t)cl (2.10)

(2X2 4 p? = 20— 4AX + 2+ 1)a3 + (3\ — 2 — 1)az = Uy (t)cg + Ua(t)cd + ... (2.11)
- (2)\ — U — 1)&2 == U1 (t)dl (212)

(2X2 1% — 20+ 2X — 2 — 1)a2 + (2p — 3A+ 1)as = U1 (t)dy + Us(t)d? + ... (2.13)

from (2.10) and (2.12)
= —d; (2.14)
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and
22X — p — 1)%a5 = UL (t)(c} + d})

Also by using (2.11),(2.13), we have
(4N2 + 2p% — Adp — 20)a3 = Uy (t)(c2 + do) + Us(t) (3 + d2)
By using (2.15) in (2.16) we get

Ua(t)

a3[(AN? 4+ 24 — Ay — 2)) — 0
1

2020 — = 1)%] = U(t)(c2 + da)

From (1.5),(2.7)and (2.17) we get
2tv/2t
| az |<
VA2 M — 202+ 30 =2 — 1) + (2A — pu — 1)2
Now for az subtract (2.13) from (2.11)

(=6 + 4 + 2)a3 + (6A — 4 — 2)ag = Uy (t)(cz — da) + Ua(t)(c] — d})

_ Ui(t)(e2 —do) | UR(t)(c] +df)
S 2BA—2u—1) 22\ —pu—1)?

using (1.5),(2.7)and (2.20) We get

as

412 N 2t
2X—p—1)2  3x—-2u—1

| az |<
(

3. FEKETE-SZEGO INEQUALITIES FOR THE CLASS LGy (A, i, t)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Theorem 2. Let f given by(1.1) be in the class LGx(\, u,t) and § € R. Then

(o
BAX—p—1)
for|d—1|<

4220 — 202 4+ 3N — 2 — 1) + (2A — p — 1)?

2 4t2(3)\ - U — 1)
| a5=0a |< 3 (1-9) |

4220 — 222 13X — 20— 1)+ (2A —p— 1)2]

4220 — 202 4+ 3N — 2 — 1) + (2A — p — 1)?

5—1]>
\ for|o =1z WG —p—1)
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Proof. For Fekete-Szego inequality for the function class LGx (A, 1, t) we have from
equation (2.19),(2.16),(2.7),(1.5) and for some § € R, we get

2t _
BA=—pu—1) .
a5 — da2 |< 0<lh® = Gr= =1
2| h(d) | t;
1
Where
h(5) U12(t>(1 B 5)

B UP (1) (202 + p2 = 20 = A) = Ua()(2A — pp — 1)?
If we choose § = 1 we get the following corollary

Corollary 3. If f € LGx(\, pu,t), then

2t

2
— <
a3 a2|73/\—u—1

(3.22)

By specializing the parameters we get results of [14].
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