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ABSTRACT. In this article, the author established a new identity for differen-
tiable functions and obtained some new inequalities for differentiable functions based
on h—convex functions including Bullen-type inequalities. Also, some applications
are given special means for arbitrary positive numbers.
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1. INTRODUCTION

”A function ¢ : I — R, where I C R is an interval, is said to be a convex function
on I if

ptr+(1-t)y) <te(@)+(1—-1t)e(y) (1)

holds for all x,y € I and t € [0,1]. If the reversed inequality in (1) holds, then ¢ is
concave [5].

Let ¢ : I € R — R be a convex mapping defined on the interval I of real
numbers and a,b € I, with a < b. The following double inequalities:

hold. This double inequalities are known in the literature as the Hermite-Hadamard
inequality for convex functions.Many important inequalities are established for the
class of convex functions, but one of the most famous is so called Hermite-Hadamard’s
inequality (or Hadamard’s inequality). For the development and use of this inequal-
ity, in recent years many authors established several inequalities connected to this
fact. For recent results, refinements, counterparts, generalizations and new Hermite-
Hadamard type inequalities see [1]-[14].
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The following inequality is well known in the literature as Bullen’s inequality [8];

L[ e [[0 20 (20, (B)

b—a 2 2 2

provided that ¢ : [a,b] — R is a convex function on [a, b].
[5, 15] We say that ¢ : I — R is a P-function or that ¢ belongs to the class P (I)
if  is nonnegative and for all z,y € I and ¢ € [0,1], we have

plr+(1-t)y) <p(@)+¢(y) (2)

Let s € (0,1]. A function ¢ : (0,00] — [0, 00] is said to be s-convex in the first
and second sense, respectively, if

ple+(1-t)y) < o) +1-1)e(), (3)
pltz+(1-t)y) < o) +0-1)"0(),
for all z,y € (0,00] and t € [0,1]. The classes of s-convex functions is usually

denoted by K1, K2 [4, 9.

[1, 16]Let h : J — R be a nonnegative function, h # 0. We say that ¢ : I — R is
an h-convex function, or that ¢ belongs to the class SX (h,I), if ¢ is nonnegative
and for all x,y € I and t € (0,1) we have

plz+(1-t)y) <h@)e(r)+h(1—1)e(y). (4)

If inequality (4) is reversed, then ¢ is said to be h-concave, i.e. ¢ € SV (h,I).
Obviously, if h (t) = t, then all nonnegative convex functions belong to SX (h, I) and
all nonnegative concave functions belong to SV (h,I); if h(t) = 1, then SX (h,I) D
P (I); and if h (t) = t*, where s € (0,1), then SX (h,I) D K2.

If o is integrable on [a, b], then the average value of ¢ on [a, b] is

b
bia / () da. (5)

B8] : I € Rt — R be an differentiable function on I° with 0 < 13 < 15 and
q > 1. If |¢'|? be a convex function on I, then the following inequality holds:

L[ J[eretn ()]

9 — 11 u 2 2 2
1

< 2 <;>1+q X !((90'(11))qu (tp’ (“ngz))qf
(s )]
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In the present paper, Bullen inequality is developed by the means of using h-
convexity. In the following section, the new identity is established for differentiable
functions and new inequalities are obtained for h-convex functions involving Bullen
inequality. Then some corollaries and remarks are given for a different type of convex
functions. In the application section; it is given applications of the results from the
main section for some special means.”

2. MAIN RESULTS

Lemma 1. Let ¢ : I — R, I C R be a differentiable mapping on I°, and a,b €
ILa<b. If ¢ € L{a.b], t€[0,1], c€ (0,00) and t < ¢ then

e (so(a);rw(b) w(a;b) Sz ab¢<x>dx) (7)

[ 9 (5 )

Here I° denotes the interior of I.

Proof. 1t is obvious by utilizing integrating by parts.

Theorem 2. Let I C [0,00), ¢ : I — R be a differentiable function on I° such that
¢ € L' [a,b], where a,b € I with a < b, t € [0,1], ¢ € (0,00) and t < c. If |¢/|? is
h-convex on [a,b] for ¢ > 1, then the following inequalities hold

w(a);rso(b) +(p<a—2|—b> _bfa/abso(x)dx
- (5)°

x [(\w’(a)}q/oc|c—2t|h<i> dt + w’(‘”f) q/oclc—2t|h<1—i> dt)é
(e ()] [re-2n () aerlo o [C1e-20n(1-1) dt);]-

Proof. By Lemma 1 and using the power-mean inequality, we have
4¢?

ki @(a);w(b>+@<“;b> —bfa/abgo(x)dx

freon (¢ (e (=8 557) = (550 00|
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/‘c_ <1a+<1_c>a;b>+¢l<ia;b+<l—z>b>l‘dt

<([reow) (Lol e ()50 )
(femma) ™ (el (2504 (-9 ')

“(3)

[ oG (2 o)

() [emson (&)t or [ - (o-)a) |

where /O o

Corollary 3. Let I C [0,00), ¢ : I — R be a differentiable function on I° such that
¢ € L'[a,b], where a,b € I with a < b. If |¢'|? is h-convex on [a,b] for some fized
t €[0,1] and q = 1, then the following inequalities hold

el (1) 2,
(votop () -
(ol +|e (F)]) [n-2tna-na

forc=1.
Proof. Corollary 3 is immediately deduced by setting ¢ = 1 in Theorem 2 for ¢ = 1.

Corollary 4. If |¢'|? is s-convex in the second sense on [a,b] for some fized s € (0,1]
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and q > 1, then the following inequality holds:

bia @(a);r¢(b)+w<a;rb>_bza/ab(p(x)dx

< ()" (erieen) | |
[ () (e (5] <o) |

Proof. By Lemma 1 and using the power-mean inequality, we have
Ac® ¢ (a) + ¢ (b) a+b 2 [

— d

b—a 2 T 2 b—a/w(x) .

o (v (e (-0 ) e (7 ()

< femmleGos (1-2)550) 0o (55 (- 8)0)f
< ([rmma) ([l (on (- 0) ) )
(o) (e (25t () )
- () (e vers (-9 RN
<2>f</ fc-?ff(() (59« (-8 1w ar)w)
- (3) (el ()
h (%) h (s | ()] + s e )

¢ 1
/ lc—2t|dt = =¢,
0 2

c t s c t s 2
/|c—2t| 2) ar = /yc—2ty 1—5) ar= "
0 c 0 c 54435+ 2
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Remark 1. If we take s = 1 in Corollary (4), then we get a Bullen type inequality
8

e Sp(a);_(p(b)—i_SO(a;_b)_bia/ab(p(x)dx “

< (5) [ el (55) + (o (5] 1w )|

Remark 2. Inequality (8) gives better results than inequality (6). In other words,
the inequality (8) has a smaller upper bound than the inequality (6) in terms of
determining the upper bound.

Corollary 5. Under the assumption of Theorem 2, if |¢'|? is P (I), the following
inequality holds:

w(a);so(b) +s0<a;b> _bfa/abcp(fv)dx
A5 +o 0

IREEE

c 2
/ le—2t|dt = <.
0 2

Proof. Proof of Corollary 5 is explicit by choosing h(t) = 1 in Theorem 2.

1
q q

where

3. APPLICATIONS TO SOME SPECIAL MEANS

We consider the means for arbitrary positive numbers a,b (a # b) as follows;
The arithmetic mean:

a+b
A(a,b) =
(a,0) = 2
The generalized log-mean:
pptl _ o+l ]p
Ly(a,b)=|——F———| , peR~{-1,0}.
N [ o

Now, by using the result of second Section, we give some applications to some
special means of real numbers.
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Proposition 1. Let 0 < a <b, s € (0,1). Then the following inequalities hold:

1A (a®,b%) + A® (a,b) — 2L2 (a, )|
1
g+1 7
<o ()

(s+1)(s+2)
1 1
b s—1|9\ ¢ b s—114 q

Proof. The inequalities are derived from Corollary 4 applied to the s-convex func-
tions o : R = R, ¢ (z) = 2%, s € (0,1), v € [a,b] and ¢ (x) = sx*~L, s € (0,1),
x € [a,b]. The details are disregarded.

Proposition 2. Let 0 < a <b. Then the following inequalities hold:
|A(a",b") + A" (a,b) — 2Ly, (a,b)|

< n(bg—a) (‘an_l|q+ <a‘2“b>n_1 q)‘; N (‘(a;—b)”_l q+ }b"‘1|q>;,

Proof. In Corollary 5, if we choose ¢(z) = 2", ¢ (x) = nz""', the proof is obvious.
The details are disregarded.
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