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1. Introduction

Let G := SO(1,n)p denote the group of orientation-preserving isometries
of the n-dimensional hyperbolic space X := H" equipped with the Riemannian
metric of constant sectional curvature —1. We consider a convex cocompact,
torsion-free discrete subgroup I' C G. The quotient Y := I'\ X is a complete
hyperbolic manifold, and we assume that vol(Y') = oo.

The Selberg zeta function Zg(s), s € C, associated to this geometric
situation encodes the length spectrum of closed geodesics of Y together with
the eigenvalues of their Poincaré maps. Note that Zg(s) is given by an Euler
product on some half-plane Re(s) > ¢, and it has a meromorphic continuation
to the complex plane.

The goal of the present paper is a description of the singularities of the
Selberg zeta function in terms of the group cohomology of I" with coefficients
in certain infinite dimensional representations. Such a relation was conjectured
by Patterson [37].

1.1. The Selberg zeta function.

In order to fix our conventions we define Zg(s) in terms of group theory.
Let g = k @ p be a Cartan decomposition of the Lie algebra of G, where k is
the Lie algebra of a maximal compact subgroup K C G, K = SO(n). We fix
a one-dimensional subspace a C p and let M C K, M = SO(n — 1), denote
the centralizer of a. The Riemannian metric of X induces a metric on a. We
fix an isometry a = R. Let a4 denote the half-space corresponding to the ray
[0,00) and set A :=exp(a), Ay :=exp(ay). By n C g we denote the positive
root space of a in g. For H € a we set p(H) := %tr ad(H). The isometry
a* = R identifies p with ”T_l

By the Cartan decomposition G = KA K, any element g € G can be
written as g = hagk, h,k € K, where a;, € A4 is uniquely determined. We
have a, = edist(@.90) “where ©® = K € X is the origin of X = G/K, and dist
denotes the hyperbolic distance. The basic quantity associated with I is its
exponent ér which measures the growth of I" at infinity.

Definition 1.1. The exponent ér € a* &£ R of I' is defined to be the
smallest number such that the Poincaré series

(1) Z a;(5+p)

gerl’

converges for all s > 6r.

Although we do not use it in the present paper note that ér + %L is equal

n
2
to the Hausdorff dimension of the limit set of I' (see [35], [47]).
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Any element g € T"is conjugated in G to an element of the form m(g)a(g) €
MA_,, where a(g) is unique. By [, := log(a(g)) we denote the length of the
closed geodesic of Y corresponding to the conjugacy class of g € T".

Let CT denote the set of conjugacy classes [g] # 1 of . If [g] € CT,
then nr(g) € N is the multiplicity of [g], i.e., the largest number k € N such
that [g] = [h*] for some [h] € CT. If A: V — V is a linear homomorphism
of a complex vector space V, then by S*A : S¥V — S*¥V we denote its kP
symmetric power.

Definition 1.2. The Selberg zeta function Zg(s), s € C, Re(s) > ér,
associated to I' is defined by the infinite product

[e.e]
@  Zsts= I [ldet(1-eCHbsHAdm(gal))],)) -
[9]€CT,np(g)=1 k=0
Remark. We defined the Selberg zeta function such that its critical line
is {Re(s) = 0}. In the literature the convention is often such that the critical
line is at p = "Tfl The same applies to our definition of ér which differs by p
from the usual convention.

In [38] (see also [42]) it was shown that the infinite product converges for
Re(s) > ép, and that the Selberg zeta function has a meromorphic continuation
to all of C. In the special case of surfaces this was also proved in [17]. Partial
results concerning the logarithmic derivative of the Selberg zeta function have
been obtained in [34] for ér < 0 and in [41] in the general case.

1.2. Singularities and spectrum.

The Selberg zeta function is a meromorphic function defined in terms of
a classical Hamiltonian system, namely the geodesic flow on the unit sphere
bundle SY of Y. Philosophically, the singularities of the Selberg zeta function
should be considered as quantum numbers of an associated quantum mechani-
cal system. One way to quantize the geodesic flow is to take as the Hamiltonian
the Laplace-Beltrami operator Ay acting on functions on Y.

In order to explain this philosophy let Y = I'\G/K for a moment be a
compact locally symmetric space of rank one. Then the sphere bundle of Y
can be written as SY = I'\G/M. If (0,V,) is a finite-dimensional unitary
representation of M, then we consider the bundle V(o) := I'\G x s V, over
SY. The geodesic flow admits a lift to V(o) and gives rise to a more general
Selberg zeta function Zg(s,o) which also encodes the holonomy in V(o) of
the flow along the closed geodesics. The Selberg zeta function Zg(s) defined
above corresponds to the trivial representation of M. It was shown in [13] that
Zs(s,0) admits a meromorphic continuation to all of C. In this generality a
description of the singularities of Zg(s, o) was first obtained by [21] (see also
[48] for a closely related Selberg zeta function).



630 ULRICH BUNKE AND MARTIN OLBRICH

Remark. The case of a Riemann surface is classical. The Selberg zeta func-
tions for general rank-one symmetric spaces and trivial o have been discussed
in [14]. For a detailed account of the literature see [5].

The description of the singularities of Zg(s, o) given in [21] corresponds to
a different method of quantization of the geodesic flow (see subsection 1.3). The
spectral description of the singularities of Zg(s, o) uses differential operators
acting on sections of bundles on Y.

One distinguishes between two types of singularities, so-called topolog-
ical and spectral singularities. If o is trivial then the spectral singularities
are connected with the eigenvalues of the Laplace-Beltrami operator Ay. The
topological singularities depend on the spectrum of the Laplace-Beltrami op-
erator on the compact dual symmetric space to X. For general o we found
the corresponding quantum mechanical system in [5]; i.e., we determined the
locally homogeneous vector bundle on Y together with a corresponding locally
invariant differential operator whose eigenvalues are responsible for the spec-
tral singularities of Zg(s, o). The analytic continuation of this operator to the
compact dual symmetric space gives rise to the topological singularities.

We now return to our present case that I' C SO(1,n)q is convex cocom-
pact, Y is a noncompact hyperbolic manifold, and o is the trivial representation
of M. It was shown in [28] that the spectrum of Ay consists of finitely many
isolated eigenvalues in the interval [(252)? — [ép|6r, (251)2). Moreover, in [29]
the same authors show that the remaining spectrum of Ay is the absolute con-
tinuous spectrum of infinite multiplicity in the interval [(25%)?,00). It turns
out that the eigenvalues of Ay are responsible for singularities of Zg(s) as in
the cocompact case. This stage of understanding is not satisfactory. On the
one hand Zg(s) may have more singularities. On the other hand the continuous
spectrum was neglected.

A finer investigation of the continuous spectrum can be based on study of
the resolvent kernel, i.e. the distributional kernel of the inverse (Ay — (%51)%+
A2)~L Tt is initially defined for Re(\) 3> 0. A continuation of this kernel up to
the imaginary axis implies absolute continuity of the essential spectrum by the
limiting absorption principle (see [39] and for surfaces also [12], [10]). But this
kernel behaves much better. It was shown in [32] that it has a meromorphic
continuation to the whole complex plane (for surfaces see also [9], [1]). The
poles of this continuation with positive real part correspond to the eigenvalues
of Ay. The poles with nonpositive real part are called resonances.

Let us consider the resonances as sorts of eigenvalues associated to the
continuous spectrum. Then they lead to singularities of Zg(s) in the same way
as true eigenvalues. In detail, the spectral description of the singularities of
Zs(s) was worked out in [38] for even dimensions n.
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1.3. Singularities and group cohomology.

An important feature of the spectral description of the singularities of
the Selberg zeta function is the distinction between spectral and topological
singularities. By now there are two approaches to describe all singularities of
the Selberg zeta function in a uniform way, avoiding a separation of topological
and spectral singularities.

We will explain these approaches again for Zg(s, o) in the case where Y
is a compact locally symmetric space of rank one.

The first approach was worked out in [21] (ideas can be traced back to
[16], [36]) and corresponds to a quantization which is different from the one
considered for the spectral description. Here one considers the cohomology of
the o-twisted tangential de Rham complex (called tangential cohomology), i.e.
the restriction of the de Rham complex of SY to the stable foliation twisted
with V(o). This complex is equivariant with respect to the flow. The order of
the singularity of Zg(s, o) at s = A is related to the Euler characteristic of the
A + p-eigenspace of the flow generator on the tangential cohomology.

The tangential cohomology comes with a natural topology, and it is still
an open problem to show that this topology is Hausdorff. Therefore, in [21] the
result is phrased in terms of representation theory, in particular in terms of Lie
algebra cohomology of n with coefficients in the Harish-Chandra modules of
the unitary representations occurring in the decomposition of the right regular
representation of G on L?(I'\G).

The second approach was proposed by S. Patterson [37]. The parame-
ters o and A € C fix a principal series representation (7%}, H%*) of G. The
space H%? can be realized as the space of sections of a homogeneous vector
bundle V(o)) := G xp V,,, where P := MAN, N := exp(n), and o) is the
representation of P on V, given by P = MAN > man — a”~*o(m).

Taking distribution sections we obtain the distribution globalization of
this principal series representation which we denote by H f’g\o. If V is a com-
plex representation of I', then H*(I", V) denotes group cohomology of I" with
coefficients in V. The specialization of Patterson’s conjecture to cocompact I
is:

(i) dim H*(T', H™)) < oo,
(i) x(T, HZY) i= ¥320(=1) dim H'(I', H) = 0, and

(i) —x1(T, H72) := — ©o(=1)% dim Hi(T, H) is the order of Zg(s, o)
at s = A (a pole has negative and a zero has positive order).

This conjecture was proved in [4] and [7] (with a slight modification for
s = 0) by clarifying the relation between both approaches. In (i)—(iii) one can
replace H f’;\o by the space H f’;\ of hyperfunction sections.



632 ULRICH BUNKE AND MARTIN OLBRICH

One way to define group cohomology is to write down an explicit complex
(C*,d) such that H*(I', V) is the cohomology of this complex. One can take

e.g.

CP.={f:I'x...I' = V|f(990,---,99p) = 9f(g0,---,9p)}

p+1 times
and
p+1 )
(d)(90s -+ pt1) = D (1) F(gos- -+ Gis- -1 Gpt1) -
=0

Alternatively one can define group cohomology as the right derived functor
of the left exact functor from the category of complex representations of I'
to complex vector spaces which takes in each representation the subspace of
I'-invariant vectors. By homological algebra one can compute group coho-
mology using acyclic resolutions. To find workable acyclic resolutions for the
representations of interest is one of the main goals of the present paper.

Let now I' C G be convex cocompact such that Y is a noncompact mani-
fold. The space G/P can be identified with the geodesic boundary 90X of X.
There is a I-invariant partition 0X = Q U A, where A is the limit set, and
Q # () is the domain of discontinuity for I' with compact quotient B := T'\{2.
According to the conjecture of Patterson for the convex cocompact case one
should replace H i;ﬁo by the I'-submodule of distribution sections of V(o)) with
support on the limit set A.

The main aim of this paper is to prove the conjecture of Patterson for
convex cocompact I' C SO(1,n)g and trivial o up to two modifications which
we will now describe.

The first modification is that we consider hyperfunctions instead of distri-
butions. From the technical point of view hyperfunctions are more natural and
easier to handle. In fact, in several places we use the flabbiness of the sheaf of
hyperfunctions. Hyperfunctions also appear in a natural way as boundary val-
ues of eigenfunctions of Ax. In order to obtain distribution boundary values
one would have to require growth conditions. Guided by the experience with
cocompact groups and by the fact that the spaces of I'-invariant hyperfunctions
and distributions with support on A coincide, we believe that the cohomology
groups are insensitive to replacing hyperfunctions by distributions (note that
the situation is different if I' has parabolic elements; see [7]).

The second modification is in fact already necessary in the cocompact
case to get things right at the point s = 0. Note that the principal series
representations H%? come as a holomorphic family parametrized by A € C.
In the conjecture we replace H 3’3 by the representation of I' on the space of
Taylor series of length k > 0 at A of holomorphic families C 3 pu+— f, € HZ}
such that supp(f,) C A for all g (this is the space Oy ,)C~“(A) below).
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1.4. The main result.

In the present paper we prove the conjecture of Patterson for I' C SO(1,n)q
a convex cocompact, non-cocompact and torsion-free subgroup and the trivial
representation o of M. We restrict ourselves to this special case mainly be-
cause of the lack of information about the Selberg zeta function in the other
cases.

Let us first define Oy )C~“(A). The group G acts on the geodesic bound-
ary 0X = S"~! by means of conformal automorphisms. Let 0X = QU A be
the decomposition of 0.X into the limit set A and the domain of discontinuity
Q.

For any A € C let V) be the representation of P on C given by man —
aP=* = elP~Noe(@) et V()\) := G xp V) be the associated homogeneous
line bundle. Note that V(—p) = A" !T40X is the complexified bundle of
volume forms. Moreover, V(A) & (A" 1T&0X )%

n—1—2\
vanishing volume form vol on 90X, then vol 2"=1 is a section trivializing V().

Sections of V(\) can thus be viewed as functions which transform under G
according to a conformal weight related to A.
The union Jyec V(A) — 0X has the structure of a holomorphic family of

. If we choose a nowhere-

line bundles. MUsimg the nowhere-vanishing volume form vol we define isomor-
phisms vol™ »=T : V(A) 2 V(A4 pu). Hence we can identify the space of sections
of V() of a given regularity with the corresponding space of sections of a fixed
bundle, e.g., of the trivial one V(p). This allows us to speak of holomorphic
families of sections or homomorphisms.

By m\(g) : C™%(0X,V(\)) — C™“(0X,V()\)), g € G, we denote the
representation of G on the space of hyperfunction sections of V' (\). As a topo-
logical vector space C~“ (90X, V()\)) is the space of continuous linear functionals
on C*(0X,V(=X)). If g € G is fixed, then 7*(g) depends holomorphically on
A

Since A is T-invariant the space of hyperfunctions C~“(A,V(\)) C
C~%(0X,V(\)) with support in A carries a representation of I' induced by
7. Let OAC~“(A) denote the space of germs at A of holomorphic families of
sections C 3 p +— f, € C7¥(0X,V(p)) with supp(f,) C A. The representa-
tion of I" on that space is given by (7(g)f), == 1(9) fu, g €T

If L’j denotes the multiplication operator L§ Cfue (p— )\)kfu, k e N,
then we have a short exact sequence

k
0= OAC™(A) 22 O, (A) = Oy C(A) = 0

of I'-modules defining Oy 4, C~“(A). Note that O yC~(A) = C~“(A, V(N)).
Now we can formulate the main theorem of our paper.
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THEOREM 1.3.  For any A € C there is k(\) € Ng such that the following
assertions hold:

(i
(i

) dim H*(I', Oy ,)C~*(A)) < o0 for all k, dim H*(I', 0,C™¥(A)) < oo.

)
(111) Ifk > /{7()\), then dlmH*(F, O(A7k+1)C_W(A)) = dlmH*(F,O()\7k)O_w(A))

)

X(T, 00 C~“(A)) =0 for all k.

(iv) If k > k(\), then the order of the Selberg zeta function at X is given by
(3) ords=xZs(s) = —x(I,;O\C™*(A))
(4) = —x1T,0unnC ),

where for any T'-module V' with dim H*(I', V') < oo its first derived Euler
characteristic x1(T, V') is defined by
x1(T,V) =Y p(-1)Pdim H(I,V) .
p=1

It will be shown in Proposition 4.19 that one can take k() := Ord,—yext,+
e, where ¢ = 0if A € —Ng — p, and € = 1 otherwise, and also where ext,, is the
extension map explained in the next subsection. In contrast to ord, Ord,—»
denotes the (positive) order of a pole at p = A, if there is one, and it is zero
otherwise.

For generic I' and most A one expects k(A) < 1. For those A one can
replace Oy 1yC~“(A) by C~“(A,V()A)) and probably also by C~*(A,V())),
the space appearing in Patterson’s original conjecture.

In [38] the order of Zg(s) at s = 0 was not given explicitly. As a corollary
of our computations we obtain:

COROLLARY 1.4.
ords—9Zs(s) = dim"C™* (A, V(0)) = dim ker(Sp +id) ,

where Sy is the normalized scattering matriz (introduced in Section 2) at zero.

The proof of Theorem 1.3 consists of three steps. The first step which oc-
cupies most of the paper is an explicit computation of the cohomology groups
H*(T', 0\ ) C~*(A)), H*(I', OAC™¥(A)). One of our main tools in these com-
putations is the extension map which will be explained in the next subsection.
The final results which are of interest in their own right, and much more de-
tailed than needed for the proof of Theorem 1.3, are stated in subsections 4.3
and 4.4. They are generalizations of our results for the two-dimensional case [6].
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In a second step we compare the result of this computation with the
spectral description of the singularities of Zg given by Patterson-Perry [38] in
case n = 0(2), ér < 0. Finally we employ the embedding trick in order to drop
this assumption. The second and third steps are performed in Section 5.

In order to compute H*(I', OxC~“(A)) we use suitable acyclic resolutions
by I'-modules formed by germs of holomorphic families of hyperfunctions on
0X and 2. The proof of exactness and acyclicity of these resolutions is quite
involved and uses some hyperfunction theory and analysis on the symmetric
space X. It turned out that we need facts which hold true in much more
general situations but have not been considered in the literature so far (up to
our knowledge). This accounts for the length of subsections 4.1 and 4.2.

1.5. The extension map.

The present paper has a close companion [8] in which we consider the
decomposition of the right regular representation of G' on L?(I'\G) into ir-
reducible unitary representations in the case that I' is a convex cocompact
subgroup of a simple Lie group of real rank one. The main ingredient of both
papers is the extension map exty.

Consider any I'-invariant hyperfunction section f € 'C~%(Q,V()\)). By
the flabbiness of the sheaf of hyperfunction sections it can be extended across
A; i.e., there is a hyperfunction section f € C~“(dX,V(\)) which restricts
to f. In general f is not I-invariant. Our extension map solves the problem
of finding a I'-invariant extension exty(f). It turns out that the invariant
extension exists and is unique for generic A.

Now the maps ext) form in fact a meromorphic family of maps with finite-
dimensional singularities. The highest singular part of ext at the poles of
ext gives invariant hyperfunction (in fact distribution) sections of V(\) with
support on A. This can be considered as a generalization of the construction of
the Patterson-Sullivan measure which is given by the residue of ext at A = ér.

In Section 3 we employ a version of Green’s formula in order to get
a hold on the spaces of invariant hyperfunction sections with support on
A. In particular, it follows that there is a discrete set of A € C, where
f € 'C=(Q,V()\)) has to satisfy a finite number of nontrivial linear con-
ditions in order to be invariantly extendable. To find a I'-invariant extension
of f is a cohomological problem and H(I',C~“(A,V()\)) essentially appears
as its obstruction group. This is the basic observation which enables us to
compute these cohomology groups.

In order to provide a feeling for the extension problem let us discuss a toy
example. We consider the extension of hyperfunctions f on R\ {0}, which
transform as f(rz) = r*f(z) for all r € R%.. Let f) be given by fy(z) := |z|*.
For Re(A) > —1 its invariant extension as a distribution (and hence as a
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hyperfunction) to R is just given by
(exta(f), 6) = /Ré(a:)\x|>‘dm . e CX(R).

It is well-known that exty (fy) has a meromorphic continuation to all of C with
poles at negative integers. The residues of the continuation at these points are
proportional to derivatives of delta distributions located at {0}.

The construction of the meromorphic continuation of the extension map
is closely related to the meromorphic continuation of the scattering matrix

Sy:Te @, vN) =Tc™@Q,V(-)) .

If T is the trivial subgroup, then 2 = 90X and S) coincides with the (normal-
ized) Knapp-Stein intertwining operator

Ty C™¥(0X,V(N) — C~¥(0X,V(=N)) .

The operators Jy form a meromorphic family and are well-studied in represen-
tation theory. In this paper and in [8] we approach the scattering matrix Sy
starting from Jy and using the basic identity

S\ =res_y o Jyoexty ,

where res) denotes the restriction resy : T'C™%(0X,V(A)) — F'C~(Q,V())).

In the literature the scattering matrix is usually considered as a certain
pseudodifferential operator which can be applied to smooth, resp. distribution
sections. A meromorphic continuation of S\ was obtained in [35] for surfaces,
and in [40], [30] in general. In [8] we develop the theory of the scattering
matrix and the extension map in a smooth/distribution framework for general
rank-one spaces and arbitrary o. The main point in the present paper is the
transition to the real analytic/hyperfunction framework.

The main difference from most previous papers is that our primary anal-
ysis concerns objects on the boundary 9.X. The spectral theory of Ay is only
needed in some very weak form. One the other hand one can deduce the
spectral decomposition, the meromorphic continuation of Eisenstein series and
the properties of the resolvent kernel from the theory on the boundary. To
illustrate this consider, e.g., the Eisenstein series. Let Py : C™“(0X,V(\)) —
C>(X) denote the Poisson transform. For b € 2 we define f, € T'C~%(Q,V()))
by fo 1= > er 7 () (6pvol”), where &6, € C~(Q, V(—p)) is the delta distribu-

”2@1:2))‘ Then the Eisenstein series can be written

tion located at b and p := —
as

Ex(2,b) = (Py o exty(fy))(2) .

These applications will be contained in [8] and its continuations.

Acknowledgement. We thank S. Patterson and P. Perry for keeping us in-
formed about the progress of [38]. Moreover we thank A. Juhl for pointing out
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2. Restriction, extension, and the scattering matrix

2.1. Basic notions.

The sheaf of hyperfunction sections of a real analytic vector bundle over
a real analytic manifold is flabby. Thus the following sequence of I'-modules

0— C YA V(N) = C0OX,VN) = C™Q,V(A\) =0

is exact, where resq is the restriction of sections to 2.

Let Vp(A) := ['\V(\)q. If we identify TC=(Q,V(\) =2 C~+(B,Vs(\)),
then resqy induces a map resy : 'O~ (0X,V()\)) — C~¥(B,Vg()\)). Here
FC=w(.,,V()\)) denotes the subspace of I'-invariant sections.

The main topic of this section is the construction of a meromorphic family
of maps exty : C%(B,Vg(A\)) — 'C7(0X,V()\)) which are right inverse to
resy. The poles of exty will correspond exactly to those points A € C where
res) fails to be an isomorphism.

The strategy of the construction of exty is the following. We first con-
struct exty for Re(\) > 6p. Then we introduce the scattering matrix Sy
:C7¥(B,Ve(\) = C~¥(B,Vg(—A\)) by

(5) S\ i=rtes_y 0.Jy oexty ,

where Jy : C79(0X, V(X)) — C~(8X,V(—=X)) is the Knapp-Stein intertwin-
ing operator (see [26]) which we will introduce below. Assuming for a moment
that ér < 0 we obtain a meromorphic continuation of Sy using results of
Patterson [34] and [8]. Then we construct the meromorphic continuation of
exty by

(6) exty:=J_yoext_y oSy, Re(\) <0,

where J_y (S)) is the normalized intertwining operator (scattering matrix).
If ér > 0, then we employ the embedding SO(1,n)y — SO(1,n + m)g, m
sufficiently large, in order to reduce to the case ér < 0.

2.2. Holomorphic functions to topological vector spaces.

In order to carry out the program sketched above we need to consider holo-
morphic families of vectors in topological vector spaces. We will also consider
holomorphic families of continuous linear maps between such vector spaces.
Therefore we collect some preparatory material of a technical nature. All
topological vector spaces appearing in this paper are Hausdorff and complete.
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A holomorphic family of vectors in a locally convex topological vector
space F defined on U C C is by definition a continuous function from U to F
which is weakly holomorphic. Using Cauchy’s integral formula one can show
an equivalent characterization of holomorphic families. A map f: U — F is
holomorphic, if and only if for any zg € U there is a neighbourhood 29 € V C U
and a sequence {f € F}reN, such that for z € V the sum 372 fi(z — 20)*
converges and is equal to f(z).

In order to speak of holomorphic families of homomorphisms from F to G,
where G is another locally convex topological vector space we equip Hom(F, G)
with the topology of uniform convergence on bounded sets.

Let f:U\ {20} — Hom(F,G) be holomorphic and f(z) = > 5e_n fu(z —
20)* for all z # zy close to zg. Then we say that f is meromorphic and has a
pole of order N at zg. If fr, k= —N,...,—1, are finite-dimensional, then, by
definition, f has a finite-dimensional singularity.

Holomorphy of a map f : U — Hom(F,G) can be characterized in the
following weak form. Let G’ denote the dual space of G with its strong topology.
We call a subset A C F x G sufficiently large if for B € Hom(F,G) the
condition (¢, By) = 0, for all (¢, ¢) € A, implies B = 0.

LEMMA 2.1. The following assertions are equivalent:
(i) f:U — Hom(F,G) is holomorphic.

(ii) f : U — Hom(F,G) is continuous, and there is a sufficiently large set
A C F x G such that for all (1, ¢) € A the function U 3 z — (¢, f(2)1)
s holomorphic.

Proof. 1t is obvious that (i) implies (ii). We show that (i) follows from
(ii). It is easy to see that f is holomorphic at z if and only if

oy LI

2m ) x— 2

for 2’ close to z, where the path of integration is a small circle surrounding z
counterclockwise. Let f satisfy (ii). Then we form

A=) = 1) - g f 1)

x—2z
We must show that d = 0. It suffices to show that for all (¢, ¢) € A we have
(¢,d(2')) = 0. But this follows from (ii) and Cauchy’s integral formula. O

dr .

LEMMA 2.2. Let f; : U — Hom(F,G) be a sequence of holomorphic maps.
Moreover let f : V — Hom(F,G) be continuous such that for a sufficiently
large set A C F x G the functions (¢, fi1)) converge locally uniformly in U to
(¢, f1b). Then f is holomorphic, too.
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Proof. Since the holomorphic functions (¢, f;1) converge locally uniformly
to (¢, f1b) we conclude that the latter function is holomorphic, too. The lemma
is now a consequence of Lemma 2.1. O

LEMMA 2.3. Let f : U — Hom(F,G) be continuous. Then the adjoint
/U — Hom(G', F') is continuous. If f is holomorphic, then so is f'.

Proof. We first show that the adjoint f’': U — Hom(G’, F’) is continuous
at zg € U. Let B C G’ be a bounded set. Let ¢ be any continuous seminorm
on F'. Then we have to show that for any € > 0 there exists § > 0 such that if
|z — 20| < 6, then supyep q(f'(2)¢ — f'(20)#) < €. The strong topology of ' is
generated by the seminorms ¢p associated to bounded subsets D C F, where
qp(¥) :== SUPkeD (¥, )| We have

sup ap(f'(2)¢ — f'(20)9) sup [(f'(2)¢ — f'(20), k)]

¢eB,kED

= sup [(&, f(2)k — f(z0)K)]
¢eB,keD

= supqp(f(2)k — f(20)K) .
keED

Here ¢p is a continuous seminorm on the bidual G”. Since the embedding
G — G” is continuous and f is continuous at zg we can find § > 0 for any € > 0
as required.

If f is holomorphic, then holomorphy of f’ follows from Lemma 2.1 when
we take the sufficiently large set F x G’, and use the fact that (¢, fo) = (f'¢, )
is holomorphic for all p € F, ¢ € G'. O

A locally convex vector space is called Montel if its closed bounded subsets
are compact.

LEMMA 2.4. Let F,G,H be locally convex topological vector spaces and
assume that F is a Montel space. If f : U — Hom(F,G) and f1 : U —
Hom(G, H) are continuous, then the composition fi o f :V — Hom(F,H) is
continuous. If f and f1 are holomorphic, then so is the composition fi o f.

Proof. We first prove continuity of the composition fi o f at zg € U. It is
here where we need the assumption that F is Montel. Let B C F be a bounded
set and s be a seminorm of H. We have to show that for all € > 0 there exists
6 > O such that if |2 —z20| < 6, then supycp s((f10£)(2)(¢)—(f1of)(20)(9)) < €.

Let W C U be a compact neighbourhood of zg. The map FF: W x B — G
given by F(v, ¢) := f(v)(¢) is continuous. Since F is Montel, any bounded set
B is precompact. Thus the image B := F(W x B) of the compact set W x B
is precompact, too. In particular, B; is bounded. Since fi(zp) is continuous
there is a seminorm ¢ of G such that s(f1(z0)(¥)) < t(¢), for all ¥ € G. Now
let V'C W be a neighbourhood of zy so small that t(f(z)(¢) — f(20)(¢)) < €/2,
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for all z € V, for all ¢ € B, and s(f1(2)(¢¥) — f1(20)(¥)) < €/2, for all ¥ € By,
forall z€ V. Then for all z €V, ¢ € B,

s(f1(2) o f(2)(¢) = f1(z0) © f(20)(9)) < s([f1(2) — fi(=0)lf(2)(#))
+5(f1(20)[f (2)(0) = [ (20)(0)])

< €.
Thus we can find § > 0 for any € > 0 as required. This proves continuity of

the composition f; o f.
We now show that this composition is holomorphic if f, f; are so. We

have . f1(x)0f
Q—MY{ x—z do = (27m1)? j{f (x —2) )dyd:L‘

If we restrict this equation to a bounded set B C F, we see as above that there

exists some bounded set By C G such that %(B) C By for all y,z in

the domain of integration. Hence we can apply Fubini’s theorem to the double
integral and obtain

o 1o S8y, o7 f?{ (@~ 2) )dmdy

_ j{ fi(z
2m -z
= (fiof ) :
This shows that f1 o f is holomorphic. O

Consider a real analytic vector bundle over a closed real analytic manifold.
Then the spaces of real analytic, smooth, distribution, and hyperfunction sec-
tions of the bundle equipped with their natural locally convex topologies are
Montel spaces.

2.3. The push-down.

In the present subsection we define a push-down map

Tex: CHOX,V(=N) — C*(B,VB(-\), #€{w,00}, Re(A\)>ér .
The extension exty will then appear as its adjoint.

Using the identification C*(B, Vg(—\)) = V'C*H(, V(—-))) we want to de-
fine m, _) by
(M) ma(NO) =2 (TN HB), beQ, feCHIX,V(-N)

gel

provided the sum converges. In order to prove the convergence for Re(\) > ér
we need the following two geometric lemmas.

We adopt the following conventions about the notation for points of X
and 0X. A point x € X can equivalently be denoted by a subset kM C K
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or gP C G representing this point in 0X = K/M or 0X = G/P. If F C 0X,
then F'IM := Uyyer KM C K. Analogously, we can denote a point b € X by
a set gK C G, where gK represents b in X = G/K.

Adjoining the boundary at infinity we can consider X UdX as a compact
manifold with boundary carrying a smooth action of G. Let I' C G be a
torsion-free convex cocompact subgroup. An equivalent characterization of
being convex cocompact is that I' acts freely and cocompactly on X U (.

LEMMA 2.5. If F C Q is compact, then §(I' N (FM)ALK) < 0.

Proof. Note that (FM)ALyKUF C X U is compact. Thus its intersec-
tion with the orbit I'K of the origin of X is finite. O

Using the Iwasawa decomposition G = KAN we write ¢ € G as
g = k(g)a(g)n(g) € KAN. The Iwasawa decomposition and, in particular,
the maps g — k(g), g — a(g), g — n(g) are real analytic and extend to a
complex neighbourhood of G in its complexification G¢. Let K¢, Ac be the
complexifications of K, A. We identify Ac with the multiplicative group C*
such that A4 corresponds to [1,00) C C*. Any g € G has a Cartan decompo-
sition g = hagh’ € KA K, where a4 is uniquely determined.

The next lemma gives some control on the complex extension of the Iwa-
sawa decomposition.

LEMMA 2.6. Let koM € 0X. For any compact W C (0X \ koM)M
and complex neighbourhood Sc C K¢ of K there are a complex neighbourhood
Uc C K¢ of koM and constants ¢ > 0, C < oo, such that for all g = hagh'
€ WA,K the components k(g 'k) and a(g~'k) extend holomorphically to
k € Ug, and for all k € Uc

(8) cag < ’a(g_lk)‘ < Cay,
(9) k(g™ 'k) € Sc.

Proof. The set W~ 1koM is compact and disjoint from M. Let w € Ng (M)
represent the nontrivial element of the Weyl group of (g,a). Set n := 6(n),
where 6 is the Cartan involution of G fixing K, and define N := exp(n). By
the Bruhat decomposition G = wNP U P we have K = wx(N)M U M. Thus
there is a compact V C N such that W~—'kgM C wk(V)M. By enlarging V
we can assume that V is A -invariant, where A acts on N by (a,n) — ana~!.
There exists a complex compact A, -invariant neighbourhood Vo C Ng of
V such that k(n),a(n),n(n) extend to Ve holomorphically. Moreover, there
exists a complex neighbourhood U(lj C K¢ of kgM such that w_IW_lUéM -
k(Vc)M. Let k € Ul and g = hayh' € WAL K. Then h™'k = wr(n)m for
n € Vo, m € Mc; i.e., we parametrize hilUé by Vo x Mc. Furthermore,
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alg™'k) = a(W ta;th k)

Now agﬁagl € V. Thus a(g~'k) extends holomorphically to k € U&. Set

—  inf inf |a(n) !
¢ nlenVc ’CL( )’ T_LIGHVC |a(n) ‘
C = sup |a(@)| sup |a(7)" .

17L€Vc "_IGVC

Since V¢ is compact we have 0 < ¢ < C < co. Then
cay < la(g7 k)| < Cay .
Now considering x we have
k(g~'k) = w(h'lagthT k)

= n! K(ay Lwk(n)
= I rwk(agnn(n) ta(n) " Hm
Hm .

)m

_ 1—1
= h" wk(agna,

Since agna, 1 € Vo we see that r(g~1k) extends holomorphically to k € U}.
If we take Vo small enough we can also satisfy h'~'wk(Ve) C Sc. Thus for a
smaller open subset Uc C U we have k(g7 k) € Sc for all g € WAL K and
ke Uc. O

LEMMA 2.7.  If Re(\) > 6r, then the sum (7) converges and defines a
holomorphic family of continuous maps

Tu_x: CHOX,V(=X) — C¥B,Ve(-1)), #¢€ {oo,w}.

Proof. In case § = oo the lemma was proved in [8]. Thus we assume
# = w. First we recall the definition of the topology on the spaces of real
analytic sections of real analytic vector bundles.

We describe C*(0X) as a direct limit of Banach spaces. Let S¢ C K¢ be
a compact right M-invariant complex neighbourhood of K. Let H(S¢) denote
the Banach space of bounded holomorphic functions on S¢ equipped with the
norm

Ifll = sup [f(K)], feH(Sc) -
keSc
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If S¢; C Sc, then we have a continuous restriction H(S¢) < H(S¢). Then
C¥(K) = lim H(Sc)

as a topological vector space, where the limit is taken over all compact right
M-invariant complex neighbourhoods of K. The compact group M acts contin-
uously on H(Sc¢), and this action is compatible with the restriction to smaller
S¢- Thus the natural right action of M on C¥(K) is continuous. We obtain
C“(0X) as the closed subspace of right M-invariants in C¥(K). Using the
K-invariant volume form on 0X we identify C*(0X,V(\)) = C¥(0X).

Next we describe the topological structure of C¥(B,Vg(\)). Let {F,} be
a finite cover of B by compact neighbourhoods which have diffeomorphic lifts
F, C Q. Using again the K-invariant volume form we identify C*(Fy, V()))
with the direct limit of the Banach spaces H(Uqa)M of M-invariant bounded
holomorphic functions on Ug, where Uc, C K¢ are M-invariant compact
complex neighbourhoods of F, M. Any section f € C*(B,Vg()\)) defines sec-
tions fo € C¥(F,, V()\)) by restricting the lift of f. The correspondence
f — @, fa defines an embedding

1:C%(B,VE(\) — @ C(Fu. V(N)

as a closed subspace and, hence, a topology on C¥(B, Vp(\)).

The space C* (B, Vp(\)) depends on A. Since I' acts on ) preserving the
orientation the manifold B is orientable, and we can find an analytic real-
valued nowhere-vanishing volume form volgp € C¥(B, Vp(—p)). Multiplcation
by suitable complex powers of volg provides isomorphisms between any two
bundles Vp(A1) and Vi(A2). Thus we may identify C*(B,Vp(A)) with the
fixed space C*(B,Vg(p)) = C¥(B). Using this identification we can speak of
continuous or holomorphic families of continuous homomorphisms to or from
C¥(B, V().

Let G be any locally convex topological vector space, U C C be open,
and U 3 A — ¢) € Hom(G,C¥(B,Vg(A)) be a family of continuous maps.
This family depends continuously (holomorphically) on A, if and only if the
composition I o ¢ does.

Let F € {F,} and F C Q be its lift. Let £© C U; C Q be an open neigh-
bourhood of F and W := (8X \ U;)M. By Lemma 2.6 we can find for any
complex M-invariant neighbourhood S¢ C K¢ of K a complex neighbour-
hood Uc C K¢ of FM such that a(g~ k), k(g k) extend to k € Uc for all
g € WA, K and k(g7 'k) € Sc. This allows us to define the map

resyg © 7(g) : H(Sc) — H(Uc)

for all g € WALK. Here (m(g)f)(k) = a(g~ k" f(x(g~'k)), f € H(Sc).
ke Uc.



644 ULRICH BUNKE AND MARTIN OLBRICH

In order to estimate the norm of resy o 7*(g) we compute for f € H(Sc)
using (8),

|resyg om(g)f] = sup resug o (g)(f)(k)|
keUc
= sup la(g k)M f(k(gTR))]
keUc
< 0B sup |7(k))
keSc
= Ca‘lg{e)\_p”fH ’

where C' is independent of k, g, f.

By Lemma 2.5 we have §(I'\I'N WAL K) < oo. Thus for almost all g € T’
we have ||resyg o m(g)|| < Cag®*#. Fix € > 0. Then by the definition of &r
the sum

H(Sc)M o f Y resyg omMg)f € H(Uc)
gEMNW ALK

converges uniformly for Re(\) € (—oo, —ér — €), and on the unit ball of the
Banach space H(Sc)™. Going over to the direct limits we conclude that
nf .= > gerresp o 7*(g) is a convergent sum of holomorphic maps

{Re(\) < —ér — €} 3 A — 1esz o (g) € Hom(C¥(0X,V(\)), C¥(F,V(\))) ,

which is uniformly convergent on bounded subsets of C*(0X, V ()\)). Thus IT{
is holomorphic with respect to A by Lemma 2.2. In order to finish the proof of
Lemma 2.7 observe that I o, = @, Hf‘*. O

For any A € C we have V(\) ® V(=)) = A" 'T*90X ® C. Integra-
tion induces a G-invariant pairing of sections of V' (\) with sections of V(—\).
Therefore we define C~% (90X, V(X)) := C¥(0X,V(—=A))". Similarly we proceed
with V() and distribution sections of V() and Vi(\), respectively.

Definition 2.8. For Re(\) > ér and f € {w, 00} define the extension map
exty : O75(B,Vg(\)) — CH0X,V(\)) by exty := e A

2.4. Elementary properties of exty.
LEMMA 2.9. For Re(\) > ér and § € {w, 00} the map
exty € Hom(C~#(B, Vg()\)),C#(0X,V(\))
depends holomorphically on .

Proof. This follows from Lemmas 2.7 and 2.3. O

LEMMA 2.10. Let Re(\) > ér and § € {w,00}. Then the extension map
exty has values in TCHAX,V(N)).
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Proof. This follows immediately from the equation w*y_,\(w_k(g) f) =
TuA(f), for all f € CHOX,V(-N)). 0

Next we want to show that exty is right inverse to resy. For distributions
this was shown in [8]. For hyperfunctions we want to argue by continuity.
Therefore we must show that res) is continuous. This is not straightforward
since we have defined res) as the composition of resp and an identification,
and there is no natural topology on C~“(Q,V(A)).

LEMMA 2.11. Let A € C. Then the restriction map
resy : LC7(0X,V()\)) — C¥(B,Va(\))
18 continuous.

Proof. We begin by giving a description of res) which is more appropri-
ate for the present purpose. It is based on an alternative definition of the
topological vector space C~“(9X,V (\)).

Let {F,} be a finite cover of B by compact neighbourhoods which have
diffeomorphic lifts Fy, C 2. We consider the finite set L := {g € T'| 3o, 3 such
that gF, N Fg # 0}. Set W := clo(0X \ Uyer o gF,). Then any hyperfunction
f e C™(0X,V (X)) can be represented as a sum of hyperfunctions fg.., fw €
C™(0X,V(N)), g € L, where supp(fg,a) C gF,, and supp(fi) C W.

If f is [-invariant, then by lifting a corresponding decomposition of resy (f)
on B to ) we can choose the hyperfunctions f; ., such that

(10) fo.0 =7m2(9) f1,0, forall a,g€ L .
This choice made, we have resy(f) = >, fi,a, Where we view f; o as an element
of C7¥(B, Vg(\)) with support in Fy,.

We now argue that res) is continuous. Consider the Fréchet spaces

G = D g, V) eC W, V() ,
g€L,a
Lg = {f e G| f satisfies (10)} .
Here for any closed set A C X the space C~“(A, V()\)) is the space of hyper-
function sections of V(\) with support on A, i.e. the topological dual of the
space of germs at A of real analytic sections of V(—A\). By the above we have
a surjective continuous map ¢ : G — C~%(0X, V(X)) with the property that
PO (90X, V() € o("G).

There is a continuous map rés : G — C~“(B,Vp(\)) given by rés(f)
= Za fl:a' For f & Lg we have rés(f)ﬁnt(Fa) = ¢(f>|1nt(ﬁ'a) Thus rés|ker¢ﬁLg
= 0, and rés factorizes over the Fréchet space F defined by

Fi=[o ' (FC7(0X,V(N)) N "G/ [ker(¢) N *G] .

¢ induces an isomorphism ¢ : F — 'O~ (0X,V()\)), and resy = rés o ¢~ L.
Hence res) is continuous. O
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LEMMA 2.12. For Re(A) > 6r and § € {w, 00} the map exty satisfies

resy o exty = id .

Proof. For f = oo this is as shown in [8, Lemma 4.5]. Since C~*°(B,Vp(A))
is dense in C7¥(B, Vg())), and resy oexty is continuous, the assertion for § = w
follows. O

If 'O~ (A, V(\)) = 0, then res) is injective. If in addition Re(\) > ér,
then we have exty oresy = id. In order to apply this observation we need
vanishing results for YO~ (A, V().

LeEMMA 2.13.  If Re()\) > 0 and Im()\) # 0, then "C~“(A, V()\)) = 0.
Remark. We will obtain much stronger vanishing results later.

Proof. The proof is based on the fact that the Laplace-Beltrami opera-
tor Ay is self-adjoint. If 0 # ¢ € T'C~%(A,V(\)), then, using the Poisson
transform Py, we will construct a nontrivial L2-eigenfunction Py¢ of Ay to an
eigenvalue 1 ¢ R, obtaining a contradiction.

We now explain the details. Let g = k(g)a(g)n(g) € KAN be the Iwasawa
decomposition of g € G.

Definition 2.14. The Poisson transform.
Py :C™%(0X,V(N\) — C™(X)
is defined by
(Pr)(9K) = [ alg™ k)" (k)i

Here ¢ € C7¥(0X,V (X)) is viewed as a “function” on G with values in V), = C,
and the integral is a formal notation meaning that the analytic functional ¢
has to be applied to the analytic integral kernel.

The Poisson transform P, is continuous, G-equivariant, and
(Ax — p?> + M2)Py¢ = 0. It is injective whenever A\ ¢ —p — Ny. In this
case Py provides a topological isomorphism between C~* (90X, V(\)) and

ker ((Ax = p?+ X?) 1 C%(X) — C¥(X)) .

For all these facts see [23], [18], or [45].

Let V € 90X and U C X be such that clo(U) NV = (), where we take
the closure of U in X U 0X. It is not difficult to show (see Lemma 3.2, (ii)
below) that for Re(A) > 0 and ¢ € C7¥ (90X, V (X)), supp¢ C V, the restriction
of the Poisson transform Py¢ to U belongs to L2(U). If ¢ € FC~(A, V())),
then Py¢ is I'-invariant, and therefore it descends to an eigenfunction of Ay
in L2(Y).
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Since Y is complete, the operator Ay is self-adjoint with domain
{f € L3(Y)|Ay f € L3(Y)}. In particular Ay cannot have nontrivial eigenvec-
tors in L2(Y) to eigenvalues with nontrivial imaginary part. Since Im()\2?) # 0
we conclude that Py¢ = 0 and hence ¢ = 0 by injectivity of the Poisson
transform. O

2.5 The scattering matrizx.

In this subsection we study the scattering matrix S \ defined by (5). Our
investigation is based on a detailed knowledge on the Knapp-Stein intertwining
operators .Jy ([26], [50, Ch.10]). In order to fix our normalization conventions
let us first give a definition of Jy for Re()\) < 0.

Definition 2.15. Consider f € C*(0X,V())) as a right P-equivariant
function on G with values in Vy. Then Jy : C®(X,V(\)) — C®(0X,V(=)))
is defined by the convergent integral

(hDle) = [ Sgunyd

For Re(A) > 0 the operator Jy is defined by meromorphic continuation
([26], [50, Ch.10]). It extends continuously to C~#(0X,V(\)), § € {oo,w}, and
this extension coincides with the adjoint of Jy acting on CHOX,V(N)).

To be precise at this point we must show that J \ is meromorphic in the
sense of subsection 2.2.

LEMMA 2.16. For Re(\) < 0 and § € {£fw, oo} the intertwining opera-
tors form a holomorphic family of continuous maps Jy € Hom(CHaX,V(N)),
CHOX,V(=N))). This family admits a meromorphic continuation to all of C
having at most first order poles.

Proof. For § = oo this is as shown in [8]. The case § = —oo follows by
duality from Lemma 2.3.

We now show the lemma for § = w. It is sufficient to prove the first asser-
tion. The proof of the meromorphic continuation [8] (it is based on equation
(17) ) for § = oo applies equally well to § = w.

Let X;, i = 1,...,dim(k), be an orthonormal base of k. For any multi-
index r = (i1, ..., idim(k)) We set

dim(k dim(k) dim(k
H X”, Ir| = Z iy, rli= H 1!
and for f € C¥(K) we define the seminorm

[ fllr = sup [ f(Xrk)| .
keK
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For any f € C¥(K) there exists an R > 0 such that
RI7!

r!

(11) 1Fllr ="

r

Consider the Banach space Hr(K) := {f € C¥(K)| ||f|lr<oc}. f 0<R' <R,
then we have an inclusion Hr(K) — Hp/(K). As a topological vector space,

C¥(K) = lim Hp(K) .

[ fllr < o0

Let A € C and Re(\) < 0. As usual, we identify C¥(0X, V(X)) with
C*(K)M. We extend f € C¥(K) to a function f\ on G by

(12) fa(kan) = f(k)a*~" |
If f € C¥(0X,V()\)), then
I (k) = /waﬁ)dﬁ.

For any Ao € a& with Re(Ag) < 0 and 6 > 0 we can find an € > 0 such
that for |\ — X\ < &

/_ la(n) o~ — a(a)**|dn < §
N

holds. We then have

Hj)\of_j)\fHT‘ = SUP| _on(erwﬁ)_fA(erwﬁ)dm
keK JN
< sup [ (Xkwn()|a(i) " - a(n)|di
keK JN
< (£l /N la(7)* " — a(7)*~"|dn
< lIf -

If f € Hr(K), then we conclude
I xf = Ixfllr < 81l 1l -

This proves continuity of the family of intertwining operators for § = w and
Re(A) < 0. Holomorphy now follows from [50, Lemma 10.1.3], and Lemma 2.1.
This proves the lemma for § = w. In the case § = —w we argue by duality
using Lemma 2.3. O

There is a meromorphic function P(A) such that the following functional
equation holds:

id
PQA) -
The function P(\) is called the Plancherel density.

(13) j)\ o j,)\ -
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Let 1), € C¥(0X, V(X)) be the unique K-invariant section normalized such
that 1)(1) = 1 (when viewed as a function on G with values in V) = C).

Definition 2.17. The meromorphic function c¢(\) is defined by
j)\l)\ =c(=A)1_, .
We define the normalized intertwining operator by

Iy = (=N .

By (13),

(14) 5 = Ve
PN c(N)e .

This implies the following meromorphic identity:

(15) Jyod_y=id.

Now we turn to the investigation of the scattering matrix Sy. Unfortu-
nately, we are not able to show directly its meromorphic continuation as an
operator on real analytic or hyperfunction sections of V(). In [8] we stud-
ied the scattering matrix Sy as an operator acting on smooth or distribution
sections of Vp(A). First we recall some of these results.

LEMMA 2.18. (i) For Re(\) > ér the scattering matriz defined by
Sy i=res_y 0 Jy oexty : C7®(B,Vg(A)) — C~®(B,Va(—\))
forms a meromorphic family of continuous maps, as does the normalized

scattering matriz Sy == ¢(—\)~1S}.

(ii) The families Sy, Sy admit meromorphic continuations to all of C. The
singularities of Sx and Sy in the region Re(\) < 0 are at most finite-
dimensional.

(iii) The following functional equation holds: Sy o S_y = id.

(iv) The adjoint R
S4 1 C™(B,Vi(\) — C®(B, V(=)

coincides with the restriction of Sy to C°(B,Vg()\)). In particular, this
restriction defines a meromorphic family of continuous maps

Sy : C®(B,Vs(\) — C®(B, V(=) .
(v) The extension map
exty : C~(B,Vp(\)) — C~(0X,V(N))

has a meromorphic continuation to all of C with at most finite-dimensional
singularities. Moreover, exty has values in "C~>(0X,V())).
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(vi) The equations

resy oexty = id,
Sy = res_)oJyoexty,
exty = J_joext_yoS),

extend as meromorphic identities.

Proof. All these assertions are shown in [8]. The main point is the mero-
morphy of the scattering matrix. The remaining assertions are easy conse-
quences.

A meromorphic continuation of the scattering matrix was already obtained
in several previous papers, e.g. in [34] in case ér < 0, and in [40], [30], [31],
[38] in the general case. Since these papers use different conventions for conti-
nuity we can only deduce meromorphy of matrix coefficients of the scattering
matrix. But we can employ Cauchy’s integral formula in order to obtain the
meromorphy of the scattering matrix in the sense of the present paper. O

Let W C 0X be a closed set with nonempty interior and consider the
space

(16) Fa=A{f e C¥OX, V)| fiw € C“(W, V(A)} -

We equip F), with the weakest topology such that the maps F), —
C~#(0X,V(N)) and F\ — C¥(W,V(A)) are continuous. Using multiplication
by suitable powers of a K-invariant volume form we can identify Fy, A € C,
with the fixed space Fy. We employ this identification in order to speak of
holomorphic families of vectors fy € Fy.

Let F' C int(W) be closed. By resy we denote the restriction of sections
of V(A) to F.

LEMMA 2.19.  The composition resp o Jy : Fy — C¥(F,V(=X)) is well
defined and depends meromorphically on .

Proof. In order to show that the composition is well defined we must show
that if f € F), then J}(f) is real analytic on F'.

As a first step we reduce the proof of the lemma to the case Re(\)<0
using the translation principle. In order to write down the appropriate for-
mulas we identify C~(0X,V(\)) = C~«(K)M. The image of F) under this
identification is independent of A and will be denoted by F.

By [50, Thm. 10.1.5], there are nonvanishing polynomial maps b : a5, — C
and D : al — U(g)X, such that

(17) b(N)Jy = Jr_a, 0 T H(D(N))
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The family of differential operators 724 (D()\)) : F — F is a holomorphic
family of continuous maps. Thus a proof of the lemma for Re(\) < p also
implies a proof for Re(\) < p + 4p. It is therefore sufficient to study Jy in its
domain of convergence Re(\) < 0.

We are going to decompose resg o Jy into a diagonal part J )\1 and an off-
diagonal part J?. Let Fy be closed such that F C int(Fy) C Fi C int(W).
Then there is a compact set V C N such that Fws(N \ V)M C FiM. Let
U C int(V) be such that Fws(N \U)M C WM, and choose a cut-off function
X € C®(N) such that y;;y = 1 and xjnyv = 0. If f belongs to the dense
subspace C*(0X) C F, then we set

RO = [ ken)(1 = x@)dn
BOW = [ pken)xmdn, ke FM

where we employ the notation fy introduced in (12). We have to show that
these operators extend to continuous operators from F to C¥(FM)M, and that
this extension depends meromorphically on A.

For any multi-index r,

I Alr % sup | [ A kwr) (1 - x(7))dl
ke FM N

IN

sup |FCCR)] [ a(m)
keWM N
< CHf”T,W )

where C' does not depend on r and f. Recall the definition of the R-norm (11).
If R > 0 is sufficiently small (depending on f), then |Ji(f)||rF
< C||fllrw. Thus for fixed A, Re(A) < 0, there is a continuous extension
Jy: F — CY(FM)™. An argument similar to the one given in the proof of

Lemma 2.16 shows that J i depends holomorphically on .
Let ¢ : K/M \ M — N be the inverse of the analytic diffeomorphism
n— wk(n)M. If f € C¥(0X) and x € F'M, then we can write

RN = [ hlawnman
= [ s@wn@)a(@)x(m)dn
N
= [ fak)a@®) (@ k)

Let G be defined in the same way as F (see (16)), but with W replaced by
wk(N \ int(U)) D supp(l — x o ¢). There is a continuous injection of F
into the space of analytic functions from FM to G given by f — ay, af(z)
= f(z) € G, x € FM. The multiplication by x o % is a continuous operator
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my : G — C~*(supp(xo)). Since the restriction of a(1(.)) " to supp(x o)
is analytic, it defines a continuous functional on C~“(supp(x o ¢)). Now we
obtain a continuous extension of Jf to F by

(18) TR (f)(@) = {a( ()P, my(ag(2))) -

It is now easy to verify that the map aly 3 A — J; € Hom(F, C¥(F)) is con-
tinuous and that for fixed f and x the function A — JZ(f)(z) is holomorphic.
Thus by Lemma 2.1 the family of maps Jf is holomorphic. O

LEMMA 2.20. (i) The restrictions of Sy, Sy to real analytic sections of
VB(\) form meromorphic families of continuous maps

Sy, Sy € Hom(C¥(B,Vp(\)), C* (B, Vs(=\))) .

(ii) The singularities of Sy and Sy in the region Re(\) < 0 are at most
finite-dimensional.

(iii) The adjoint
S4CT¥(B,VB(\) — C™¥(B, V(=)

of
Sy : C¥(B,Vg(\)) — C¥(B, Vg(—-w))

provides a continuous extension of Sy to C~*(B,Vg(\)). The same holds
true for S).

(iv) The following functional equation holds on C~¥(B,Vp(—A)) : Sy o S_x
=id.

Proof. (i) and (ii): Let p : 2 — B be the projection. We choose compact
subsets F' C int(W) C W C Q such that p(F') = B and define F) as above. It
follows from Lemma 2.18 (v), that exty : C¥(B,Vg(\)) — C~“(0X,V(N)) is a
meromorphic family of continuous maps with at most finite-dimensional singu-
larities. Since resyoexty = id we have a holomorphic family of continuous maps
resy o exty : C¥(B, V() — CY(W,V(\)). Thus exty : C¥(B,Vg(\)) — Fx
is meromorphic with at most finite-dimensional singularities. We can identify
C¥(B,Vp(A)) with a closed subspace of C*(F, V(A)). With this identification,
resp = resy. Assertions (i) and (ii) now follow from Lemma 2.19.

(iti) and (iv): The adjoint S} is the continuous extension of Sy defined
on distribution sections. The assertions now follow from Lemma 2.18 (iv)
and (iii). O

2.6. Extension of hyperfunctions and the embedding trick.

In this subsection we want to construct the meromorphic continuation of
the extension of hyperfunction sections of Vg(\).
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LEMMA 2.21. Ifér < 0, then
exty € Hom(C™%(B,Vgs(A)),C~¥(0X,V (X))

(initially defined for Re(\) > ér) admits a meromorphic continuation to all of
C with at most finite-dimensional singularities. Moreover, exty has values in
PC=w(0X,V(N).

Proof. If —Re(\) > 6r, then using Lemma 2.20 (i), (iii) we define exty
= J_joext_yoS). We have by Lemma 2.20 (iv):

resy Oé;(/t)\ =resyoJ_joext_yoSy=S5_r05y=id.

Since for 0 < Re(A) < —dr and Im(A) # 0 the restriction map resy is injective
by Lemma 2.13 and resy oexty = resyoexty = id we conclude that exty = ext).
Thus ext) is a meromorphic continuation of exty (defined on hyperfunction
sections).

Note that the family exty defined on hyperfunction sections as constructed
above is just the continuous extension of the previously obtained family exty
defined on distribution sections. Since exty considered as an operator on distri-
bution sections has at most finite-dimensional singularities by Lemma 2.18 (v),
its continuous extension to hyperfunction sections has the same singularities
which are, in particular, finite-dimensional. O

We now show how to drop the assumption ér <0 using the embedding trick.
PROPOSITION 2.22. Lemma 2.21 holds true without the assumption ép <O0.

Proof. We realize SO(1,n)¢ as the group of automorphisms of R"*! fix-
ing the quadratic form given by diag(—1,1,...,1). We view SO(1,n)o as the
——
nxX
subgroup of SO(1,n + 1)¢ which fixes the last element of the standard base

of R"2. This embedding is compatible with the standard Cartan involution
1

g—'tgh.

We set G™ := SO(1,n)p. Then we have a sequence G™ — G"*! n > 2, of
embeddings inducing embeddings of the corresponding Iwasawa constituents
K" s Kntl N7 ey NPHL A e ML and A7 & AL In particular we
identify the Lie algebras a™ of A™ in a compatible way with R.

The embedding G™ — G™*! induces a totally geodesic embedding X" —
X" and an embedding of the geodesic boundaries 9X™ < 9X"+1. All these
embeddings are equivariant with respect to the action of G™.

If we view the discrete subgroup I' € G™ as a subgroup of G"*!, then it is
still convex cocompact. By Q7, Q*F1 A" A"l we denote the corresponding
domains of discontinuity and limit sets. Under the embedding 0X™ < 9X"t!
the limit set A™ is identified with A"*!. Moreover, we have an embedding
Q" — Q™! inducing the embedding of compact quotients B"™ «— B"t1,
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The exponent of I' now depends on n and is denoted by 6. We have the
relation 67! = 67 — % Thus for m sufficiently large, 67" < 0.

Let ext’ denote the extension map associated to I' C G™. The aim of the
following discussion is to show how the meromorphic continuation ex‘c’/{“r1 leads
to the continuation of ext?.

Let P" := M"A"N"™ V(A" := G" xpn V), and Vgn(\) = F\V()\)ﬁzn.
The representation V) of P"T! restricts to the representation Vi_1 of P".
This induces isomorphisms of bundles ’

. 1, N .
V()\)|8—g(1n - V()\ - 5) 5 VBnJrl(A)‘Bn = VB”(A — 5) .
Let 1
i* CW(Bn+1,VBn+1(>\)) — C¥(B", Vgn(\ — 5))
and
1

J* CUOXMLV () = €U 0X V(A = 5)")

denote the maps given by restriction of sections. Note that j* is G"-equivariant.
The adjoint maps define the push forward of hyperfunction sections

1
iy : C7%(B™, Vgn())) — C‘”(B"+1,VBn+1()\—§)),

Je 1 CT9OX™M V(N — CT90OX" T V(A - %)”“) -

If ¢ € C7¥(B™, Vgn(A)), then the push forward i,¢ has support in
B™ C B"™L. Since Jres;lirll o ext;“:ll =1id,
2 2

(19) supp(exti\bfll 0y )(¢) C AMTLUQT = 9X™ .
2

We are now going to continue ext using i, ext’;jlé and a left inverse of j,.
As on previous occasions we trivialize V (A)"*! by powers of a K" -invariant
volume form. We thus identify C~%(0X" V(\)"*) with C~%(0X"*1) for
all A € C. Let U C 0X™! be a closed tubular neighbourhood of X and
fix an analytic diffeomorphism 7" : [—1,1] x 0X™ = U. Then we can define
a continuous extension ¢ : C¥(0X™) — C¥(U) by (T™* o t)f(r,z) := f(x),
re[-1,1],z € 0X"™ Let t' : C~¥(U) — C~“(0X") be the adjoint of ¢. Then
t' o j. = id. Because of (19) we can define

exty¢ = (t' o ext;jll 0ix)(P) -
2
Then
exty € Hom(C~*(B", Vpn(\)),C~“(dX™, V(A\)™))

is a meromorphic family of continuous maps with at most finite-dimensional
singularities.
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In order to prove that e/ﬂ;l provides the desired meromorphic continuation
it remains to show that it coincides with ext) in the region Re(\) > op. If

Re()) > &, then Re()\) — § > 621 and the push-down maps T _x ﬂ:t1>\+%
are defined. It is easy to see from the definition of the push-down that

<k n+1 _ n
oM Il = TeA you"

Taking adjoints we obtain ext"+11 o1y = jx o exty. Therefore,
gﬁ)\ = oex‘c”J“1 0dy =t 07y o exty = exty .

It follows by meromorphy that im(ext )\) consists of [-invariant sections for all
A € C. This finishes the proof of the proposition. O

LEMMA 2.23. The identities 2.18 (vi), are valid on hyperfunction sections.

Proof. This follows by continuity. O

3. Green’s formula and applications
3.1. Asymptotics of Poisson transforms.

In this subsection we recall facts about the asymptotic behaviour of the
Poisson transform Py¢ € C°°(X) near 0X, where ¢ € C7¥(0X,V())).

LEMMA 3.1. Let 0X = U U Q, where U is open and Q = 0X \ U. Then
for any closed subset F' C U the composition resp o Jy : C7¥(Q,V(N)) —
C¥(F,V(=\)) extends to a holomorphic family of continuous maps.

Proof. Choose a closed set W with nonempty interior such that F' C
W c U. Then C7¥(Q,V (X)) C Fx (see (16)), and we see by Lemma 2.19
that resp o Jy : C¥(Q,V(\)) — C¥(F,V(=M\)) is a meromorphic family of
continuous maps. We argue that it is in fact holomorphic. In the course of the
proof of Lemma, 2.19 we have constructed a decomposition resg o J \ = J} i J2 55
valid for Re(\) < 0, where J? § admits a holomorphic continuation to all of C by
(18). Since j)l\ (o=@, () = 0 we conclude that respoJy = J} is holomorphi;

LEMMA 3.2. (i) Let f € C*(0X,V(X)). If Re(\) > 0, then there exists
e > 0 such that for a — oo, we have

(Prf)(ka) = a*~Pe(A) f(k) + O(a*~"7%)
uniformly in k € K. If Re(\) =0, A # 0, then
(Prf)(ka) = a*Pe(A) f(k) + a= P Iy f(k) + O(a"~%)
uniformly in k € K.
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(ii) Let 0X=UUQ, where U is open and Q:=0X\U. Let feC™(Q,V(N)).

Then there exist smooth functions ¥, on U such that
(20) (Prf)(ka) = a OO (I f) (k) + D0 =M (k) . ke U .
n>1

The series converges uniformly for a > 0 and kM in compact subsets of
U. In particular, there exists € > 0 such that for a — oo,

(Paf)(ka) = a P (Jaf) (k) + Ola™77%)
uniformly as kM wvaries in compact subsets of U.
(iii) Let U,Q be as in (ii) and f € C~“(0X,V(N)) such that resyf €
C>(U,V(N)). If Re(X) > 0, then there exists € > 0 such that for a — oo,
(Paf)(ka) = a*Pe(A) f (k) + O(a*"7%)
uniformly as kM wvaries in compact subsets of U. If Re(\) = 0, # 0,
then there exists € > 0 such that for a — oo,
(Prf)(ka) = a*e(A) f(k) +a™ "7 (Jyf) (k) + O(a™"%)
uniformly as kM wvaries in compact subsets of U.

The asymptotic expansions can be differentiated with respect to a.

Proof. Assertion (i) is a simple consequence of the general results con-
cerning the asymptotics of eigenfunctions on symmetric spaces [2, Thms. 3.5
and 3.6], combined with the limit formulas for the Poisson transform (see [45,
Thm. 5.1.4], [49, Thm. 5.3.4]):

Jim @ A(Pyf)(ka) = cNf(k),  Re(A)>0,
Jim oA (Paf)(ka) = (Lf)(K),  Re(A) <0.

For f € C(0X,V (X)), supp(f) C @, assertion (ii) follows from Theo-
rem 4.8 in [3]. However, the proof given in that paper works as well for

fec™(@, V(X))

(iii) is a consequence of (i) and (ii). Indeed, let W, W; C U be compact
subsets such that W C int(W7). Let x € C2°(U) be such that x|, = 1. Then
we can write f = xf + (1 — x)f, where xf is smooth and supp(l — x)f C
0X \ int(W7). We now apply (i) to xf and (ii) to (1 — x)f for kM € W. O

3.2. An orthogonality result.

The following facts were shown in [8, §6].

LEMMA 3.3. Let FF C XU be a fundamental domain for I'. There exists
a cut-off function x € C*°(X) such that:



SELBERG ZETA FUNCTION 657
(i) There is a finite subset L C T' such that supp(x) C Uyer, 9F;

(i) Ygerg™x =1
(iii) For any i € N and compact W C Q, supeyw i, qca, @ |Vix(ka)| < oo;

(iv) x extends continuously to X and the restriction X~ of this extension to
Q is a smooth function with compact support.

Let ¢ € 'C~%(A,V()\)). Then by Lemma 3.1 the composition res_, o
In(p) € TC¥(Q,V(=X)) = C¥(B,Vg(—A)) is well-defined for all A € C.

PROPOSITION 3.4. If Re(\) > 0, ¢ € FC“(A,V(N), and f €
PO (DX, V() then

(res_x 0 Jx(¢),resx(f)) =0 .

Proof. At first we need the following:
LEMMA 3.5. The space
PO (00X, V(N) == {f € "C™(0X,V(\) | fio € CF(2,V(A)}
is dense in YO~ (0X,V()\)).

Proof. By Proposition 2.22 the family ext, has an at most finite-dimen-
sional singularity at 4 = A. Thus there is a finite-dimensional subspace W C
C¥(B, Vp(—A)) such that (exty)py 1 : Wt —TC=%(0X,V()\)) is a well-defined
continuous map, where W+ := {¢ € C~%(B,Vg()\)) | (¢, W) = {0}}. Since
C>(B,Vg(\) € C~¥(B,Vp(\)) is dense we can choose a complement W C
C>(B, Vg()\)) such that C~“(B,Vg(\)) = W+ @ W.

Let f € "C79(0X,V()\)). Then we can write res\f = g = g+ @ g,
gt € Wt g e W. Now resy(f — exty(¢')) = §. It follows that f —
exty(gt) € 'Co¥(0X,V(N)). Let now g; € C°(B,Vp()\)) be a sequence such
that lim; .o, ¢; = g. Then we can decompose g; = gZ»J- + g;. The sections gz-l are
smooth since g; and §; € W are so. It follows that exty (gi-) € TCo* (90X, V(N)).
By continuity of (exty) 1 we have ext A(gh) = lim; o exty(g;"). The asser-
tion of the lemma now follows from f = f — exty(g1) + lim;_ . exty(g;").

o

By Lemma 3.5 it suffices to prove the proposition for f € 'Cq“ (90X, V().
By Lemma 2.13 we can assume that A € [0, 00) U:R.

Let A := Ax — p? 4+ A2, P := P, be the Poisson transform, and let y be
the cut-off function given by Lemma 3.3. By Br C X we denote the metric
ball of radius R centered at the origin represented by K.
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Note that APf = 0 and AP¢ = 0 (see subsection 2.4). Integration by
parts gives

(21) 0 = (XAPO,Pf)r2(pn) — (XPo, APf) 2By
(AXP@, Pf)r2(g) — (XP®, APf) 25y — ([A XIP®, Pf)12(By)
= —(VaxPo,Pf)r20y) + (XP®, VaPf) 2008y
—([A,XIP. Pf)r2(By) »
where n is the exterior unit normal vector field at 0Bg. For the following
discussion we distinguish between the three cases:

(i) A€ (0,00),
(ii) Re(A) =0, A # 0, and
(iii) A = 0.

We first consider the case A > 0. Lemma 3.3 (iii) implies that |[A, x| P¢P f|
is integrable over all of X, and by Lemma 3.3 (ii), Lemma 3.2 (ii), (iii) and
the I'-invariance of f, ¢,

(4, x]P¢, Pf>L2(X) = <Z 7 ([4, X)) P9, Pf>L2(Y) =0.
vyer

Taking the limit R — oo in (21), and using Lemma 3.2 (i), (ii) and Lemma 3.3,
we obtain

0 = (A0 [ xRN RN S (k)
FO =) [ X () (r) (V) ()

= 22ed) [ x(B(hO) (R ()
= 2Xc(M)(res_x o Jr(¢),res(f)) -

This is the assertion of the proposition for A > 0 since ¢(\) # 0 (see [19, Ch.
IV, Thm. 6.14]).

Now we discuss the case Re(A\) = 0 and A\ # 0. By Lemma 3.2 (i), the
function P(f)(ka) now has two leading terms. Instead of taking the limit
R — oo in (21) we apply lim, o 1 [ dR. Again we have

L
rll)rgo; ([A7X]P¢v Pf>L2(BR)dR:0 :
The leading term a=*~7.Jy f(k) of P(f)(ka) does not contribute to the limit
since

1 .
—2A lim = [ R (x(R)Jro, Jrf)12(0x)dR =0 .

r—00 T 0
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The contribution of the term a*~Pc(\) f(k) leads to

0 = 2xc(A)(res_y o Jr(¢),resx(f))

as in the case A > 0. The proposition again follows since ¢(\) # 0.

Now we consider the last case A = 0. The function ¢(\) has a first order
pole at A = 0 with residue ¢; # 0 (see [19, Ch. IV, Thm. 6.14]). We redo the
computation (21) using the Poisson transform P = P, at u in a neighbourhood
of 0. Of course in general P,(f), P,(¢) are not I'-invariant except for p = 0.
Nevertheless,

(A, X]P1/r®s Pryrf)L2(Br) =0

lim
R—o0
by the theorem of Lebesgue about dominated convergence. Moreover,

' e?pR
= g (VaxPuyrds Pryrf)izosg) = 0XPyré VaPy el es) Gaem

Jim (/R +p) [ XoolB)(y ) ()e(1/ ) f ()
i, .
HU/R=p) [ XoolR) (/) (R)e(1/R)F (k)

= 2 [ X B o)) Jim UL sy
= 2c1(resg o Jo(¢), reso(f)) -

It follows from (21) that the latter pairing vanishes. This finishes the proof of
the proposition in the last case A = 0. O

3.3. Miscellaneous results.

The following lemma is very similar to the general result [3, Thm. 4.1].

LEMMA 3.6. LetU C 90X be a nonempty open subset. Assume that A € C
satisfies N\ € —p —NoU —=N. If ¢ € C~%(0X,V(N)) satisfies resy(¢) =0 and
resy o Jx(¢) = 0, then ¢ = 0 (note that (Jx¢)|y is defined even if Jy has a
pole).

Proof. We reduce the proof to the case Re(\) > 0 by replacing ¢ by J A(9),
if Re(\) < 0. We can do so because A ¢ —p — Ng U —N and thus Jy and J_,
are regular and bijective (see Lemma 4.13 below).

We now assume that Re(A) > 0. Then the Poisson transform P\ is a
bijection between C~*(0X, V())) and ker(D), where D := Ax —p?+ 2. Since
D is elliptic with real analytic coefficients Py¢ is a real analytic function.

We argue by contradiction and assume that ¢ Z 0. Without loss of gener-
ality we can assume that M € U. Since Py¢ is real analytic and not identically
zero the expansion (20) has nontrivial terms. Let m be the smallest integer
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such that ¥,, # 0 near M, where vy := ij. The contradiction will be ob-
tained by showing that m = 0.

With respect to the coordinates k,a the operator D has the form D =
Do+ a=“'R(a, k), where Dy is a constant coefficient operator on A and R is a
differential operator with coefficients which remain bounded if a — oo (see [19,
Ch. 1V, §5, (8)]). Moreover, it is known that Dy coincides with the N-radial
part of D.

We consider the N-invariant function f € C*°(X) defined by f(na)
.= a~(+P+tm) - Since D annihilates the asymptotic expansion (20) we have
Df = Dof = 0. On the other hand, f satisfies (Ax — p?> + (A +m)?)f = 0.
Hence (A +m)? = A2, Since Re(\) > 0 we conclude that m = 0. O

The following corollary is an immediate consequence of Lemma 3.6 and
Lemma 3.1.
COROLLARY 3.7. IfA¢& —p—NgU —N, then
resq o Jy : C7¢(A, V(X)) — C¥(Q, V(=X))

18 injective.
LEMMA 3.8. If A > 0, then the order of a pole of ext,, at X is at most 1.

Proof. Let f, € C¥(B,Vg(p)), p € C, be a holomorphic family such that
ext,(f,) has a pole of order [ > 1 at p = A, A > 0. We assume that [ > 2 and
argue by contradiction. Let 0 # ¢ € T'C™%(0X,V(\)) be the leading singular
part of ext,(fu) at 4 = X. Because of res, o ext,, = id we have resy¢ = 0 and
hence ¢ € TC~(A, V())).

By Lemma 3.2 for any compact subset F' C 2 there exist constants
C1,C%,Cs such that for a > 0, k € FM, pnear A\, 0 < p < A,

|Pyp(ka)| < Cra=>°
and
(22) (1= 2 Puextu(fu)(ka)] - < Co((A = p)'a"™" +a7")
< C3(1+loga)~la*" .
In particular, Py¢ € L?(Y). Since [ > 2 we obtain by Lebesgue’s theorem of
dominated convergence

[Pl = (lim (= A)' Paextyu(fu), Prd)ray)
P<A
= }}E}\ (1 — )‘)l<PueXtu(fu)v PMb)L?(Y) .
pn<

On the other hand the estimates (22) allow partial integration, and we obtain
for pu < A,
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(Pesty () PA0) = 53— (A =+ 3 Pty (1), Pro)
= ﬁ<PMeXtu(‘fu)’ (AY _ p2 + )\2)P)\¢)>
= 0.

Hence || Py¢||r2(yy = 0, which is a contradiction. We conclude that [ =1. O

For A € 'R there is a conjugate-linear pairing V) ® V\ — V_, and
hence a natural L2-scalar product C*°(B,Vg(\)) ® C*®°(B,Vg()\)) — C. Let
L?(B,Vg()\)) be the associated Hilbert space. Using Lemma 2.18 (iv), we see
that the adjoint S} with respect to this Hilbert space structure is just S_j.

LEMMA 3.9. IfRe(\) =0, then Sy is regular and unitary.

Proof. Assume that Sy is regular. If f € C*°(B, Vp(\)), then by Lemma 2.18
(i),
ISxFlIZ2(B.vp ) = (S-r 0 Sxfs F2yvsy = 1 1725.vm0) -
Thus S is unitary.

Meromorphy of Sy and ||Sy|| = 1 for all A € R with Sy regular imply
regularity of Sy for all A € «1R. O

LEMMA 3.10. IfRe(A) =0, A # 0, then
exty : O~ (B, Vs(\) — 'O (0X,V(\))
s reqular.

Proof. By Lemma 3.9 the scattering matrix Sy is regular for Re(A) = 0.
Since ¢(—A) is regular for Re(A) = 0, A # 0, the same holds true for S. Recall
that S) = res_yoJyoexty. Corollary 3.7 and the fact that the leading singular
part of exty maps to hyperfunctions supported on the limit set A show that a

pole of exty would necessarily imply a singularity of Sy. Thus ext) is regular
for Re(A) =0, A #0. O

LEMMA 3.11. (i) At XA = 0 the family exty has at most a first order pole.
(i) extg is reqular if and only if Sp = id.
(iii) The operator Sy — id is finite-dimensional.
Proof. Since Sy is regular and unitary by Lemma 3.9 and ¢(A) has a first
order pole at A = 0 the unnormalized scattering matrix Sy has a first order
pole at A = 0, too. The principal series representation of G on C*° (90X, V(0))

is irreducible ([25, Cor. 14.30] or [20, Ch.VI, Thm. 3.6]). Thus Jy = id by our
choice of normalization.



662 ULRICH BUNKE AND MARTIN OLBRICH

We expand Jy = (resy—oc(—A)) A1+ JY and exty = 3o MFextF 4 ext,
where Jf\) and ext(/{ depend holomorphically on A near A = 0. Since for £ < 0
we have supp(ext®(f)) C A for all f € C~¥(B,Vz(0)) Corollary 3.7 implies
that resq o JQ o ext? = 0 if and only if ext® = 0. Since Sy has a first order pole
it follows that ext® = 0 for k& < —2, hence (i). We now consider the residue of

S).
resx—oc(—A)Sy = resy_o9y
= Tres)_qgres_) o j,\ o exty
= resy—gc(—A)id +resgo JJ oext ™! .
We conclude that resy—gc(—\)(Sp — id) = resg o JJ o ext™!. The right-hand
side of this equation is a finite-dimensional operator, and (iii) follows. Again

by Corollary 3.7 we conclude that ext™! = 0 if and only if Sy = id. This is
assertion (ii). O

LEMMA 3.12.  If Re(\) > 0, then the residue of ext, : C~“(B,Vg(n)) —
TC=(0X,V(n)) at p= X spans "C~* (A, V(N)). In particular, ext,, is reqular
at \ if and only if 'O~ (A, V(X)) = 0.

Proof. By Lemmas 3.8, 3.11 and 3.10 for Re(x) > 0 the family ext, has
poles of at most first order. Thus res,—jext, has values in "C™¥(A, V())).
Let d := dimim res,—yext, < dim"C~(A,V()\)). The meromorphic identity
res,, o ext, = id now implies that d > dim coker res). By Proposition 3.4 and
Corollary 3.7,

dim"C™“(A, V(X)) > d > dimcoker resy
= dim(imresy)t > dim"C™¥(A, V())) .
It follows that d = dim"C~*(A, V()\)). This proves the lemma. O

COROLLARY 3.13. The set F := {A € C|Re(\) > 0,T'C~¥(A,V(N)) # 0}
is finite and contained in [0, 6r]. Moreover F is the set of singularities of exty
for Re(A) > 0. If A € F then ext, has a first order pole at = A.

Proof. We combine Lemmas 2.13, 3.10, and 3.12. O

4. Cohomology

4.1. Hyperfunctions with parameters.

In this subsection we compare different definitions of holomorphic families
of hyperfunctions. Let M be a real analytic manifold and K C M be a com-
pact subset. Then the space C~“(K) of hyperfunctions on M with support in
K has a natural Fréchet topology as the strong dual of the space of germs of
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real analytic functions at K. Thus we can consider holomorphic families of hy-
perfunctions in C~*(K) as in subsection 2.2. If U C C, then by OC™“(K)(U)
we denote the space of holomorphic functions from U with values in C™%(K).

Hyperfunctions on M form a flabby sheaf Bj;. Thus we can consider
the space of hyperfunctions By;(V) on an open subset V' C M. This space
does not carry a natural topology. In order to define holomorphic families
of hyperfunctions on V' we have to follow a different approach. Let M. be a
complex neighbourhood of M and Q). be the sheaf of holomorphic functions
on M.. Then by definition By = H}; (O, ), where n = dim(M ) and H};(Onr.)
denotes the relative cohomology sheaf [27, p. 192ff]. It is a theorem (see [27,
p. 219]) that {¢ € By (M) | supp(¢) C K} = C7¥(K) in a natural manner. If
V' C M is open, then a hyperfunction f € B;(V') can be represented (in a non-
unique way) as a locally finite sum of hyperfunctions with compact support
contained in V.

Using the approach via relative cohomology we can define the sheaf of
holomorphic families of hyperfunctions as follows. Consider the embedding C x
M — C x M.. Then we define the sheaf OBy := Hg 3, (Ocxm,.) on C x M.
If U C C,V C M are open, then OB(V)(U) := OB (U x V) is by definition
the space of holomorphic families of hyperfunctions on V' parametrized by U.

An important consequence of this definition is the following property. Let
T C C be Stein. Then the prescription

M SV — OBy (V)(T)

defines a flabby sheaf on M (see [33, §5]).

Let O be the Cauchy-Riemann operator acting on the first variable of
C x M. Then we have an alternative description of the sheaf OBj; as the
solution sheaf of 9; i.e., OBy (W) = {¢ € Bexm(W) | 0¢ = 0} (see [27,
p. 308]). If K C M is compact, then we can consider

OB (K)(U) :={¢ € OBy (M)(U) | supp(¢) C U x K7} .

LEMMA 4.1. There is a natural isomorphism OC~“(K)(U)= OBy (K)(U).

Proof. In this proof we employ the description of OB); as the solution
sheaf of the partial J-equation. First we define a map ® : OC~“(K)(U) —
OBy (K)(U). Let {Uy} be a locally finite covering of U and let {x} be
a subordinated partition of unity. If f € OC~¥(K)(U), then xof can be
considered as an analytic functional on U x K with support in supp(xa) x K
as follows: For ¢ € C¥(U x K) we set

(Xaf. ) = /U Xa () (s 6)dA |
where ¢y := ¢(},.) € C¥(K).
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Then we define ®(f) € Bexar (U x K) to be the hyperfunction represented
by the locally finite sum Y, xaf € Bexm (U x M) of hyperfunctions with
compact support. Since the functions x, form a partition of unity on U and
fr depends holomorphically on A it is easy to see that 3, Xaf = 0. Thus
indeed ®(f) € OBy (U x K).

We now construct the inverse ¥ : OBy (K)(U) — OC~“(K)(U). Let
F € OBy (K)(U). Since F € Boxu(U x M) it satisfies 0F = 0. There-
fore the specialization F(A,.) € By (M) is defined for all A € U. Clearly
supp(F'()\,.)) C K and we define ¥(f)y := F(A,.). We must show that ¥ is
well-defined, i.e. that U 5 A +— U(F)) € C7¥(K) is a holomorphic function.

From the arguments of the proof of [22, Thm. 4.4], there exists a local
elliptic operator J on C x M of possible infinite order acting on the second
variable and a function u € C*°(U x M) satisfying du = 0 such that Ju = F.
By [22, Thm. 4.3], we can view U > A +— uy := u(},.) as a holomorphic
function on U with values in C*°(M).

Let x € C°(M) be a cut-off function with y = 1 in a neighbourhood
of K. Since J defines a continuous operator from C~“(supp(x)) into itself
the function A — J(xwuy) is holomorphic on U with values in C'~*(supp(x)).
We can write J(xuy) = F(A,.) + Fi(\), where supp(F1)(A) C supp(dy).
Since K and supp(dy) are separated we have a continuous decomposition
C™¥(K Usupp(dy)) = C7Y(K) & C “(supp(dx)). Thus U > X\ — F(A,.)
is a holomorphic function with values in C~*(K).

It remains to show that & and ¥ are inverse to each other. Let F €
OBy (K)(U). If x € C2°(U) is considered as a function on U x M, then since
OF = 0 the product xF € Bexy (U x M) is well-defined. Since supp(xF) C
supp(x) x K is compact, xF' € C™“(supp(x) x K). Using the partition of
unity {xa} introduced above we can write F' as a locally finite sum of analytic
functionals F' = )" xoF.

Now we show ® o ¥ = id. We have ¥(F)y = F(A,.). Then ® o U(F)
is given by >, XoF = F. In order to prove that ¥ o & = id, note that
D(f)(A,.) =20 Xa(A) fa = fr. This finishes the proof of Lemma 4.1. O

Fix A€ C. If V C M is open, then we define
O\C™#(V) :=1im OB (V)(U) ,
where U runs over all open neighbourhoods of A.
LEMMA 4.2.  The prescription M D V — O\C~“(V) defines a flabby
sheaf O\Byr on M.

Proof. There exists a fundamental sequence of Stein neighbourhoods {7}, }
of \. We can write O\C™*(V) = lim OBy (V)(T;,). Recall that M DV
n
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OBy (V)(T),) defines a flabby sheaf on M. A direct limit of flabby sheaves is
again a flabby sheaf. O

For later reference we need the following result. Let ¢ € C¥(M) be
such that 0 is a regular value. Then N := {¢ = 0} C M is a real analytic
submanifold of codimension one. Let i : N — M denote the embedding. Then
there is a natural morphism of sheaves i.O\Bny — O)\Bjs. Multiplication by
¢ induces a morphism ¢ : O\By; — O\Byy.

LEMMA 4.3.  The sequence of sheaves
(23) 0 — i.O\By — O\Byr 2 O\Bar — 0
18 exact.

Proof. Let M. be a complex neighbourhood of M such that ¢ extends
holomorphically to M. and 0 remains to be a regular value of this extension.
Then N, := {¢ = 0} is a complex neighbourhood of N. We use i to denote
the embedding N, — M., too. There is a natural exact sequence of sheaves
(24) 0— OCXMC g OCXMC — i*OCXNC —0.

Since N. C M, is a locally closed submanifold, i, = 4, is an exact functor (see
[24, Prop. 2.5.4]). It follows that
Hoxm (1xOcxn.) = ixHox (unn) (Ocxn.) = ixHoxn (Ocxa, ) -

By [27, p. 26], for p # n and ¢ # n — 1 we have Hi, ,,(Ocxnm.) = 0 and
HE, v (Ocxn,) = 0. The long exact sequence in cohomology associated with
(24) gives

0= i HE N Ooxn) = HEu(Ocxar) * Hisar(Ocxan,) = 0.
or equivalently
0 — i,OBy — OBy % OBy — 0.
Taking germs at A € C we obtain (23) and conclude exactness. O

4.2. Acyclic resolutions.

The main goal of this paper is to compute the cohomology groups H*(I", M),
where the coefficients M are certain I'-modules (i.e. complex representations
of I'). A I'module M is called I'-acyclic if and only if HP(I', M) = 0 for all
p > 1. A I'-acyclic resolution of M is a complex

C:0-C'-Ct—-C?— ...,
of -modules with H(C') = M, HP(C-) = 0, p > 1, where all C? are I'-acyclic.

Standard homological algebra gives an isomorphism

H*(I',M) = H*(*C)
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where
fe.o-Te? =Tl = To?2 5 .

Using suitable trivializations of the families V' (X), V() we can carry over
the results of subsection 4.1 to hyperfunction sections of V(\) and V().

If VC 0X is open, then let O,C~“ (V) denote the space of germs at A
of holomorphic families of hyperfunction sections of V(A) on V. By Lemma
4.2 the prescription 0X D V — O0,C™¥(V) defines a flabby sheaf. Let
resg : O\C™¥(0X) — O\C~¥(Q) be the restriction. Then we define O\C~“(A)
:= ker resq.

Note that A and 90X are compact. By Lemma 4.1 we can identify the
spaces O\C~“(A) and O,C~¥(0X) with the spaces of germs at A of holomor-
phic functions p — f, € C7“(A, V(p)) and p — f, € C7¥(0X, V(1)) in the
sense of subsection 2.2.

LEMMA 4.4.  The following complex of I'-modules
(25) 0— O\C™¥(A) = O\C7#(0X) "= 0,C79(0) - 0
s ezxact.

Proof. The restriction resq is surjective since the sheaf V. C 90X —
0\C~¥(V) is flabby. Exactness at the other places holds by definition. O

LEMMA 4.5. The I'-module O\C~%(Q) is I'-acyclic.

Proof. The group I' acts freely and properly on 2. The I'module O,C~% ()
is the space of sections of a I'-equivariant flabby sheaf on 2. Thus the assertion
can be shown by repeating the arguments of the proof of [4, Lemma 2.6]. O

The proof of the following proposition will occupy the remainder of this
subsection.

PROPOSITION 4.6. If A\ &€ —p — Ny, then O C~“(0X) is I'-acyclic.

Proof. We will show that HP(I', 0,C~*(0X)) = 0 using a suitable acyclic
resolution. If U C C is open, then define

OC™(X)(U) := {f € C=(U x X) | 8f = 0} ,

where 0 is the partial Cauchy-Riemann operator acting on the first variable.
By [22, Thm. 4.3], OC>(X)(U) is the space of holomorphic functions from U
to the Fréchet space C°°(X). We define

OAC™(X) = lim OC™(X)(U) ,

where U runs over all neighbourhoods of .



SELBERG ZETA FUNCTION 667

We define the operator A : OC®(X)(U) — OC®(X)(U) by (Af), =
(Ax — p? + u?) fu, where f, = f(u,.). We use the same symbol A in order to
denote the induced operator on O C*>(X).

Note that the Poisson transform P, comes as a holomorphic family of
continuous maps P, : C7¥(0X,V(p)) — C(X). Viewing O,\C™¥(0X) as
a space of germs at A of holomorphic functions with values in a topological
vector space we can define a Poisson transform P : O,C~(0X) — O,C*>(X)
by (Pf), = Pufu. Since (Ax — p* + p?) P, f, = 0 we have Ao P = 0. We need
to know that P : O\C™¥(0X) — {f € O\C®(X) | Af = 0} is surjective.

PRrROPOSITION 4.7. Let U C C be open such that U N —p — Ny = 0.
Let p— fu, p € U, be a continuous (smooth, holomorphic) family of eigen-
functions, i.e., Af = 0. Then there exists a continuous (smooth, holomorphic)

family of hyperfunctions Bf, (Bf), € C~(0X,V(u)), such that P(Bf) = f.

Proof. In order to prove the proposition one may take any of the existing
proofs of the pointwise surjectivity of P, ([18], [23], [46]). One has to control
the dependence on p of the construction of the inverse map 3,. We prefer to
follow Helgason’s proof [18] because it is the most elementary one.

Let Ky denote the set of equivalence classes of irreducible representations
of K with a nontrivial M-fixed vector. Let ¢, be the class represented by the
representation of K on the space of homogeneous harmonic polynomials of
degree p on R". Then K = {6, | p € No}. Hence there is a decomposition

(26) fu:qu,p )
p=0

where f,, € ker(Ax — p? + u?) transforms according to the K-type 6,. For
& —p — Ny, any K-finite eigenfunction is the Poisson transform of a unique
K-finite function on 0X (see e.g. [20, Ch.III, Thm. 6.1]); i.e.,

fup = Putup for a certain ¢, , € C*(0X) .

Here and in the following we identify C*(0X,V (u)) with C*(0X) using a K-
invariant volume form. Let 1), be the unique M-spherical function on 0X of
K-type 6p, and set ®,, ,, := P,1,. Then we have ([18, Lemma 4.2])

(27) fup(ka) = @upk) Pupla) , keK acA.

We want to show that for a continuous family f the series u — B, f, == 22, ¢up
converges in the space of continuous functions from U to C~“(0X). The
resulting limit Sf then satisfies P(3f) = f. In fact, we will show the stronger
result that 8 : {f € C(U,C>*(X))| Af =0} — C(U,C~*(0X)) is continuous.
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Let ¢ € C7*(9X) and ¢ = >, ¢p be its decomposition with respect to
K-types. For 0 < R < 1 we define seminorms ||.||g on C~¥(0X) by

o)
lellR = > R¥lleplZ20x) -
p=0

It is not difficult to see that the seminorms ||.||g, 0 < R < 1, define the topology
on C~%(90X) (compare [18, Prop. 5.2]). Thus the topology on C(U,C~*(0X))

is given by the seminorms

ellw,r = sup |eullr , W C U compact, 0 < R<1.
HeEW

The function ®,, ;,, can be represented in terms of the hypergeometric func-

tion F' = oF) as follows ([18, p. 341]):
1 1 1 r?
) — 1—12)P 3 PR (4 =, —p+ = -
up(a) = ()L =) 2P F(u+ o —pt 5 p+p+ 50 5—)
— a1 . D(utptp) Tlo+3)
where a € [1,00), r = 27 and ¢,(p) == (i) F(p+%-21-p)‘

Now fix R and a compact set W C U. The following two estimates are

crucial:
(i) There exist constants C7 and C3 such that for all p € Ny and p € W

1 T'(+ p)| 1 Re(u) 1_Re(u)
<Cy 14+ p)2 W < Cy(1 4 p)2— oW,
G =TT (1+2)

In particular,

28 sup —— < C(1+p)%k
(28) S o] <4 TP)

for some C' > 0, k € Nj.
(i) Sety := RI;—:' Then there exists P € Ng such that forallp > P, u € W,

1 1 1 1
29 Flp+ 5, —p+35 CRAE S
(29) [Flut 5o —ntgopt ot 5925
a L@ _ q¢or real z and a € C (see [11,

Assertion (i) follows from limg_,o @ T ra)
p. 47]). In order to verify (ii) we estimate
1 1 1
or(uspyy) = Flut g —n+gptptgy) —1

1 1 1
= F(—p+=- - Z ) =1
( u+2,u+2,p+p+2,y)
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for p varying in the compact set W = (WU -W)n{Re(u) > 0}. By [11,
p. 76] we have for 4 € W and p > sup ,.yi-(Re(u) — p),

1
lo1(p,p,y)| < (\y|+1)Re(u)+1|u2_§|.

T(Re(n) +3) T(p+p—Re(n) 1
T(p+3)  Ce+p—n)l p+p+3
b
ptp+3

IftP> sup#GW(Re(u) — p) is large enough, then |o1(p, p,y)| < % for all p > P

and p € W. Assertion (ii) follows.
Now we are able to estimate ||Gf||w,r for a continuous family of eigen-
functions f. Equations (26) and (27) imply that @; defined by

P-1
1
Q1(f) = sup (D R*[lppuplliz0x))?
/LEW p:O
is a continuous seminorm on {f € C(U,C*(X)) | Af = 0}. Using (i), (ii) and
the fact that 6,(Ck) = p(p+n —2)id, where C is the Casimir operator of K,
we estimate the remainder

oo
2 2
Z B\l oupllz2(ox)
p=P
29) & 1 1 1 R?
< 4 Z R*|F(p+ o THT 3 PTPT WHZHSOMPH%Q(@X)
p=FP B
(28) 4C

S 4k
S G- > (1+p)™
p=0

2

_1 1 1 1 R
|lep(p) (1 = R*)P™2 RPF (p + g Ht g ptetg, ﬁ)%,plliaax)
1+ R
= C// (1 + Cre)* fu(ka)Pdk o=
K 1-R

We obtain )
1Bfllw,r < Q1(f) + C2Qa(f) ,

where 2 is the continuous seminorm on C'(U,C*°(X)) given by

1

Qa(1) = swp ([ 11+ G fulhalPak )

pnew

Continuity of 5: {f € C(U,C*(X)) | Af =0} — C(U,C~*(0X)) follows.
It remains to discuss smooth and holomorphic families of eigenfunctions
f. Let 9 be the Cauchy-Riemann operator acting on the p-variable. Let
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f € C®(U,C*®(X)) be such that Af = 0. Then 0*f is again a smooth family
of eigenfunctions. Since ®,,, is holomorphic in y it follows from (27) that

B f) = Zél@,,p, for all € Ny .
p=0

Hence Zgio 514,0,,19 converges for all [ € Ny, and we conclude that
(30) BN =0 wop=2 0, =p0"))
p=0 p=0

Thus, if f is holomorphic, then so is Gf. If f is smooth, then the right-hand
side of (30) is continuous for all k. Hence, by elliptic regularity 5f has to be
smooth. This completes the proof of the proposition. O

LEMMA 4.8. If A & —p — Ny, then the complex
0— O\C™“(0X) £ 0,0®(X) 3 0,C®(X) =0

18 exact.

Proof. Since P, is injective for u ¢ —p — Ng the map P is injective.
Exactness in the middle follows from Proposition 4.7. It remains to show that
A is surjective. This turns out to be quite complicated. We will need the
following technical result.

PROPOSITION 4.9. Let (M, g) be a connected, noncompact, real analytic,
Riemannian manifold, and let Ap; be the associated Laplace operator. Let
r € C and U C C be open. Then the operator D : C*°(U x M) — C*>°(U x M)
given by (Df)(u,m) := ((Anr + 7+ p2) f) (1, m) is surjective.

Proof. We consider the adjoint operator !D:C;>°(UxM)— C->°(UxM).
To prove surjectivity of D it is sufficient to show that !D is injective and has
closed range.

First we prove that ‘D is injective. Let f € C. (U x M) satisfy
!Df = 0. We consider f as a hyperfunction in By« (U x M). The hy-
perplanes {1 = const} are non-characteristic for ‘D. By a theorem of Sato
[44], f(u,m) contains the variable m € M as a real analytic parameter. Since
supp(f) is compact we conclude by [22, Thm. 1.5], that f = 0. This shows
injectivity of !D.

We now prove that the range of D is closed. Let f; € C.°°(U x M) be
a sequence such that ‘D f; =: h; converges to h € C;°°(U x M). We have to
find f € C;°(U x M) such that {Df = h.

There is a compact subset 7' x W C U x M such that supp(h;) C T x W
for all i. Let x € C2°(U) such that yjp = 1. Since *D is of order zero with
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respect to the first variable we have ‘D (x f;) = xhi; = h;. Replacing f; by xf;
and enlarging 7" we can and will assume that supp(f;) C T x M. We will show
that lim; . f; =: f exists.

By enlarging W we can assume that any connected component of the
closure of M \ W is noncompact. We claim that supp(f;) C T x W for all i.
We will argue by contradiction. Let p : C x M — M denote the projection.
Let V be a connected component of M \ W and assume that (fi);rxy # 0.
Then by the unique continuation result [22, Thm. 1.5], p(supp(f;)) D V. This
is impossible since supp(f;) and thus p(supp(f;)) are compact. It follows that
(fi)juxv = 0 for all connected components V of M \ W.

Let V C M be an open subset with smooth boundary 9V such that
W C V. We choose a real nonnegative potential 0 # F € C°(V) with
supp(F) C V' \ W. For small ¢t we consider the Dirichlet extension A; of the
operator Ay + tF on L?(V). Then A; is self-adjoint with eigenvalues 0 <
k1(t) < ra(t) < k3(t) < ... (counted with multiplicity) such that x;(t) — oo
as j — oo for fixed ¢. Furthermore, the eigenvalues k; are continuous, strictly
increasing functions of t. We employ this fact in order to choose for any 6 € U
a number t5 such that —(r + §2) & spec(Ay,).

Let H*(V) be the scale of Sobolev spaces associated with Ag. For
s > 0 we have H*(V) := dom(1 + Ag)*/? = dom(1 + A;)*/2. If s < 0, then
H*(V) := H *(V)'". By elliptic regularity ,cg H*(V) C C*>°(V) and dually
Co®(V) C User H*(V). If x € C*(V), then multiplication by x defines a
continuous map x : C*°(V) — Nyer H* (V).

If d ¢ spec(Ayy), then there is a neighbourhood Zs C C \ spec(Ay,) of d
such that Zs 2 a — (A —a) ™ i Nyer H (V) — Nyer H*(V) is a holomorphic
family of continuous isomorphisms. We choose open neighbourhoods Us of ¢
such that —(r + u?) € Zs for all pu € Us.

We choose a countable set of points ¢§; € U such that {Us;} is a locally
finite cover of U. Let {{;} be an associated smooth partition of unity. Set
Uj = Us,, tj := ts, and choose x € C°(V) C C°(M) with xj;r = 1. Then we
define continuous maps

L;j: C™(U; x M) — C®(Uj, (| H*(V)) C C™(U; x V)
seR

by Lj(¢)(n) == (Ay; + 7+ p?)"'X@p, where ¢u(m) = ¢(u,m). Note that
&jh; € C7°(U; x V). Thus we can define the distributions f; ; € C;°°(U; x M)
by (fij @) = (&ihi, Li(9)), for all g € C(U; x V)i ie., fij:="L;j(&hi).
We claim that f; ; = &; f;. Indeed, we have for all ¢ € C*°(U; x M)
(figs®) = (&hi Li(9)
= (&'Dfi, Lj(9))
= ('D(&fi). Li(¢))
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("D +t;F)(&fi), Lj(9))
& fis (Aty + 7+ 1*) Li ()
& fis x9)
&fid) -
Consider the set I := {j € N|U; NT # (}. By local finiteness of the
cover {NUj} and compactness of T' the set I is finite. By the claim above we

have f;; =0for j ¢ I and fi = 3"/ f;] = jer YL;(&jhi). Since h; — h as
i — oo and tLj is continuous we conclude that lim; ., f; =: f exists. This

o~ o~ o~ ——

finishes the proof of Proposition 4.9. O
We now finish the proof of Lemma 4.8, proving surjectivity of
A:O0\C®(X) = O0\C®(X) .

Let [f] € OAC*(X) be represented by f € C*°(U x X), where U is a precom-
pact neighbourhood of A with smooth boundary such that U N —p — Ng = ()
and Of = 0. By Proposition 4.9 we can find h € C®(U x X) with Ah = f.
We have 0 = 0Ah = AOh. Thus Oh is a smooth family of eigenfunctions. By
Proposition 4.7 there exists a smooth family 8(0h) € C°°(U,C~%(9X)) such
that P(B8(0h)) = Oh. Here we have identified C~“(0X,V (u)) with C~%(0X),
as usual.

Let Ay be the Dirichlet extension of 99* on L2(U). Then A" is bounded
and can be considered as a continuous operator Aj;' : C°(U) — C*®(U). Us-
ing that CE?)(Uv C~#(0X)) = C(Of)(U)@C_“’(@X) we obtain an induced op-
erator () = Az,l ®id. Let W Cc W C U be a neighbourhood of A and
choose x € C°(U) such that x = 1. We define k := 0*Q(xB(dh)). Then
Ok = (BOR) -

If we define ¢ € C*°(W x X) by ¢ := (h — Pk)jwxx, then

d¢ = O(h— Pk)jwxx = Ohywx — (PO)kyy wx = Ohpw x — (PBOR)jwxx =0

and A¢ = A(h — Pk)|W><X = Ah|W><X = f\WXX We let [¢] S O)\COO(X) be
represented by ¢ and obtain A[¢] = [f]. This proves surjectivity of A and thus
Lemma 4.8. O

LEMMA 4.10. The T'-module O\C*(X) is acyclic.

Proof. If V' C X is open, then let O,C*°(V') be the space of germs at A
of holomorphic functions with values in C°°(V'). The prescription X D V —
O\C>®(V) defines a soft sheaf on X. Since I' acts freely and properly on X,
and the I-module O,C*°(X) is the space of sections of a I'-equivariant soft
sheaf on X, we can argue as in the proof of [4, Lemma 2.4]. O
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We return to the proof of Proposition 4.6. By Lemma 4.8 and Lemma 4.10
0 — O\C®(X) 2 0,C®(X) — 0

is a I-acyclic resolution of O\C™(0X).

Since O\C*®(X) = O_,C*(X) we can assume that Re(\) > 0. Let
O\C>®(Y) :=10,C>(X) be the space of germs at \ of holomorphic functions
with values in C*°(Y) and Ay : O\C®(Y) — O,C*®(Y) be the operator
induced by A. Then

HYT,0,C7%(0X)) = ker(Ay),
HYI,0,C7%(0X)) = -coker(Ay),
HP(T,0,C™%(0X)) = 0, foral p>2.

To prove Proposition 4.6 it remains to show that coker(Ay) = 0 or, equiva-
lently, that Ay is surjective. The proof of surjectivity of Ay is similar to the
proof of surjectivity of A.

Let [f] € O,C%(Y) be represented by f € C*®(U x Y) satisfying 0f = 0.
By Proposition 4.9 we can find h € C*(U x Y) with Ayh = f. We have
0 = 0Ayh = AyOh. By p* : C®(Y) — C*®(X) we denote the inclusion
given by the pull-back associated to the covering projection p : X — Y. Then
Ap*Oh = 0 and B,(p*dh), € 'C~(0X,V(u)) is defined. The family u +—
res;, o B,(p*0h), € C~*(B,Vp(1)) is a smooth family of analytic functionals.

Using a suitable holomorphic trivialization of the family of bundles Vg (u)
we can identify C~%(B, Vp(u)) with C~*(B). We consider res o 3(p*dh) €
C>(U,C~*(B)). As in the proof of Lemma 4.8 we solve the d-problem 0k =
res o B(p*0h) for k € C®(W,C~“(B)), where W C W C U is a smaller
neighbourhood of .

Replacing k by k — k()\), we can and will assume that k(\) = 0. By our
assumption Re(A) > 0 and Corollary 3.13, ext, is regular at ;1 = X or it has
a pole of at most first order. Thus ext(k) is smooth on W \ {\} and bounded
on W.

We define the family W 5 p+— ¢, := h, — P, oexty(k,) € C°(Y). This
family is bounded on W, and on W'\ {\} it satisfies 9¢ = 0. We conclude that
¢ is a holomorphic function from W to C*°(Y). Moreover, Ay ¢ = flyyy. If
we define [¢] € O\C*(Y) to be the element which is represented by ¢, then
Ay [¢] = [f]. This proves that Ay is surjective. The proof of Proposition 4.6
is now complete.

4.3. Computation of H*(I', OxC™“(A)).

Let O,C™“(B) be the space of germs at A of holomorphic families p +—
fu € C(B,Vg(n)) and res : TO,C~(0X) — O\C~“(B) be defined by

res(f), = res, fu.
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LEMMA 4.11. If A € —p — Ny, then HP(I',O\C~“(A)) =0 for allp # 1
and

(31) HYT',05,C™%(A)) = coker(res) .

Proof. By Lemmas 4.4, 4.5, and Proposition 4.6 the complex
0— O\C™(0X) "= 0,C7%(Q) — 0
is a I-acyclic resolution of O,C~“(A). If we employ the identifications
YO,V () = C(B, Va(n) ,

then the corresponding complex of I'-invariant vectors can be written in the
form

0—T0,C™BX) = 0, “(B)—0.
We conclude that
HO(L,0,C™(4))
HYT,0,C“(A)) = coker(res) ,
HP(T,0,C™¥(A)) = 0, forallp>2.

= ker(res) ,

Since res,, is injective for generic y € C we have ker(res) = 0 (see [8, Prop. 6.11]).
O

The aim of this subsection is to express HP(I', 0,C~“(A)) in terms of
spectral and topological data as eigenvalues of the Laplacian, behaviour of
the scattering matrix and cohomology of I' with values in finite-dimensional
representations. We start with the case Re(A) > 0.

PrOPOSITION 4.12.  If Re(A\) > 0, then HP(I', O\C~“(A)) = 0 for all
p# 1 and

HYT,0,C7“(A))

1

PO (A V()

- dim kerj2(Ay — p2 + %) Re(\) > 0,A#0
dim ker(Sp + id) A=0.

In particular, if H'(T,0\C~“(A)) # 0, then A € F C [0,6r] (see Corol-

lary 3.13).

Proof. By Lemma 4.11 it remains to compute coker(res). Since exty has
at most first order poles for Re(A) > 0 and res o ext = id we can define
ev: O\C™(B) = TC79 (A, V(N)) by ev(f) := res,—xext,(f)-

We claim that the sequence

(32) 0—-T0\0™0X) B 0\0™¥(B) B TC™ A, V(N) =0
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is exact. It is clear that res is injective. Surjectivity of ev follows from
Lemma 3.12. Let f € ker(ev). Then ext(f) € TO\C7*(0X) and res o
ext(f) = f. It remains to show evores = 0. Let ¢ € YO,C~¥(0X). Then
ext, ores,(¢u) = ¢y, for all p # X, p close to A. It follows ev o res(¢) =
lim, (10 — A)exty o res,(¢,) = lim,,x(1 — A)¢, = 0. This proves the claim.

Exactness of (32) immediately implies coker(res) = YO~ (A, V(\)). If
Re(A) > 0, then the Poisson transform provides an isomorphism between
PC=w(A, V(X)) and ker2(Ay — p? +A2). In fact, that Py maps 'C~%(A, V()))
injectively into kery2(Ay — p? 4+ A?) was already observed in the proof of
Lemma 2.13. For the surjectivity of P\ see e.g. [8, Prop. 9.2] or [6, Lemma
2.1]. If Re(A\) = 0, A # 0, then YO~ (A, V(X)) as well as kerj2(Ay — p? + A\?)
are trivial (see Corollary 3.13 and [28], respectively). For a derivation of the
latter fact in the framework of the present paper we refer to [8].

We finish the proof of the proposition by showing that 'C~“(A, V(0)) =
im(Sp — id). From the proof of Lemma 3.11 we recall the equation Sy —id =
C resg o J§ o res,—gpext,, where C is some nonzero constant and J§ is the
constant term in the Laurent expansion of j# at 0. Now by Lemma 3.12 we
have im(res,—pext,) = TC~(A,V(0)), and resgo JJ is injective by Lemma 3.7.
Thus resg o J provides the desired isomorphism. O

In order to compute H*(I', O,C~“(A)) for Re(\) < 0 we need detailed
information about the singularities of the intertwining operators.

LEMMA 4.13. (i) If A € —p — Ny, then the range of the Knapp-Stein in-
tertwining operator Jy is an irreducible finite-dimensional representation

F)\ Of G.
(ii) If Re(A\) < 0 and A\ € —p — Ny, then Jy is an isomorphism.
(iii) Jx has a pole if and only if X\ € N, and this pole is of first order-

(iv) We consider the following renormalized versions of the intertwining op-
erators: If A € N, then J[} = (10— A)Jyu. If Re(A) >0 and X € N, then
Jli‘ = jﬂ (thus Jﬁ‘ is reqular at p = \).

If A € p+ Ny, then im(J3) = ker(J_y) and ker(J) = im(J_y). If
Re(A) >0, A & p+ Ny, then J)’\\ s an isomorphism.

(v) If A\ € —p — Ny, then the meromorphic family Jli‘ is defined by J;}
= (u— N1, IfRe(N) <0 and A & —p — Ny, then J) := J,.
If Re()\) < 0, then there ewists a holomorphic function ¢*(u) which is
defined in a small neighbourhood of \ such that ¢*(\) # 0 and Jﬁ‘oJ__ﬁ =
A .
" (p)id.
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Proof. The lemma is a consequence of several well-known facts concerning
intertwining operators and reducibility of principal series representations.

By [20, Ch.VI, Thm. 3.6], the principal series representation of G on
C~(0X,V(N)) is (topologically) reducible if and only if A € +(p + Ny). If
A € p+ Ny, then by the Cartan-Helgason Theorem [19, Ch. V, Thm. 4.1], and
Casselman’s Frobenius reciprocity [49, 3.8.2], C~“(0X, V(\)) contains a finite-
dimensional irreducible submodule F_y. If Re(\) < 0, then by [49, 5.4.1.(2)],
the range of Jy is exactly the unique irreducible submodule of C~ (X, V (=\))
(the “Langlands quotient”). If A € —p — Ny, then this submodule is F. This
proves (i). If Re(\) < 0, A ¢ —p — Ny, then C7“(0X,V(£\)) are irreducible
and Jy is an isomorphism. This is assertion (ii).

(iii) follows from [26, Thm. 3 and Prop 4.4] (see also [20, Ch. II, Thm.
5.4]). In order to apply Prop. 4.4 (loc. cit.) we must know that P(0) = 0.
One can either employ irreducibility of C~*(90X,V(0)) and [26, 7.1], or the
explicit formulas for ¢(\) (and the relation (14) P(A)~! = ¢(\)e(—\) ) given in
[19, Ch. IV, Thm. 6.14].

We now consider (iv) and (v). If Re(A) < 0, A ¢ —p — Ny, then by
the nonvanishing result [20, Ch. II, Prop. 5.7], and the irreducibility of
C~#(0X,V(£\)) both Jj_fli‘ are isomorphisms for p in a neighbourhood of
A. Thus Jli‘ o J:/i‘ = ¢*(u)id for some nowhere-vanishing local holomorphic
function ¢*.

Let now A € —p — Ny. By (13),

(33) Juody=J"od,=rMNu)id
where

- n=0(2
r/\(#):{ﬁ n 1E2;

Since J:/{‘ is regular and Jy is not surjective by (i), we obtain r*(\) = 0. We
conclude that P has a pole at X if n = 0(2), and that P(\) # 0if n = 1(2). By
[26, Sec. 12], the Plancherel density P has at most simple poles if n = 0(2),
and it is holomorphic if n = 1(2). Thus the zero of r* at = \ is simple. Now
(iv) follows from (33), and

1 _
Py = | @ "2
is holomorphic and nonvanishing in a neighbourhood of A. This finishes the
proof of (v). O

Fix A € —p — Ny. We define the evaluation map b : O,C~¥(0X) — F)
by b(¢) := Jadr. Set OC(0X) := kerb. Let res” be the restriction of
res : YO\C7#(0X) — O\C~#(B) to YOC~+(9X).
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In order to make our notation more uniform we set for Re(\) < 0,
A& —p—Np:

Fy :=0,b:=0,res’ := res, 0C%(0X) := O,C (X)) .
Then for all A € C with Re(\) < 0 we have an exact complex of G-modules
(34) 0— 0C™(0X) — O\C(0X) > F\ — 0.

There is a well-defined map J* : OC~¥(0X) — O_,C~“(0X) given by
(JMf)—p :=J fu. Tt follows from Lemma 4.13 (v), that it is an isomorphism.
Thus, by Proposition 4.6 the I'-module O3C~*(0X) is acyclic.

LEMMA 4.14. If Re(\) <0, then for allp > 1
(35) HP(T,0,C™“(0X)) 2 HP(T,F)) .

Proof. This is an immediate consequence of (34) and the I'-acyclicity of
O8C(9X). O

Next we introduce a regularized scattering matrix. Let O°,C~“(B)
:= ker(ev). Then by exactness of (32) O°,C~%(B) = im(res). We define
S~ :0%,C7¥(B) — 0\C~¥(B) by S~ :=reso J * o ext. Note that S;/\ is
regular at A = 1 since ext, is so when restricted to ker(ev).

LEMMA 4.15.  If Re(\) < 0, then coker(res?) = coker(S—).
Proof. The maps
JYTOYC(0X) = TO_\C7(9X)

and
res : 'O_,C79(0X) — 0°,C~*(B)

are isomorphisms. The inverse of res o J* is given by q%J A oext (see Lemma
4.13 (v)). Thus J=* o ext(0°,C~¥(B)) = 'OYC~“(0X). We conclude that
coker(res”) = coker(S~?). O

PROPOSITION 4.16. If Re(\) < 0, then
(i) HOT,0\C~(A)) =0,
(i) dim HY(T', 0,C~“(A)) = dim coker(res) + dim H' (T, F})
= dim coker(S~*)+dim H(T, F))—dim H(T, F) ,

(iii) HP(T,0\C~“(A)) = HP(T',F)\) forallp>2.
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In particular, dim H*(T', O\C~%(A)) < oo and
X(T, OAC~¥(A)) = x(T', Fy) — dim coker(S~*) .

Proof. According to Lemma 4.14 the long exact cohomology sequence
associated to (25) reads as follows:

(36) 0—TO\C™(0X)= 0,c[B) > HYT,0,C7“(A))

b HYT,Fy) — 0,
(37) 0= HP(T,O\C™(A)) 2 HP(L,F\) -0, p>2.

This implies (i), (iii) and the first equation of (ii). The short exact sequence
of complexes

0 — TolCc—+(0X) res) O\C™“(B) — coker(res”) — 0
L ! !
0 — TO\C™((0X) = 0,0“(B) — coker(res) — 0
induces the exact sequence

0 — coker(i) — coker(res”) — coker(res) — 0 .

Since OC(9X) is acyclic we find by (34) that coker(i) = H(T, F). Com-
bining this with (36) and Lemma 4.15 we obtain the remaining assertions.
O

4.4. The I'-modules Oy ;) C~“(A).

Definition 4.17. For any k € N we define the I'-module Oy ;,)C~™*(A) as
the quotient:
Lk
(38) 0 — O\C7Y(A) 2 O\C7¥(A) — OupnC @A) —0,

where L% is defined by (L5f), == (u — A\)¥f,. For any A € C define k())
:= Ord,—yext, +¢(\), where e(A\) = 0if A € —p—Npy, and £(\) = 1 elsewhere.
Here Ord,—» denotes the (positive) order of a pole at p = A, if there is one,
and zero otherwise.

There are isomorphisms of I'-modules O, \C~*(A) = C~“(A, V(A)). If
Re(A) > 0, then by Corollary 3.13 we have k(\) < 1.
We consider the operators

(LX)p : HP(L,02C¥(A)) — HP(T,0AC™“(A))
induced by L'}\.

LEMMA 4.18. Ifp # 1, then (L)), = 0. If k > k()), then (L§); = 0.
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Proof. Because of the triviality of H°(I', 0,C~“(A)) it is enough to con-
sider the case p > 0. If A ¢ —p — Ny, then HP(I', O\C~“(A)) =0 for all p # 1
by Lemma 4.11; thus (L)), = 0. Let A € —p — Ny. We give F) the structure
of a C[Ly]-module setting Lyv := 0, v € F\. Then b becomes a morphism of
I'- and C[Ly]-modules. Thus (37) is an isomorphism of C[L,]-modules. Hence
(Lx)p =0 for p > 2.

Consider (25) as an exact sequence of I'- and C[Ly]-modules. Then (31)
and (36) become sequences of C[Ly]-modules. Let A € C with A ¢ —p — Nj.
If [f] € HY(T,0,C~%(A)) = coker(res) is represented by f € O\C~“(B), then
exto L¥ f =1 g € TO\C7(0X) exists for k > Ord,_yext, = k(\). It follows
that (L)1 [f] = (24 /] = [res(g)] = 0 for k > k().

Let now A € —p — Ng. Consider ¢ € H'(I', O,C~“(A)). We employ the
sequence (36). Since (Ly)1 acts trivially on H(T', F)) we have by o (Ly)1(¢) =
(Lx)1 0 b1(¢p) = 0. Thus (Ly)1¢ = 6(f) for some f € O\C~“(B). Suppose
that k& > Ord,—yext, +1 = k(). Putting g := ext o (Llj\_l)l(f) we obtain
(LY)1¢ = 6 ores(g) = 0. This finishes the proof of the lemma. O

We recall the definition of the first derived Euler characteristic x1 (T, V)
of a I'-module V:

x1(T,V) = i(—l)pp dim HP(I', V) .
p=0

The following proposition contains the first three assertions of Theorem 1.3
and the fact that equation (3) implies equation (4).

PROPOSITION 4.19. Let A € C. Then

(i) dim H*(T', O ,yC™“(A)) < oo. In particular, dim H*(T', C~“(A, V/(\)))
< 00.

(i) x(T', O kwC~*(A)) = 0.
If k > k(\), then
(111) dlmH*(F, O()\Jﬁ_l)ciw(l\)) = dlmH*(F, O()Hk)ciw(A))

(iv) x1(, O C™¢(A)) = x (T, OAC*(A)).

Proof. Assertions (i) and (ii) follow from Proposition 4.16 and the long
exact cohomology sequence associated to (38). If k& > k()\), then by Lemma
4.18 this long exact sequence splits into short exact sequences (p =0, 1,...),

0 — HP(T,05,C~“(A)) — HP(T, O 1C (7)) — HPFHT,05,C~“(A)) = 0 .

Now assertions (iii) and (iv) follow, too. O
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PROPOSITION 4.20. If A € C and k > k()), then

—dim ker(Sp + id) A=0
—dim coker(S™*) + x(I', F») Re(\) <0 .

X(T, OxC™(A)) }

—dim ker;2(Ay —p> +2%)  Re(A\) >0, X#0
X1(T, Oy C™“(A))

Proof. The proposition is an immediate consequence of Propositions 4.12,
4.16 and 4.19. O

In fact, a closer study of the long exact cohomology sequence associated
o (38) in combination with Propositions 4.12 and 4.16 gives more precise
information about the cohomology groups H*(I', O 1,y C~*(A)).

COROLLARY 4.21. If Re(\) > 0, then set Fy := 0. For all A € C and
k € N we have the following isomorphisms and exact sequences:

H(T,00nC™"(A) = ker(L§):,
0 — coker(L5); — HI(I’,O(,\MC_“’(A)) — HXI,F\) —0,
0 — HP(I,F)\) —» H'(I', 0, nC™“(A)) — HPPYT,F))—0, p>2.
In particular,
dim H'(T', Oy jyC (7)) = dim H*(I', O, 1)C~*(A)) + dim H*(T', F))
and if k > k()\), then
dim HO(F,O(/\,k)C “(A)) = dim coker(res) 4 dim H' (T, Fy)

dimTC~* (A, V()\)) = dim ker(Sop + id) A=0
dim coker(S~*) 4 dim H(I', F») — dim H°(I', F») Re()\) < 0.

dim"C™(A,V(\)) = dim kery2 (Ay —p> +X?)  Re(A) >0, A#0
{ "
(

We conclude this subsection with a generalization of Lemma 3.12 to the
case A € —p — Ny. For k > k()\) the singular part of ext at A defines a map
exty? 1 O\C7¥(B) — PO C ™ (A) by

extyO(f) :=ext o LE(f) mod LY(O\C™¥(9X)) .
PROPOSITION 4.22. If A& —p — Ny and k > k(\), then
exty? : O\C™¥(B) — FO(,\,k)cfw(f\)

18 surjective. Moreover,

FC“"(A, V(A) = {reS#A(GXtu(fu)) |

f € O\C7¥(B) such that ext,(f,.)
has a pole of first order at p = X\ '

In particular, ext,, is reqular at X if and only if '\C~“(A,V(N)) =
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Proof. ext? factorizes over coker(res), and since resoext = id, this factor-
ization is injective. By Corollary 4.21, dim coker(res) = dim FO(,\,k)C_”(A).
This implies surjectivity of extfo. Again by Corollary 4.21 it follows that

dim "C™¥(A, V(\)) = dim ker(Ly : coker(res) — coker(res)) .

The remaining assertions of the proposition are now obvious. |

Remark. Since in general for A € —p — N we have dim H(T', F) # 0,
the map extjo is not surjective in view of the formula

dimFO()\7k)C_w(A) = dim coker(res) 4+ dim H' (T, Fy) .

5. The singularities of the Selberg zeta function

5.1. The embedding trick.

Let Zg(\) denote the Selberg zeta function associated to I' introduced in
subsection 1.1. For dim(X') even the spectral description of its singularities was
worked out in Patterson-Perry [38]. This description simplifies considerably if
we assume that ér < 0.

We are going to prove the remaining assertion (iv), equation (3), of The-
orem 1.3 in two steps:

(i) First we employ the embedding trick (which was already used in the proof
of Proposition 2.22) in order to show in Corollary 5.5 that the equality
(3) under the additional assumptions ér < 0 and dim(X) = 0(2) implies
(3) in general.

(ii) Then we prove (3) under the additional assumptions ér < 0 and dim(X) =
0(2).
In the present subsection we are concerned with step (i).

We adopt the notation G™, 0X™, etc. as introduced in the proof of Propo-
sition 2.22.

PROPOSITION 5.1.

(39) x(T, 0\C™¥(A")) = x(T, 0)\7%0_“ (A"+1)) —x(T, O)\Jréc—w(An—l—l)) )

Proof. We will construct an exact sequence of I'-modules

(40) 0 — O\C™“(A") O,_1C7(A™) 2 Oy 1 CT(A™) = 0.
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Here 4, is the push forward associated to the embedding dX" «— X" (see
the proof of 2.22). The map ® is multiplication by a G™-invariant real analytic
section ¢ of V(p"™! + 1)"T! — §X"*! which vanishes on dX™ of first order.
We will construct ¢ in Lemma 5.2 and show exactness of (40) in Lemma 5.3
below. Then Proposition 5.1 will follow in view of the long exact sequence in
cohomology associated to (40) and the fact that the cohomology groups are
finite-dimensional.

LEMMA 5.2.  There exists a real analytic function ¢ € C¥(G™Y) which
satisfies:
() {6=0} = Gar= iy,
(i) ¢(hg) = ¢(g), for all h € G™, g € G,
(iii) ¢(gman) = ag(g), for all man € M+t APHL N+,
)

(iv) If ¢ is considered as a section of V(p"*1 + 1)1 then it vanishes on
0X™ of first order.

Proof. We consider the standard representation 7 of G"t! =
SO(1,n41)g on R™2, Let {e;|i =0,...,n+1} be the standard base and (., .)
be the G"*l-invariant bilinear form diag(—1,1,...,1). We specify the Iwasawa
decomposition by K" := {g € G"* | geg = e} = SO(n + 1) and

cosh(t) sinh(t) 0

At = sinh(t) cosh(t) 0 [t>0
0 0 idgn
Then we define ¢(g) := (ent+1,7(g)(e0 + €1)). Since ep41 is G™-invariant,

eg+ey is M™H - invariant and the highest weight vector with respect to AT, the
assertions (ii) and (iii) follow. Thus we can consider ¢ as a G™-invariant section
of V(p"*! + 1)1, In the usual trivialization by the K"*!-invariant section
it is simply given by the height function ¢(x) = xpt1, ¢ = (21,...,Tpt1)
€ S" = 9X"*t!. This is easily seen using the K"t!-equivariant embedding
S" 3>z (1,x) € R"2. We conclude that {x € X" ™! | ¢(x) = 0} =
{x € X" | 2,1 = 0} = OX™, and that ¢ vanishes on X" of first order. [

We now define @, : C¥(0X" 1V (u)"+1) — C¥(0X™, V(p + 1)) by
®,(f)(9) := ¢(g)f(g). Indeed by Lemma 5.2 (iii),

®,u(f)(gman) = $(gman) f (gman) = ag(g)a" """ f(g) = a2, (f)(g) .
for all ¢ € G"", man € M"TLAPH N1 and thus ®(f) is a section of
V(u + 1)"™. By Lemma 5.2 (ii), the map ®, is G"-equivariant. ®, ex-
tends to hyperfunction sections and satisfies supp(®,f) C supp(f), for all
fec (X v (u)mth).

n—+1
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. —w( An+1 —w(An+1 —
Wedeﬁne@.(?/\fé(] (A )—)OA+%C (A") by (@f)p := Pufpu
LEMMA 5.3.  The sequence (40) is eract.

Proof. Using Lemmas 4.2 and 4.3 we obtain the following diagram:

0 0 0
! | ! !
0 — O\CT#(OX") 5 0, 107X B 0,107 (OX™) — 0
! | ! ! :
0 — O\CT9QY) 5 0, C7@) S 0,07 @) 0
! ! !
0 0 0

where the rows are exact, and the columns are surjective. The sequence (40)
is just the complex of kernels of the columns of the diagram above, and this
complex is exact by the Snake lemma. This finishes the proof of both the
lemma and Proposition 5.1. O

The significance of Proposition 5.1 is that the numbers x(I', OxC~“(A"™))
behave in the same way with respect to embeddings G™ — G™*! as the orders
of the singularities of the Selberg zeta function Zg. Let I' C G™ be convex
cocompact. If we consider I' as a convex cocompact subgroup of G"*!, then
Zsn+1(s) denotes the corresponding Selberg zeta function. The following ele-
mentary fact was noted in [34].

LEMMA 5.4.
[ele] . 1
Zsmi1(s) = [[ Zsm(s + i+ 5)
=0

and, consequently,

o0
(41)  ords=rxZsn+1(s) = Zoords=>\+j+%zs’”(s) ,
]:
ords=zZsn(s) = ordS:)ﬁ%Zs’nJrl(s) — ords:)\+%Zg7n+1(s) .

Combining equation (41) with Proposition 5.1 we obtain:

COROLLARY 5.5. Let I' € G™ be convex cocompact. If equation (3)
holds true for T' viewed as a subgroup of G"*1, then so does it for T viewed
as a subgroup of G™. In particular, it is sufficient to prove (3) under the
assumptions ép < 0 and dim(X) = 0(2).

5.2. Singularities and cohomology.

In this subsection we prove Theorem 1.3 (iv), (3), under the assumptions
that n = 0(2) and ér < 0. In [38] the order of the singularities of the Selberg
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zeta function was expressed in terms of traces of residues of certain meromor-
phic families of operators. Our main task is to link this description with our
computation of x(I', O,C™“(A)).

First observe that (3) holds true for Re(A) > 0. Indeed because of our
assumption ér < 0 on the one hand the infinite product (2) defining the Selberg
zeta function Zg(\) converges and thus ord,—xZs(u) = 0. On the other hand
X(I', OAC~“(A)) = 0 by Proposition 4.12.

It remains to prove (3) for Re(\) < 0. First we give an expression for
dim coker(S™* : 0°,C~¥(B) — 0,C~*(B)) in terms of the trace of the
residue of the logarithmic derivative of S~*. Because of the assumption 6p < 0
we have OY ,C~*(B) = O_,C~“(B).

In the following we review results of Patterson-Perry [38]. We fix an
analytic Riemannian metric on B in the canonical conformal class. This metric
induces a volume form which we employ in order to identify all bundles Vz(\)
with B x C = Vp(p). Then the scattering matrix becomes a germ at A of a
meromorphic family of operators S, A on C*(B), * = +w, +00.

Let Ap be the Laplace operator on B associated to the Riemannian metric.
Viewed as an unbounded symmetric operator on the Hilbert space H := L?(B)
the sum Apg +1 is positive. Let P := /Ap + 1 be the positive square root de-
fined by spectral theory. Then P := \/Ap + 1 is a pseudodifferential operator
of order 1. In particular, P and its complex powers P* act on C*>°(B). For
w close to A the scattering matrix can be factorized as

(42) =)= PH(d + K(~p)P " |

where K (—p) is a holomorphic family of pseudodifferential operators belonging
to the (n + 1) Schatten class (i.e. K(—u)"*! is of trace class). The inverse
(1 + K(—p))~! is a meromorphic family of operators with finite-dimensional
residues.

PROPOSITION 5.6.
dim coker (S*A :0_\C™¥(B) — OAC*“’(B)) = Trres,— \(1+K(u)) 'K'(n) ,
where K'(u) denotes the derivative of K(u) with respect to .

Proof. Let O)\H denote the space of germs at A of holomorphic families

of vectors in H and let (1 + K) : O_\H — O\H be given by ((1 + K)f),
= (L K (=) | € O\H.

LEMMA 5.7.

dim coker(S~*) = dim coker(1 + K).
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Proof. For k € N we define
O C ¥ (B) = coker(L§ : O,C™¥(B) — 0,C™¥(B)) .

Let S(-3K) . Oap)C¥(B) — OnrC~“(B) be the operator induced by
S=. Fix k > k(). If f € im(L%), then g := q%S)‘(f) € O_,C™¥(B) is
defined and f = S™*(g) (see Lemma 4.13 (v)). It follows that L% acts trivially
on coker(S~*). Hence we can identify coker(S—*) with coker(S(-**)) in the
natural way. As spaces of finite Taylor series with values in a Fréchet space, the
spaces O ) C~*(B) are Fréchet spaces, too. By Lemma 2.20 the map S(=AK)
is continuous with finite-dimensional cokernel. Hence it has closed range by
the open mapping theorem. Thus the induced topology on coker(S—*) =
coker(S(=*R)) is Hausdorff.

Let O\C~>°(B) denote the space of germs at A of holomorphic families of
distributions on B, and let Oy 1)C~>°(B) and O, )" be the corresponding
quotient spaces of finite Taylor series. We define

P:0,\C"°(B) — 0\C *(B)

by (Pf),. = P~*fu. We denote the induced operator on O, yC~>°(B) by the
same symbol. The composition

p:OnpyH — OppC (B) 5 O C(B) = O pC *(B)
has dense range.

Now let h € OyH. We claim that h € im(1 + K) if and only if Ph
considered as a hyperfunction is in the image of S~*. Indeed, let Ph = S~
for some j € O\C~(B). Then —u +— g_, = (1 + K(u))~1(h,) defines a
meromorphic family of vectors in H. It is regular at o = A since P*(g_,) = j—,
by (42) and P* is injective. Vice versa, let h = (1 + K)g for some g € O_\'H.
The family j_, := P*(g—,), i near A, defines an element j € O_\C~>(B)
satisfying Ph = S™j.

The above claim implies that p induces a map p. : coker(l + K) —
coker(S™*) which is injective. Moreover, it has dense range. Since coker(S~*)
is finite-dimensional and Hausdorff p, must be surjective. The lemma follows.

U

The following lemma is known in one form or another (compare [15]). For
completeness we include a proof here.

LEMMA 5.8.

Trres,— (1 + K(p)) ' K'(1) = dim coker(1 + K) .
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Proof. Set s := —\. Let P(u) be the holomorphic family of finite-dimen-
sional projections given by

1 1
Pw) '_2—m7{z—1—K(u)dZ’

where the path of integration is a small circle enclosing 0 € C counterclockwise
and p is close to s. There is a holomorphic family of invertible operators
U(p) ([43, Thm. XII1.12]) such that U(u) tP(u)U(u) = P(s). We define
T(p) = U(p)~" (1 + K(n))U(n). Then
T(p)P(s) = U™ 1+ KW)PU(n)
= UG P (1 + K (u)U () = P(s)T (1) -

Let V := P(s)H and W := (1 — P(s))H. Then

v Vv

A
TW:( i B?u))’ S
w w

where B(u) is invertible for y — s small.
We claim that

Trres,—sT (1) T (1) = Trres,—s(1 + K (1)) "K' (1)
In fact
T'(p) = U A+ K@) () + U)K (1)U (p)
—U(w) U (1)U ()~ (1 + K () U (1) -
) 1

Using the facts that all singular terms of (1 + K ()
and that the trace is cyclic, we compute

are finite-dimensional

Trres,—sT'(p) T (1)
= TevesucoU () (1 + K(1) U (1)
[U ()~ (1 + K(u)U' (1) + U ()~ K (1)U (1)
U)W U () (1 + K (1)U 3]
= Trres;—s
[U ()10 () + U ()™ (1 4 K (1)) ™ K (1)U (1)
~U(p) (1 4+ K(w) "' U (U ()~ (1 + K (1)U ()]
= Trres;=s(14 K (1) " K'(n) -

This proves the claim.
Let T : OsH — OsH be given by (T'f)(n) = T(1)f (1), f € OsH. Then

we have
dim coker(7") = dim coker(1 + K) .
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Now
Trres,—sT (1) 1T (1) = Trres,—sA(n) tA' (1)

for the holomorphic family of operators A(u) on the finite-dimensional space
V. Moreover dim coker(T") = dim coker(A), where A : O,V — O,V is given by
(Af)(p) := A(n) f(), f € OsV. In order to finish the proof of the proposition
we must show that

Trres,—s A(p) "' A’ (1) = dim coker(A) .
Now
Trres,—sA(p) ' A'(n) = res,—s Tr A(u) = A'(n)
L det(A)
= det(An)
= ord,—, det(A(n)) .

By Gauss’s algorithm A(u) can be transformed to a holomorphic family of di-
agonal matrices A(yu) through multiplication from the left and right with holo-
morphic matrix functions with invertible determinants. We have dim coker(A)
= dim coker(A), where A : O,V — O,V is given by (Af)(n) = A(p)f(p),
f € O4V, and ord,—s det(A(u)) = ord,—s det(A(x)). But for holomorphic
families of diagonal matrices the equation dim cokerA = ord,—, det(A(u)) is

obvious. This finishes the proof of the lemma. O
Proposition 5.6 follows from Lemmas 5.7 and 5.8. d

We now recall the description of the singularities of the Selberg zeta
function Zg(A) for Re(A) < 0 given in [38]. Note that our standing hypothesis
is n = 0(2) and ér < 0. This simplifies things considerably because the
point spectrum of Ay is absent. Let Re(A\) < 0 and set njy
:= Trres,—_x(1+ K(u)) "' K’(1). Then

n Ag —p—Np

ords=xZs(s) = { ny —x(Y)dim Fy X € —p—Np.

Since Y has the homotopy type of a finite CW-complex we have x(Y, Fy) =
x(Y)dim F). Equation (3) now follows from Propositions 5.6 and 4.20.

By Corollary 5.5 a proof of (3) under the assumptions n = 0(2) and ép < 0
implies (3) without these assumptions. This finishes the proof of Theorem 1.3.
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