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Nonsymmetric Koornwinder polynomials
and duality

By SIDDHARTHA SAHT*

1. Introduction

In the fundamental work of Lusztig [L] on affine Hecke algebras, a special
role is played by the root system of type 5’n The affine Hecke algebra is a
deformation of the group algebra of an affine Weyl group which usually depends
on as many parameters as there are distinct root lengths, i.e. one or two for
an irreducible root system. However in the Ch case, the Hecke algebra H has
three parameters, corresponding to the fact that there is a simple coroot which
is divisible by 2.

Recently, Cherednik [C1]-[C3] has introduced the notion of a double affine
Hecke algebra, and has used it to prove several conjectures on Macdonald
polynomials. These polynomials, and Cherednik’s double affine Hecke algebra,
involve two or three parameters, i.e., one more than the number of root lengths.

In this paper, motivated by the work of Noumi [N], we define a double
affine Hecke algebra for the én case, which depends on three additional pa-
rameters, making six altogether. The associated orthogonal polynomials are
precisely the six-parameter family of polynomials P, introduced by Koorn-
winder in [Ko].

These polynomials are themselves quite remarkable. Fvery symmetric
Macdonald polynomial [M] associated to a classical root system (i.e. those
of types A, B, C, D, and the two classes of type BC, not considered by
Cherednik) can be obtained from the Py by a suitable limiting procedure [D].
Moreover, for n = 1, the P, become the Askey-Wilson polynomials, which sit
atop an impressive hierarchy of orthogonal polynomials in one variable [AW].

Koornwinder and Macdonald have formulated several conjectures for these
polynomials, which are analogous to those proved by Cherednik for Macdon-
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ald polynomials. These are the “constant term,” “norm,” “evaluation,” and
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“duality” conjectures. For a certain five-parameter subfamily of the P, these
conjectures were proved by van Diejen in [D].

In the general (six-parameter) setting, van Diejen has shown that either
of the last two conjectures implies the other three. One of the results in this
paper is a proof of the duality conjecture which implies all the rest by van
Diejen’s work.

Here is an outline of the paper: After a brief summary of the relevant
results of Koornwinder and Noumi, we define the six-parameter double affine
Hecke algebra H and establish its basic properties, including the existence of
an involution. Next, we introduce certain commutators S; in H, called the
intertwiners, and use them to construct a family of polynomials {E,}. We
call these the nonsymmetric Koornwinder polynomials, and we describe their
relationship to the P,. Finally, we establish the duality conjecture for Py
together with its analog for F,.

A substantial part of this paper is directly motivated by the results of
Cherednik in the two-/three-parameter setting. The idea of using intertwiners
as creation operators was introduced in [K], [KS] and [S] for GL,,, and in [C4]
for other root systems.

We have avoided one layer of notational complexity by identifying the
coroot lattice of C),, with Z™. Thus we have suppressed explicit reference to
roots and weights. Implicitly, though, these are ubiquitous.

We have also obtained fairly precise results concerning the orthogonality
and triangularity of the nonsymmetric Koornwinder polynomials, which we
shall report elsewhere.

Finally, we remark that according to the note added in proof to [D], Mac-
donald has informed van Diejen that he has proved the evaluation conjecture.
By van Diejen’s work, this would also imply the duality conjecture for the Py,
though not for the F,.

2. Preliminaries

In this section we briefly recall some results of Koornwinder, Lusztig, and
Noumi which we shall need. For more details the reader should consult [Ko],
[L], and [N].

We fix six indeterminates q, t, tg, t,, U, Un, and let I be the field of rational
functions in their square roots. We also define

1) a= t}/2u71/2, b— 7t711/2u;1/2’ = q1/2té/2ué/2, d= *q1/2t(1)/2u61/2.
Let R = F[z!, .- 2;5!] be the ring of Laurent polynomials in 7 variables

over the field F, and let S be the subring consisting of symmetric polynomi-
als, i.e. those which are invariant under permutations and inversions of the
variables.
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2.1. Koornwinder polynomials. In [Kol], Koornwinder defined a basis { Py}
of § which is indexed by A € Z™ with \; > --- > A\, > 0, and defined as follows:
Let T, denote the i*® g-shift operator acting on R := Flz{!, .- z;F!] by

Tq@if(:nl,--,xi,---,a:n) = f(l’l,"',Qfﬁi,"',xn).

Consider the following g-difference operator
n n
D=3 () Ty, — 1) + > ®ile (T, — 1)
i=1 i=1

where ®;(z) is a rational function in z1,- - -, z, defined by

-1
5.(2) (1 — az;) (1 — bx;) (1 — ex;) (1 — day) ﬁ (1 — twix; ) (1 —twiz;)
i(x) = .
(1 - x?) (1 - qx?) j=1 (1 - 1’11;1) (1 - xia:j)
i
Koornwinder showed that D preserves S and is diagonalizable with dis-
tinct eigenvalues
n
= 32 b ) ]
i=1
The Koornwinder polynomial Py is characterized by the equation

(2) DPy = dyPy,

together with the condition that the coefficient of z* := xi‘l ooz in Py is 1.

It turns out that Koornwinder’s operator D is one among a commuting
family of difference operators, all of which are simultaneously diagonalized by
the Py. These higher operators were constructed abstractly by Noumi, and
explicitly by van Diejen.

To describe the results of Noumi, we need to introduce some additional
notation.

2.2. The affine Weyl group. The affine Weyl group W of type 5’n is
generated by elements sg, s1, - - -, S, which satisfy s? = 1 and, for n > 1, also
satisfy the braid relations

3i5j5i"' — SjSiSj"‘

with two, three, or four terms on each side accordingly as ¢ and j are connected
by zero, one or two lines in the Coexeter graph

0=—1—2 — it —(n—2)—(n—1):n.

The (finite) Weyl group Wy of type C,, is the subgroup generated by s1,- -, sp.
W has a natural faithful affine action on V' = R" in which

(3) Sp U= (Ui, *,Un_1,—Vn), S0 0= (—v1—1,v9,-,0p)
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and the other s; act by interchanging v; and v;41. Indeed W is the semidirect
product of Wy and 7(Z"), where 7¥ denotes the translation by v. In terms of
the generators,

1, -1 )

(4) =7t T = (Si Sn—1) (S s0)(s] s

n

Since the W-action on V' is affine, we get a representation of W' on the
space V of affine linear functionals on V', which we identify with V xR ¢ as
follows:

(5) (v+7r8v) i=vivy+ -+ v+ (W), V) = (v rsw V).
This representation is given explicitly by
(6) si(v+rd) =sv+rd, i#0
so(v+1rd) = (—v1,v2, -+, vn) + (r — v1)d.
We define an exponential map from the lattice Z"™ x Z6 C VtoR by
(7) VTR = TRt gt e 2 k€ Z.

Since the lattice is preserved under (6), we get a representation of W on R by
putting

(8) w(z?) =2, T e 7" x Zé.

Then W acts by algebra homomorphisms and S = R"0. Explicitly we have

(9) SOf(x) = f(qxfl,:pg, T 7xn)
sif(r) = f(x1, -, g1, 24, -+, x0) 1 #£0,m
snf(x) = f(z1, - wpo1,2,")
Ti = Tga;-

2.3. The affine Hecke algebra. The affine Hecke algebra H of type Cy
is generated over F by elements Ty, T71,---,T, which satisfy the same braid
relations as the s;, and also satisfy

T Tt =
where t1 =--- =t,_1 =t.

The elements T7, - - -, T;, generate the (finite) Hecke algebra Hy of type C,,.
H and Hj have natural bases {T},} consisting of w in W and Wy, respectively,

where
(10) Ty =TTy

if w=s;, s is a reduced (i.e. shortest) expression of w in terms of the s;.
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The analogs of the translations 7; in (4) are the elements
(11) Y =Ty Tt (T - TO)T - T2Y), =1, ,m.

Lusztig [L] has shown that the Y; commute pairwise and generate a sub-
algebra
Ry ~ II:?[lei17 T Ynil]a

and that multiplication gives us a vector space isomorphism

(12) H()®Ry ~ H.

2.4. The Noumi representation. Let s; act on R by (9); then Noumi in
[N] has shown that the following map 7 extends to a representation of H
on R:

(13) A(TEY) = 22 4 512 (1—cayH(1 = dayh)

so—1
1_qx1_2 ( 0 )
_ 1— timx ]
w(Tiﬂ) — tiil/Q + 1 1/2%(51. —1) i#0,n
(1 — iz )
(1 —azp)(1 — bxy)
1—a2

T2 = 1 (1),
where a, b, ¢, d are as in (1).

Moreover if f is in S then n(f) := 7 (f(Y1,---,Y,)) preserves S. Noumi
showed that the restriction of (Y3 +- -+ Y, + Y, '+ 4+, 1) to S is a linear
combination of the Koornwinder operator D and a scalar. This means that the
Koornwinder polynomials are simultaneous eigenfunctions for the 7(f). More
precisely, P is characterized by

(14) ©(f)Paz) = f(a**)Pr(2),

where ¢*P means (g1, ... ¢*FPn) and p is defined by

(15) ¢ =st"", with s := (totn)/? = /g labed.

Remark. The fact that 7 extends to a representation can be derived from
Proposition 3.6 in [L], along the lines suggested in Proposition 4.6 of [M].

3. The double affine Hecke algebra

We now introduce the algebra H which will be the principal object of
study in this paper. For convenience, we will write Z ~ z as an abbreviation
for the relation

Z -7 t=12_ 712
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Definition. Let H be the algebra generated over F by elements Tiﬂ,
1 = 0,---n, and commuting elements Xl-il, 1 = 1,---,n, subject to the re-
lations:
(ii) the C), braid relations for the T;’s,
(ili) T;.X; = X;T; if |i — j| > 1, orif i =n and j =n — 1,
) TiX; = Xip T, Y i=1,-,n—1,
) X T~ un,

)

Uy = q_1/2T0_1X1 ~ Up.

(iv

A%

—~

(vi

If we set w9 = u, = 1 and tg = t,, then H specializes to the three-
parameter double affine Hecke algebra considered in [C1] for the affine root
system C),.

Our definition is motivated by the following considerations:
Define a map 7 from the generators of H to End(R) by letting 7(7:"!) be
as in (13), and letting 7(X;™') be the operator of multiplication by z7".

3.1. THEOREM.  The map m extends to a representation of H on R.

Proof. We need only verify that (i)-(vi) hold for 7(7;*') and 7(X;).
The relations (i) and (ii) follow from Noumi’s result, and (iii) and (iv) are
easily verified using the formulas. For (v) we have
—axy)(1 — bxy)
1—a2
(1 —axy)(1 — bxy,)
1—a2

1
D e N t;1/2$;1 I t;1/2( (2 sn — b

Tn X,y — 522, +t1/2

(SpTp — Tp)-

1 -1

n

2

. - I |
Since spx, =z, sy and x, —x, " = —x, (1 —x), we get

X T =T, X, — 2t — 62, — 422 (1 — axy) (1 — bay)

n

= —(t2 1 2ab) 2, + 72 (a + b).

Substituting a = t,ll/zu,l/2 and b = —t,ll/2u;1/2, this becomes u,ll/Q — u;1/2
proving (v).
Relation (vi) can be proved similarly using spz1 = qxflso. O

3.2. THEOREM.  The representation m is faithful.

Proof. We first note that in any word in H involving the generators, the
relations (i)—(vi) allow us to commute the T;’s past the X;’s. Thus every
element of H can be written as a linear combination of X*T,,, where X, =
X X9 and Ty, is as in (10).
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Suppose a nontrivial linear combination maps to 0 under 7. We then get
Z Cw,a®m(Ty) =0

in End(R), where ¢,  are scalars in [, not all zero.

The left side is a rational expression in the square roots of g, t, to, t,,, ug, U,
and we consider what happens if we specialize the last five indeterminates to
1. By clearing denominators and eliminating common factors, we may ensure
that at least some of the ¢, o have nonzero specializations; by (1), (10), and
(13), m(T\,) specializes to the action of w as in (9).

Thus we get a nontrivial dependence relation in End(R) of the form

ch,axo‘w =0, weWacZ"
Since W = WyT(Z™), we can rewrite this as
ch7a7/3maw75 =0, weWyapBeZ".
Collecting the terms for 5, we get
Z:co‘wpw@(ﬁ, ) =0, we Wy, aeZ

where py,a() is the Laurent polynomial 4 Cw.ap7”, Since 7;(z7) = (¢7%)z7,
applying the expression to 7 we obtain

> 2Ty (g q) = 0.

It follows that py, o (¢, - -+, ¢"™) = 0 for all v in Z™ outside the finite union
of hyperplanes determined by the conditions a + wy = o/ +w'y for a, o/, w, w’
occuring in the last expression. But then p,, o must be identically 0, and we
conclude that all ¢, o 3 = 0, contrary to the assumption. O

Let us define Ry := F[Xit!, ..., X;*1]; then the above proof shows:

3.3. COROLLARY.  The natural maps from H, Hy, Ry and Rx into H
are injective.

We shall identify the above algebras with their images in H. Then we
have:

3.4. COROLLARY. The multiplication maps from Rx @ H and Rx ® Hy
® Ry into H are linear isomorphisms.

We conclude this section by giving an intrinsic definition of the represen-
tation . First, by the definition of H, it is clear that the map
1/2

(16) XE’_)tZ ’ i:(],-~,n

extends to a one-dimensional character of H.
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3.5. PROPOSITION.  The representation 7 is isomorphic to Indy(x).

Proof. The induced representation is H/Z where Z is the left ideal of H
generated by T; — tf}/Q,i =0,---,n. On the other hand, 7 ~ H/J where J is
the annihilator of the cyclic vector 1 € R. It remains to show that Z = 7.

First, since s;(1) = 1 it follows from formula (7) that = (T; — t;/Q)(l) =0,
and so

IcJ.

Next consider the left ideal I in H generated by T; — t; /2. Then we have
H=F+1; thus Rx®H = RxF + Rx ® . Applying Corollary 3.4 we
conclude that

H=Rx +1.

This mean that the isomorphism Rx — R given by X; — x; = m(X;) - 1
can be factored as the following sequence of surjective maps

Rx - H/ZT —-H/T — R.

In particular, the middle map is an isomorphism, and so Z = 7. O

4. The involution

Let € denote the involution on F which sends ¢, t, t,, ug to their inverses,

and which maps

-1
to — u, .

We shall show that ¢ extends to an involution on H. First we prove

4.1. LEMMA.  Let U, = X{'ToYy !t = X'yt 17 T then
U, ~ un.
Proof. By (iv) we have X;lel = TiXijrll, and applying this repeatedly,

we get
Un = (Tl o 'Tn—l)(Xﬁngl)(Tn_—ll T Tl_l)-

Thus U, is conjugate to X, 17! and the lemma follows from relation (v). O

4.2. THEOREM. The map ¢ extends to an involution of H which maps
X; toY;, sends Ty, ---,T, to their inverses, and maps

Ty — UL

Proof. We first verify that the e-transforms of (i)—(vi) hold in H. For
i # 0 the relation (i) becomes T, ' ~ ¢; !, which is implied by T; ~ t;; while
for i = 0 it becomes U, ' ~ u; !, which follows from Lemma 4.1.
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All the e-transforms of the braid relations (ii) are immediate, except for
U T o T U T
We shall check this directly. Write ® =15 -1}, ---T5; then X;® = X,
and we get
T'U T U = 9T X 9T X = ST X T Xy = T 0 X XoT)
UATTUMTT = e X 0T X T = TV T @ X Ty X0 T
=TT T X1 X1yt

By multiplying both sides by T71 X, 1X5 171 on the right, it suffices to show
?
(Ty- Ty To)T (T Ty To)Ty =Ty (T -+ Ty - To)T (T - -~ Ty - - - T).

We apply ToT1T> = 11157 to both sides and commute the resulting 77’s
as far to the extremes as possible. Using 111577 = 1511715 once on each side
and cancelling, we get

?
(T3 T T3)To(Ty - Ty - T3)To = To(Ty -+ Ty - - - T3)To (T3 - - T}y - - - T3).
Iterating, we reach the true relation T,,71,, 11,1,—1 = 1,11, T,,—1T,, which

proves (ii).
The e-transforms of (iii)—(iv) are easily checked. For (v) we get

X, T Y =Y, T, = (T - T)T, (T - T )

n n—1
which is conjugate to Tj; 1 Hence the desired relation follows from Ty ~ tg.
Finally, for (vi) we have
e(Uo) = ¢1?U Y1 = ¢A(X oY Yy = ¢V2X M = Uy L

Thus (vi) follows from its original counterpart.

It follows that € is a homomorphism, and it remains only to prove that
g2 = 1. Since H is generated by {1}, X;,Y; | i = 1,---,n}, it suffices to show
that (Y;) = X, for all 4. But

eW) =17 -1, 17U = X

Since T; X;T; = X;41 and T[lYinl = Y11, the result follows for all ¢ by
induction. ]

5. Intertwiners

In this section we introduce certain commutators in H, and prove that
they enjoy a crucial intertwining property with respect to the commutative
family Ry .
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Definition. We define operators S; in H as follows:
(17) SZ = [E,Y;‘],Z’:L---,n; S() = [Yl,Un]
We also introduce the following notation, analogous to (7):

(18) XVHkd .— gk xvi .. xon, YUHRO by oy v e 2N ke,

5.1. THEOREM. For all v in Z™ X 7.6,

(19) Y8 = Sys®, =0, n.

Proof. By Theorems 3.2 and 4.2, it is enough to prove the 7o e transform
of (19). Applying mo e to (18) and (17), we get:

To 5(Y;) = :c,”v; o 5(YSi(~)) = 250
moe(So) = [z, Ty V)] moe(S) = [w(T7 1Y),z i=1,---,n.
Now, an easy calculation in End(R), using formulas (13) gives
tal/Qazl(l —crH(1—dxyt) i=0
(20) moe(S;) = di(@)si;  di(x) =3 el (1 —azn)(1 — bry) i=n
—1/2

t, xip1(1 — tzmﬂ;h) i # 0,n.

Thus the 7oe transform of (19) becomes the following assertion in End(R):
a:g(;ﬁi(x)si L qﬁi(x)sixsi@.
After cancelling the ¢;, this follows from (8). O

5.2. COROLLARY. Letad',V/,c,d be the ¢ transforms of a,b,c,d, then

ung (1 — YT H(A = dYH (1 - q¢dV)(1 —qd'Yy) i=0

(21) SZ2 =1 t,(1-d'V,)(1 -VY,)(1 —dY, (1 -0Y,; ) i=n
6V Y (1= 67 YY) (1= 471Y, i) i #0,n.

Proof. By (20), we get o e(S7) = ¢isipisi = pisi(hi)s; = bisi(¢:), and
the result follows from the explicit formula for ¢;. O

In the next section we will use the S;’s as creation operators for the E,,
starting with the constant function 1, which is an eigenfunction of Y;, satisfying

(22) m(Yi)(1) = ¢ (1); i=1,---,n.

This is an immediate consequence of the equation 7(7;)(1) = t; / 2(1) and the

definitions of ¥; and p in (11) and (15). To describe the other eigenvalues, we
proceed as follows:
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Definition. For « in Z™, we define

Wq = the shortest element in Wy such that w_ L.« is a partition;
@ := a+ wg, - p where pis as in (15);

Ra := the space of all f € R satisfying Y;f = ¢+ @a)i f for all 4.

Alternatively, w, in Wy = (£1)"™S,, can be described as wy = 047a,
where o, € (£1)" is simply (sgn(aq),---,sgn(a,)) with sgn(0) defined to be
1; and 7, is the permutation in S, defined as follows: order the indices first
by decreasing |o;|, then for fixed |;| from left to right for a;; > 0, and finally
from right to left for a; < 0.

For exampleifa = (-2,2,1,—-1,0,1,—-1), theno, = (—-1,1,1,—-1,1,1, 1)
and 7, is the permutation (2,1,3,6,7,4,5).

5.3. THEOREM. If s; -« # «, then w(S;) is a linear isomorphism from
Ra to Rs, .-

Proof. Let f € Ro. Then by (5) and (18) it follows that for all v in
7" x 7.6,
Vi) = e,

Let us write @ = a + wq - p. Then from Theorem 5.1 and (3) we get

T(YO)r(S)f = m(Si)m(Y5O) f = ¢ OF (5 f = gs:®r(3,) 1.

Thus to prove that 7(S;)f € Rs,.q, it suffices to show that s; - o # «
implies

(23) s;ira=3%-a 1=0,---,n.

For i = 0, write § = sp-a = (—a1 — 1,9, -+, ay). Then we claim that
the permutations g and 7, are the same. Indeed if o is positive then, in the
ordering corresponding to m,, the index 1 is the first among the indices j with
|aj| = a1; while in the ordering for mg, 1 is the last index in the higher group of
indices satisfying |3;| = a1 + 1. Thus the relative position of 1 with respect to
other indices stays the same, as do those of other indices with respect to each
other. A similar argument works if oy is negative, and taking into account the
sign change we conclude that:

Bi=B1+(wg-ph=—-a—1—(ws-ph=-01—1; B;=0, i>2,

which is precisely the content of (23) for ¢ = 0.
The argument for ¢ > 1 is similar and simpler. We observe that if 5 := s;-«
is different from «, then wg equals s;w,. Since s; acts linearly, we get

sira=s;-a+s;(Wy p)=PF+wsg p=p=5 a.
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Thus we conclude that 7(S;) maps R, into Rs,.o for all ¢ > 0. But, by
Corollary 5.2, SZ-2 is in Ry; hence F(SZZ) acts by a scalar ¢; on R, which can
be readily computed by substituting Y; = @; in (21). In particular, we see that
if s; - @ # « then ¢; is not zero. Thus 7(S5;) is a linear isomorphism from R,
to Rs,.a, With inverse Ci_lﬂ'(Si). O

6. Nonsymmetric Koornwinder polynomials

In this section we will define the nonsymmetric Koornwinder polynomials.
The crucial result is:

6.1. THEOREM.  The spaces R, are all one-dimensional.

Proof. We first prove that the spaces R, are nonzero. For a = 0, w,, is
the identity in Wy and so @ = p. Thus by (22), the constant functions belong
to Rq for a = 0. For other a € Z™ we use Theorem 5.3 together with the fact
that the affine action of W on Z" is transitive.

Now let f=>" cs€F Cg.CCB be a nonzero function in R,. Then f satisfies

n(Yi)f =@t =1

As in the proof of Theorem 3.2, we set t, ¢, t,, ug, U, equal to 1 in the expres-
sion. Then p specializes to the zero vector, and Y; specializes to m(7;) = Ty 4,
Clearing denominators and eliminating common factors, we may also assume
that the cg have finite specializations, not all zero. Letting g # 0 denote the
specialization of f, we get
Tg2,9=4"9g

which means that g is a nonzero multiple of x.

In particular, the coefficient ¢, has a nonzero specialization and so must
be nonzero. The result follows, since if there were two linearly independent
functions in R, we could construct a nonzero f with ¢, = 0. O

The proof of the theorem shows that a function f in R, is uniquely de-
termined by the knowledge of the coefficient of z in f.

Definition. The nonsymmetric Koornwinder polynomial F, is the unique
polynomial in R, in which the coefficient of z¢ is 1.

6.2. THEOREM.  The polynomials E,, form a basis for R over F.

Proof. Let us consider the degree filtration R(O) C R(l) C ... C R, where
Rk is spanned by all monomials z* with |af := [ai] + -+ + || < k. We
claim that for |a| <k,

Ra € Ry
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For a = 0, we use Theorem 6.1 to see that R, consists precisely of the
constants, which lie in R (). For other a, we observe that by (13) the filtration
is invariant under 7; and Y;, while U,, = X 1T0Yfl raises degree by at most
one. Thus Sy,---, S, preserve the filtration while Sy raises degree by at most
one. Now any « can be obtained from 0 by applying a sequence of s;’s in which
sp occurs exactly |a| times. Applying the corresponding S;’s to R, we deduce
the claim.

It follows that the set {E, : |a] < k} is contained in Ry and has the
same cardinality as the monomial basis. Therefore it suffices to prove that the
E, are linearly independent. For this we choose a polynomial f in R which
takes distinct values on the finite set {¢® : |a| < k}. Then the E, belong to
distinct eigenspaces under the operator 7(f(Y7,---,Y,,)) and hence are linearly
independent. O

6.3. COROLLARY. The representation  is irreducible.

Proof. Let V be a w(H)-invariant subspace of R, and suppose f = ) coFqo
belongs to V, with some cg # 0. Choose a function g in R such that g(¢%) =
1/cg, and g(¢®) = 0 for all other o for which ¢, # 0. Then applying
w(g(Y1,---,Yy)) to f we conclude that Eg belongs to V. Now applying the
7(S;)’s we conclude that every E, belongs to V. O

Next we consider the restriction of 7 to H.

Definition. For each partition A we write R* for the subspace of R
spanned by the {E, : o € Wy - A}

6.4. COROLLARY. The R* are irreducible w( H)-modules, and R is their
direct sum.

Proof. For the irreducibility, we repeat the previous argument without
involving Sp. The second assertion follows from Theorem 6.2. O

Finally we discuss the connection with the symmetric Koornwinder poly-
nomials Pj.

6.5. COROLLARY. The symmetric Koornwinder polynomial Py can
be characterized as the unique Wo-invariant polynomial in R* which has the
coefficient of z* equal to 1.

Proof. We note that if & € Wy - A\, then @ = a4+ wy - p = W - (A + p).
In particular, if f is in S, then f(@) = f(A+ p), and so R is precisely the
f(A+ p)-eigenspace of w(f(Y7,---,Y},)) for f € S. The result now follows from
the characterization (14). O

Definition. Define C € Ho by C := (X ,cw, X(Tw)z)_l > wewo X(Tw) Ty
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6.6. COROLLARY. (C) is a projection from R to FPj.

Proof. First of all, an easy calculation as in Lemma 2.5 of [S] shows that
T,C = t//2C fori = 1,---,n; hence m(T,)x(C) f = t;/*m(C)f for all f € R. By
(13), this implies that 7(C') f is Wy-invariant, and so must be a multiple of P.

Moreover, for f € S, 7(Ty)f = x(Tw)f; hence m(C) acts by the identity
onS. O

7. Duality

Let T denote the involution on F which sends ¢, t,to, tn, uo, un to their
inverses.

7.1. PROPOSITION. The map ' extends to an anti-involution on H
satisfying
T =17 X =X Y =y

Proof. For the proof we merely observe that each defining relation of H
is T-invariant. O
Definition. We define the duality anti-involution * on H by
h* =e(ht) =e(h)!, heH.
On F, * simply switches g and u,; while on the generators,
Tr=T, X; =Y Y'=X"i=1 - n; Tj=U,.

We also extend * from I to an involution on R by defining zj = z; L for
all . Observe that if f is in S, then f is invariant under z; — x;l, and so f*
is obtained just by switching ¢y and u, in the coefficients of f.

Next, we define p* by the requirement that ¢?" = (¢°)*. Explicitly,

4" = (g")* = ((totn) /21" 77)* = (untn) /2"

The duality conjecture of Macdonald can be stated as follows:
7.2. CONJECTURE. For any two partitions A and p we see that
Py(¢"**") _ Pi(d*)
Px(g”") Pr(q?)

This is seen to be equivalent to the formulation in (4.4) of [D], after the
easy verification that our definition of duality (tg < uy), is the same as that
n (4.1) of [D].

To establish Conjecture 7.2 and its analog for E,, we introduce the fol-
lowing:
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Definition. Let S be the map from H to [ defined by
S(h) := Fp(q~”"); where Fj = n(h)(1) € R.

7.3. THEOREM.  We have S(h*) = S(h)* for all h € H.

Proof. By linearity and Corollary 3.4 it is enough to prove this for h of
the form X7, Y?, with a, 8 € Z", w € Wy. Then by (16) and (22),

(24) Fy = ¢PPx(T,)z%  and S(h) = ¢P)x(T,)q~ ("),
On the other hand h* = X #TY~*, and so
(25) Fp« = q_(a’p>X(T$)33_’6; and S(h*) = q—<avﬂ>X(T$)q(ﬁyp*>.

For w € Wy, x(Ty) only involves t and ¢,,; and T} is simply obtained from
T, by reversing its product expansion (10) in terms of 73, ---,T,,. Thus

X(Tw)* = X(Tw) = X(T:;); w € Wy.

Since * interchanges p and p*, the result now follows by comparing (24)
and (25). O

*

We now define scalars £,3, Py, in F by
Eap = EL(a)Es(q™"" ) Pap:=P5(¢""")Pulq™").
7.4. THEOREM.  We have £ 5 = &g and Piu = Pun-

Proof. For the first assertion we consider h := E}(Y)Eg(X). Then by the
definition of *, we get h* = E3(Y)Eq(X). Now,
Fyy == (B (Y) Ep(x) = Ej(¢°) Ea(x),
and so S(h) = £,3. Similarly S(h*) = Egq, and the result follows from Theo-

rem 7.3.
The second assertion is proved similarly by considering h := P} (Y)P,(X).
O
7.5. COROLLARY. Conjecture 7.2 is true.

U we get

Proof. Since Py is invariant under z; — x
Pux = PP PA(q™") = i) Pa(g”).
On the other hand,
P = (P Pu(a ™)) = Prla ™" )Pi(a?) = PA(@™ ) P (a”).

Thus the result follows from Theorem 7.4. O
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