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1. Introduction

In [1] the following definition of determinants of rectangular matrices is given:

The determinant of m X n matrix A with columns Aq,..., A, and m < n is the

sum
> (—1)™5A,, .., AL (1.1)

1< <ge<-<gm<n

wherer =1+ ---4+m,s=j14+ -+ Jm-

It is clear that every real m x n matrix A = [A, ..., A,] determines a polygon
in R™ (the columns of the matrix correspond to the vertices of the polygon) and
vice versa. The polygon which corresponds to the matrix [Aq,..., A,] will be
denoted by Ay ... A,.

In the following we shall restrict ourselves to the case when m = 2 (polygons
in R?). Here we list some results given in [2] which will be used.

Theorem 3. Let A, ... A, be a polgon in R%. Then
2 area OfAl e An == |A1 + AQ,AQ + Ag, e ,An_l + An,An + A1| (12)

0138-4821/93 $ 2.50 (© 2008 Heldermann Verlag



72 M. Radié: Areas of Certain Polygons — Rectangular Matrices

Corollary 6.1. If n is odd, then for every point X in R? it holds
A1+ X, .. A+ X| = Ay, ..., Al (1.3)
Theorem 7. Let A, ... A, be a polygon in R? and let n be an even integer. Then
for every point X in R? it holds
A1+ X, A+ X, .. A+ X| = A1, As, . A (1.4)
only if Y1 (—1)"A; = 0.
Corollary 7.1. It holds
|[Ay + A+ X, ... A+ AT+ X = A1+ Agy oA+ A, (1.5)
where Y ¢ (—=1)"A4; = 0 need not be fulfilled. (It is enough for n to be even.)
Namely, if n is even, then 7" (=1)"(4; + A1) = 0.
Of course, (1.5) also holds if n is odd since holds (1.3) where now instead of
A; we have A; + A; 1.
Theorem 8. Let A; ... A, be a polygon in R?* and let Y (—1)"A; = 0. Then

A A = A A, (1.6)

Theorem 9. Let A; ... A, be a polygon in R?* with evenn and let Y (—1)'A; =
0. Then
|A1, . Al = A Akl 4 Ak, - Anl, (1.7)

where k may be any integer such that 1 < k < n.
Corollary 10.1. If n is odd then for each i € {1,...,n} holds (cyclic)
|Ai,...,An,A1,...,Ai_1|:|A1,...,An‘. (18)

If n is even then above relation holds if > (—1)"A; = 0.
Thus, in both cases when n is odd or when n is even, it holds

’Ai‘i‘AiJrl,---,An+A1,A1+A2,---,A171+A@'| == ’A1+A2,...,An+A1’. (19)

Here in this article, we shall mostly deal with k-outscribed polygons where we have
the following definition Dy, (definition for k-outscribed). This is the fundamental
definition for this article.
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Let A;...A, be any given polygon in R? and let k be any given positive
integer such that £k < n. Then polygon P, ...P,, if such exists, will be called
k-outscribed polygon to the polygon A; ... A, if

P+ P+ -+ P, = kA,

Py+ Py + -+ P = kA,
(D)

Pn+P1++Pk71:kAn

In other words, if the center of gravity of the vertices P;, Pi11,..., Piyp_1 is the
vertex A;.

Remark 1. In the proofs of some of the following theorems we shall for conve-
nience (simplicity writing and complete analogy) first consider an example and
then state the main general facts from which will be clear that considered theorem
holds good. In this way we also attain the proof be relatively easy to read.

2. Areas of k-outscribed polygons

First we prove the following theorem.

Theorem 1. Let A, ... A, be any given polygon in R? and let k be any given
positive integer such that k < n and GCD(k,n) = 1. Then there exists unique
k-outscribed polygon P; ... P, to the polygon Ay ... A, and it holds

2 area Ofpl...Pn:k2’31—|—BQ,BQ+Bg,...,Bn+Bl|, (21)

where
Bi :A1+Az+k++Az+(zk—l)k> 1= 1,,77, (22)

and xy, 1s the least positive integer x such that
kx =1 (mod n). (2.3)
(Of course, indices are calculated modulo n.)
Proof. First let us remark that from the equations (D) follows
P+ +P,=A+ -+ A,. (2.4)

It is convenient to consider one example first, say, that where n = 11 and k& = 5.
In this case we have the following nine equations

P1—|—P2+P3+P4+P5:5A1, (25)
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Ps+ P+ P+ Py+ Pig= 54,
P+ P+ P+ P+ Py= 5A,
Ps+Ps+ P+ P+ Py= 5As,
Po+ P+ P+ P+ P3= 5A,,
Py+ P+ P+ P+ Ps= 5A4,
Py+ P+ P+ P+ P= 5A,
P+ P+ P+ P+ Pr 5As,

P8+P9+P10+P11+P1:5A8, (26)

or briefly written
5 25 9-5
Y P=54, > PBi=54s, ..., Y P=54 (2.7)
— 115 i=1+85

where the sums 1 +5,14+2-5, ..., 14+ 8-5 and the products 2-5,3-5,...,9-5
are calculated modulo 11. By adding up of the above nine equations we get

AP+ P+ 4+ Pu)+ P =5(A1+ A+ A+ A5 + Ao + A+ Ag + As + Ag),
from which follows
P1 - —4S+5(A1+A6+A11+A5+A10+A4+A9+A3+A8),

where

S=A + Ay + -+ Ay (2.8)

since holds P, +---+ Py = Ay +--- + Aqy.

In this connection let us remark that the left-hand side of the equation (2.5)
begins with P, and that left-hand side of the equation (2.6) ends with P;.

If we begin with the equation

Py, + Ps+ Py + Ps + Fs = 5As,
where now P; is the first, in the end the ninth equation will be

From so obtained nine equations

1+5 1+2-5 1495
> Pi=54; > P=5A, ..., Y Pi=54
=2 =245 1=248-5

by adding up, we get

Py =—45+5(As+ A7+ A1 + Ag+ Ain + As + Ao + As + Ay),
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where S is given by (2.8).
In the same way can be get P3, Py and so on. Thus, we have

P=—-4S+5(A;+ Ajys + Ajpos + -+ Aijggs), 1=1,..., 11, (2.9)
It can be seen that x5 = 9 is the least positive solution of the equation
S5z =1 (mod 11). (2.10)

So for each P;,i =1,...,11, there are 9 equations which completely determine P;.
In this connection let us remark that for the least positive solution x5 of the
equation (2.10) there is positive integer ys such that

5z5 — 1lys = 1. (2.11)

It is easy to see that instead of —4S in the relation (2.9) can be written —y5S.
Thus, the equation (2.11) is closely connected with P; given by (2.9).

It is not difficult to see that analogously holds generally for the case when
GCD(k,n) = 1. Namely, we have Diofant’s equation

kx —ny =1, (2.12)

and it holds: If zy, is the least positive integer such that holds (2.3) and yy, is such
that
kx, —ny, =1, (2.13)

then the solution of the system
P+ P4+ Py =kA, i=1,....n (2.14)
is given by
Po=—yS+k(Ai+Aise + Ao+ -+ Aipae—)i), 1=1,...,n  (2.15)

where

S=A+ -+ A, (2.16)

In this connection let us remark that, for example, instead of equations given by
(2.7) we have the following equations

k 2k k-
sz':k'Ah Zpi:k'Al—ch”a Z P=k Ay
=1 i=1+k i=1+(zp—1)k

Thus, the solving of the system (2.14) reduces in fact to the solving of the Diofant’s
equation (2.12). So, if n = 11, k=5, we have Diofant’s equation (2.11) whose
solution is given by

= 11lu — 2, y=>ou—1

where u € Z. For u = 0 we have z5 =9, y5 = 4.
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Now, when we have Py, ..., P, given by (2.15), we can use property (1.3) or
property (1.5). Namely, if we take X = 2y;S we can write

|P1+P2,,Pn+P1|:|P1+P2+2ykS,,Pn+P1+2ykS|
— |kBy + kB, ..., kB, + kB,
= k?|By + Ba, ..., B, + Bi,

where By, ..., B, are given by (2.2).
In this connection let us remark that

|k(Bi + Bs),...,k(B, + B1)| = k*|Bi + Ba, ..., B, + B
since determinant has two rows.

This completes the proof of Theorem 1. O
Corollary 1.1. Let A;y... A, and k be as in Theorem 1. Then there is a unique
(n — k)-outscribed polygon Q1 ...Q, to the polygon Ay ... A, for which

2 area of Q1...Q, = (n—k)?|Cy +C,y,...,Cp, + O, (2.17)
where
Ci=Ai+ A+ Aivon—iy + - + Aty s—Dn—k)y t=1,...,n
and x,_ 15 the least positive solution of the equation
(n — k)x =1 (mod n). (2.18)
Proof. 1t is easy to see that GCD(n, k) =1< GCD(n,n —k) = 1. O
Theorem 2. Let x; be as in Theorem 1 and x,_; as in Corollary 1.1. Then
Tk + Tyl = N. (2.19)
Proof. From the known fact number theory it follows
T <N, Tp_p <n. (2.20)
Namely,
{k-1,k-2,... k(n = Dhnoan = {1,2,...,n— 1},
{n—=Fk)-1L,(n—=k)-2,....(n—k)(n— 1) }moan =1{1,2,...,n—1}.

Now, from
kxp = 1(mod n), (n—k)x,—r =1 (mod n)

or
kxy=pn+1, (n—Fk)x,_r=qn+1

where p and ¢ are some integers, follows
k(zk 4+ Tpok) = (p — ¢ + Tp_g)n.
Thus, xy + x,_, must be divisible by n, since holds (2.20). O
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Theorem 3. Let P, ... P, be as in Theorem 1 and Q1 ...Q, as in Corollary 1.1.
Then

(1/k?) area of Py... P, = (1/(n —k)?) area of Q1 ...Q,. (2.21)
In other words, it holds

|Bi+ B, ..., By + Bi| = [C1 + (s, ..., Cr + (4, (2.22)

where
Bi=Ai+ A+ + Ak, 1=1,...,n (2.23)
Ci=Ai+Aistnn + + Aiv@n-n-tk), t=1,...,n (2.24)

Proof. First we show that there is similarity from P; ... P, to Q... Q, given by

n—k S

Qn—kti = —TH + o i=1,...,n (2.25)

where S is given by (2.16). For this purpose it is enough to show that for each
1 =1,...,n it holds

ankJri + ank+i+1 4o+ Qn—k+i+(n—k)—1 = (n - k>Anfk+z'-

For simplicity, taking ¢ = 1, we can write

n—k
—k — k)8
Zank+i:_nk (P1+P2+...+pnik)+(” - )
=1
n—Fk n—k)S
= L [S_(Pn—k-l—l+Pn—k+2+"'+Pn_k+k)]—|——( k; )
n—k n—k)S
- k [S - kAn—k+1] + %
= (n - k>An7k+1~

Now, we have

|Qn7k+1 + Qn7k+27 ceey ankJrn + Qn7k+1|

n—k 25 n—=k
P+ P —_— =
k? (1+ 2)+ ku ) k

n—k
=( p )2|P1—|—P2,...,Pn+P1\,

28
(Pu+P1)+ |

which according to (1.5) can be written as
F)Q1+ Qoo ,Qu+ Q1| = (n = k)’|PL+ Pa,..., Py + P

This proves Theorem 3. U
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Example 1. Let A;...A;; and k be as in Theorem 1. Since in this case x5 =
9,y5 = 4,16 = 2,y6 = 1, we have

P =—4S +5(A1 + Ag + A1 + As + Ao+ Ay + Ag + Az + As)
=-b5S+5(A+As+An+As+ A+ As+Ag+ A3+ Ag) + S
= —5(As + A7) + S,

Q1 =6(A; + A7) —S.

Generally it holds

so that we have

|P1+P2,...,P11+P1| :25|A2+A7+A3+A8,...,A11+A6+A2+A7‘,
’Q1+Q27---7Q11+Q1| :36‘A2+A7+A3+A8,...,A11+A6+A2+A7|,

where properties (1.5) and (1.9) are used.

In this connection let us remark that each column of determinants

|Pr4Ps, ..., P+ P, Q1+ Q2,...,Qn+ Q1]

can be expressed as sum of four corresponding vertices since from x5 + x5 = 11
follows 2z = 2(11 — x5) = 4.
Analogously holds generally since from zy + x,,_ = n follows 2z, = 2(n —
Concerning relation (2.27), we can, using (2.26), write

6 S
Qovi = _g(_5(Ai+1 + Aire +5)) + 5

- 6(AZ‘+1 + Ai+6) - S

So, if i = 6, then @ = 6(A7; + A;) — 5.
Now we shall consider the case where GCD(k,n) > 1. The following theorem
is easy to prove.

Theorem 4. Let A, ... A, be a polygon in R? and let k be an integer such that
1<k<nand GCD(k,n) =d > 1. Then only one of the following two assertions
18 true:

(i) There is no k-outscribed polygon to the polygon A ... A,
(ii) There are infinitely many k-outscribed polygons to the polygon A; ... A,.
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The second appears only if

Ar+ A + Ao + -+ Apg—
=Ag + Apgp + Asyop + -+ Aoy a1k (Ex)
k

=Ag+ Agpr + Adgror + -+ Adr 1)
where T is the least positive integer which is a solution of the equation
kx = 0 (modn). (2.28)

In other words, the relations given by (Ey) (existence for k-outscribed) are neces-
sary and sufficient conditions for existence. In particular, if GCD(k,n) = 2, then
(E)) can be written as y . ,(—1)A; = 0.

Proof. First let us remark that the relations (conditions) (Ej) express that the
center of gravity of the vertices

Ai7 Ai-i—ka Ai+2k;> R Ai+(§371)k
is the same for each 1 = 1,...,d. Alike it is easy to see that this center is also the

center of gravity of the vertices Ay, As, ..., A,. Namely, if ¢ is such that

Ai + Aje + Aior + - + A g—1)k
T

=c, 1=1,...,d

then
n 1 n
ZTed = A; or c=— A;,  since zd = n.
To prove Theorem 4 we shall first consider one example, say, that where n = 15
and k£ = 6. In this case we have

Pi+ P+ Ps+ P+ Ps + P = 64,
P+ Ps+ Py + Pio+ Py + Pio =647,
Pis+ Piy+ Pis+ Pr+ P+ Py = 6453,
Py+ Ps + Ps + Pr 4+ Py + Py = 6 Ay,

Py + Py + Pia + Pis + Py + P15 = 640,

Py+ - Pr = 6A,, Py+---+ Pg =043
Py+ -+ Py = 6Aq, Py+ -+ Py =649
P+ ---Py=6A, Pis+ -+ Ps=06A;
P+ - Pig=6As;, Ps+ -+ P =646
Py +--- P =64, P+ -+ P, =064,

Since 2(Py + - -+ 4+ Py5) = 25, where S = A; + -+ + Ays, it holds

25 =6(A; + Ar + Ajs + Ay + Ayg)
=06(As + Ag+ Ajs + A5 + An)
=6(A3+ Ag + A5 + Ag + Aia).
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The above relations can be written as

Ap+ Avye + Arroe + Aryse + Airg-1)6
= Ay + Asye + Asgae + Aogse + Ao a1 (Es)
= As + Ase + Azyo6 + Asize + Asia—1)6-

since = 5 is the least positive integer such that 6z = 0 (mod 15).
From this it is clear that the system

B+-P7,+1++-PZ+5:6A17 Z:1a715

has a solution if and only if holds (Es).
In the same way can be seen that the system

Pi+ P+ +Ppa=kA, i=1,....n

where GCD(k,n) = d > 1, has a solution if and only if holds (E})). Here instead
of the equations stated in example where n = 15 and k = 6, we have the equations

k 2k kz
Y Pi=kA, Y Pi=kAiy, .., Y, Pi=kAueax ()
i=1 i=1+k i=1+(2—1)k
e . .
> Pi=kAy, > Pi=kAuk,.... Y. Pi=kAgen ()
i=d i=d+k i=d+(2—1)k

where o = 7 is the least positive integer such that kz = 0(mod n).
In this connection let us remark that from the first & equations given by (i),
by adding up, follows

k
ES = k(A1 + A + Ao+ + Ao,

where S = Ay + ---+ A,. Also let us remark that from Sn = k% follows that

r—=n

Cdoncerning term 55 on the left-hand side of the above equation let us remark
that sn = kz.

Thus, supposing that holds (E}), it remains to prove that matrix of the system
has rank equal n — d+ 1. First about the matrix of the system where n = 15 and
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k = 6, that is, about the matrix

— = = = = O O O O O 00 O o O =
_ = == O O O O O O O O O = =
_ = = O O O O OO O o o o = = =
= O O O O O o o o o = = = =
_ O O O O O O O O O = = = = =

S O OO OO =IO O

O O O OO O == O O O
O O O O O = == O O O
O O O O B Rk B =B B OO o o o
o O O~ B B B R R O 0O o0 o o o
O O R B = = R RO OO OO oo o o o
O = R = e RO O OO OO oo o o o
—_ = =R = = RO O O 0O 0O OO o o o

S O O O O O O O O K
S O O O O O O O FH = = = = O

o
o

Consider the 15 lines in K as vectors x;. We have
xy = (1111110...0),..., 215 = (111110...01).

{z;} is linear dependent if

15 15
D Ximp=0with > A7 >0. (R)
=1 =1
There is
$1+$7+I13+l‘4+[[’10 = (111)
To+2Tg+T1g + 5+ T = (111) (229)
T3+ Tg+ Ti5 + Tg + T12 = (111)
Choose
/\1:)\7:)\13:)\4:)\10
)\2:)\8:)\14:)\5:)\11
)\3 = /\9 = )\15 - )\6 = /\12-
Then

15
Z)\,L:Z(/\l—i—)\g—i—)\;;)(ll1):0f0r )\3:—)\1—)\2.

i=1

Thus, there exist at least two parameters Aj, Ag for (R). From this it is clear that
the rank of K is <15 —2=13.
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On the other hand there is
13

Z)\l.TZ:O:}/\l:)\Q::)\lg,:O

=1

Therefore, the rank of K is exactly 13.
The general proof is completely analogous to the proof where n = 15 and
k = 6. Instead of the equations given by (2.29) we have the equations

T+ Tk + Tigop + -+ Trpaone = (11...1),
Ty + Toyk + Togor + -+ Top_e = (11...1),

(2.30)
Tq -+ Td+k —+ Td+-2k + -+ Id+(j;_1)k = (11 C 1)
Let A1, ..., A, be chosen such that
)\1 = >\1+k = /\1+2k == )\1+(£—1)k
Ad = Adyk = Adgor = 0 = A (a- 1)k
Then
D dmi= =M+ A+ X)L 1) =0 for Ag= =X — -+ — Ay,
i=1
This means that there exist at least d — 1 parameters A, ..., A\;_1 such that

D Ximp=0with > A7 > 0.
i=1 i=1
Thus, if the matrix of the system is denoted by L, it holds

rank of L <n —d+ 1.

On the other hand there is

Z)\ixi:0:>>\1:)\2:"':)\n—d+l:0-

i=1

Therefore the rank of L is exactly n —d+ 1. This completes the proof of Theorem
4. O

Corollary 4.1. If matriz of the system
P—Pir=k(A — A1), i=1,....n (2.31)
has rank r, then matriz of the system
P,— Py =(n—k)(A —A441), i=1,....n (2.32)

has also rank r.
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Proof. 1t holds GCD(k,n) = GCD(n — k,n). O

In this connection let us remark that, if M is matrix of the system (2.31), then
MT is matrix of the system (2.32).

Theorem 5. Let A;... A, be a polygon in R? and let k be an integer such that
1 <k<nand GCD(k,n) =d > 1. Then the following two assertions are valid:
(i) The condition for being k-outscribed polygon to the polygon A; ... A, is the
same as the condition for being (n — k)-outscribed polygon to the polygon
Al . A,
(ii) For every polygon Py ...P, which is k-outscribed to the polygon A ...A,
there exists the (n — k)-outscribed polygon Q1 .. .Q, to the polygon A; ... A,
which 1s similar to the polygon P ... P, and it holds

/"L_
k

2
area of Q1 ...Q, = < k) area of Py ... P,. (2.33)

Proof. To prove (i), we shall first, for simplicity writing, consider one example,
say, that considered in Theorem 4, where n = 15, k = 6. In this case we have
found that the condition for being 6-outscribed polygon to the polygon A; ... Ay
is given by

A+ A7+ A3+ Ay + Ay =As+As+ A+ As+ Ay = As+ Ag+ Ais + A + Aso.
(2.34)
Now from Theorem 4 and from

Q1+ Q2+ Q3+ Qs+ Qs+ Qs+ Q7+ Qs+ Qo =94,

Qo+ Qu+ Q2+ Q13+ Quu+ Q15+ Q1 + Q2+ Q3 = 94y

Qs+ Qs+ Qs+ Q7+ Qs+ Qo + Qro + Qi1 + Q12 = 944 (2.35)
Qs+ Qu+tQis+0Q1+0Q2+ Q3+ Qs+ Qs+ Qs =9A13

Q7+ Qs+ Qo + Qo+ Qu1 + Qu2 + Q13 + Q1a + Q15 = 947

Q2+ -+ + Qi = 94y, Qs+ -+ Qu =943
Qi+ +Qs=9A1, Quz+ -+ Qs =94
Qs+ + Q13 = 94s, Qe+ + Qe = 9As
Qua+ -+ Q7 =944, Q15+ + Qg =945
Qs + -+ Q1 =94, Qo+ +Q2=9Ag

we see that the condition for being 9-outscribed polygon to the polygon A; ... A5
is the same as that for being 6-outscribed polygon to the polygon A; ... A;s.
Here it is important to see that T = 5 is the least positive integer which is a
solution of the equation
62 = 0 (mod15) (2.36)

and that also T = 5 is the least positive integer which is a solution of the equation

92 = 0 (mod15). (2.37)
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In this connection let us remark that, for example, the first of the five equations
given by (2.35) begins with ); and the fifth ends with Q5. Similar holds when
instead of ()1 there is (05 or (3.

Also let us remark that fori =1,2,3and T —1=4, k=6, n—k =9 it holds

{A’i7 Ai-i—k‘v Ai+2k7 Ai+3k;7 Ai+4k}
= {Ai, Aipn—i, Aivatn—r), Aivsn—i)s Aivam—ry }  (2.38)

or

{i7i+kai+2kai+3kai+4k}mod 15
={iyi+n—Fki+2n—=Fk),i+3n—Fk),i+4(n —k)}mod 15

since

i+k=1i+4(n—k) (mod 15),
i+2k=1i+3(n—k) (mod 15),
i+3k=1i+2(n—k) (mod 15),
i+4k =i+ n—k (mod 15).

Namely it holds
5k = jn (mod 15), j=4,3,2,1.

In this connection let us remark that each of the integers k, 2k, 3k, 4k (mod 15)
is less then 15 since T = 5 is the least positive integer which is a solution of the
equation (2.36).

It is not difficult to see that analogously holds generally for the case when
GCD(k,n) =d > 1. Instead of equations (2.36) and (2.37) we have equations

kx =0 (mod n), (n —k)z =0 (mod n) (2.39)

n

with property that Z = % is the least positive integer such that hold both of
the equations (2.39). Also let us remark that instead of relation (2.38) we have
relation

{A’L'7 A’i+k7 s 7Ai+(§t—1)k} = {AM AH’TL*]% s 7Ai+(f—1)(n—k)}7

where i =1,...,d.
Thus assertion (i) is proved.

To prove (ii) let P; ... P, be any given polygon which is k-outscribed to the poly-
gon A;... A, and let ),,_r.; be given by
n—k S

Pi R

PR

as in Theorem 3 where GCD(k,n) = 1. In the same way as in Theorem 3 can be
shown that

ankJri = -

1=1,...,n

n—Fk

Z Qn—k+i = (n - k)An—k+1~

=1
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Also in the same way as in Theorem 3 we have
|Qn—k+1 + Qn—k-i—?a cee 7Qn—k+n + Qn—k+1|

n—=k 25 n—=k 25
k(1+2)+k, , k(n+1)+k|

n—k\?
= ’ |Py+ Py, ..., P, + P,

which according to (1.5) can be written as

n—=k
k

This completes the proof of Theorem 5. U

2
|Q1+Q27'-'aQn+Ql|:< ) |P1+P27--'7Pn+P1|~

Corollary 5.1. Let P, ... P, be any given polygon which is k-outscribed to the
polygon Ay ... A,. Then there exists unique (n — k)-outscribed polygon Q1 ...Q,
to the polygon A, ... A, such that

n—=k

anH:—TPiJr%, i=1,...,n.

Such two polygons, Py ... P, and Q1 ...Q,, can be called conjugate polygons. They
are similar.

Corollary 5.2. Let by P, ... P, be denoted the k-outscribed polygon to the polygon
Ay ... A, with property that it can be k-outscribed, and let by Q1 . ..Q, be denoted
the (n — k)-outscribed polygon to the polygon A; ... A, with the property that it
can be (n — k)-outscribed. Then polygons Py ... P, and Q;...Q, are conjugate,
that is, from

ankJri = -

,i=1,...,n

n—=k- S
P’i _
T

follows Qn—tri = Qn_isi, i =1,...,n.

Proof. From

= - = | n—-k- S
EHIED SEE F= R
i=1 i=1

follows > (—1)'Q; = 0. Thus, Q1 ...Q, is polygon which is (n — k)-outscribed
to the polygon A; ... A, and has the property that it can be (n — k)-outscribed.
Such polygon is unique, since equation o (=1)'Q; = 0 completely determines

Ql- ThUS,Ql...Qn:Ql...Qn. Ol

Theorem 6. Let A;... A, be a polygon in R?, where n is even, and let k be a
positive integer such that k < n and GCD(k,n) = 2. Then every polygon which
is k-outscribed to the polygon Ay ... A, has the same area. In other words, for

every two polygons Py ... P, and Py ... P, which are k-outscribed to the polygon
Ay .. A, it holds

|P1+P2,...,PH+P1’:‘pl—i—p%...,pn—f—pl’. (240)
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Proof. We suppose that (E},) is fulfilled, that is, > .~ (—1)?A; = 0. The system

=1
-P7§+Pi+1+"'+Pi+k—1:kAiaZ.Zla"wn (241)

can be written as
P, — P =k(A; —Aiq), i=1,...,n. (2.42)

It is easy to see that from the above equations follows
n
"2

P2+ki:P2+52+ki7i=1>27---7%—1 (2.44)

Piyri=P + Siyni, 1=1,2,..., - =1, (2.43)

where S1,x; and Sy, ; are sums of certain vertices A; ... A,.
For example, if n = 10 and k£ = 6, then

P7:P1+6 P1—6<A1 Ag)

Ps = P19 =Pr —6(A7; — Ag) = PL — 6(A; — Ay + A7 — Ay),
Py=P1gs =P —6(A;3 — Ay) =P —6(A — Ay + Ay — Ag + A3 — Ay),
Ps = P1+24—P1+6(A5 Ag)

where Sl+6 = —6(A1 — AQ), Sl+12 = —6(A1 — AQ + A7 — Ag) and so on.
Analogously holds for Ss,¢;. Here we have

{p2+67 P2+127 P2+187 P2+24} = {P87 P47 P107 Pﬁ}

Since in the case when GCD(k,n) = 2, the integer & must be even. Thus, both
of the indices ¢ and ¢ + 1 in P; + P;;; are odd or both even. Therefore in the
expression of each of Ps, Ps, ..., P,_1 appears P, and in the expression of each of
Py, Fs, ..., P, appears P, so that determinant

|Py+ Py, Py + Ps,..., P, + P
can be written as
|\PL+ Py, P+ P+ Ky,..., P+ Po+ K, 1], (2.45)

where each K; is expressed by Aj,..., A, and also P + P, are expressed by
A, A
Of course, that above determinant is a constant can also be seen using property
(1.5). Namely, since >.1 .(=1)"(P, + P;+1) = 0, the above determinant can be
written as
O, Ky, ..., K1 or |Ky,...,K, 1| (2.46)

This proves Theorem 6. U

Corollary 6.1. Let Ay... A, and k be as in Theorem 6. Then all the polygons
which are (n — k)-outscribed to the polygon A; ... A, have the same area.
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The proof is quite analogous to the proof of Theorem 6.

Of course, that Corollary 6.1 is valid can also be concluded from the fact
that for every k-outscribed polygon P; ... P, to the polygon A; ... A, there exists
(n — k)-outscribed polygon Q) ... @, to the polygon A; ... A, which is similar to
the polygon P; ... P,.

Here let us remark that it is not always easy to express corresponding de-
terminants in the most simple form for every k. The case when k = 4 may be
interesting and it will be considered in the following theorem.

Theorem 7. Let k = 4 and A, ... A, be a polygon in R* where GCD(k,n) =
2 and Y7 (=1)'A; = 0. Then for every 4-outscribed polygon Pi...P, to the
polygon A; ... A, it holds

Pi + Pi—i—l = Q(AZ — AH_Q + Ai+4 — -t Ai+n—2)7 1= 1, oo n. (247)
Proof. 'We have to prove that
Pi+ P+ Pa+ Pg=44;, i1=1,...,n. (2.48)

Since GCD(k,n) = 2, P, can be arbitrary. Let P, ..., P, be given (inductively)
by

})H-l = —R + 2<Az — Ai+2 + Ai+4 — e —f- AH_n_Q), Z = 1, oo, — ]_ (249)
It is easy to see that from
P+ Py = 2(A; — Ao + Aipa — -+ + Aipn2),
Pio+ Pis=2(Aiyo — Aija + - — Aipn—a + Aiyorn_2)

by adding up, we get P, + Pi.1 + P;1o + P,y 3 = 4A;. This also can be proved in
the following way.

The equation P, + P, + 2?13 P4 +> " P =>" A can be written
as

Pi+Py=> A —4(A3+ A7+ + A, _s)

i=1

or, since > » A =2(A1+As+- -+ A1) =24+ Ag+ -+ Ap),
P+P=2A — A3+ A5 — A7+ — Ay 3+ A q).
In the same way can be seen that holds (2.47). This proves Theorem 7. O
Corollary 7.1. [t holds
2 area of Py ... P, =16|By,...,B,|, (2.50)

where
Bi=Aiyo+ Aige + Aiqrio+ -+ Aigny, 1=1,...,n. (2.51)

(Of course, the property given by (1.4) is used.)
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Proof. The sum P; + P;;; can also be written as
P4+ P =2T —4(Ajjo + Aivs + Aiyro+ -+ Aigna), i=1,...,n
WhereT:A1+A3—|—A5+~~+An,1:A2+A4—|—A6+~~~+An. D

Corollary 7.2. Let Q1...Q, be an (n — 4)-outscribed polygon to the polygon
Ay...A,. Then

2 area of Q1...Q, = (n—4)%By, ..., B, (2.52)
where By, ..., B, are given by (2.51).
Proof. According to Theorem 3 and Theorem 6 it holds
n—4 S

-Pi R
4 +4

1=1,...,n.

Qn—4+i - -

From (2.47) follows

Py =—-P + I,
Py =P — F + F5,
P4:—P1+F1—F2+F3,

and so on,

where Fi,..., F, are expressions which depend only of Ay,..., A, and can be
written as

Fi=2T —4(Ajjo + Aijs + Ao+ -+ Aigna), 1 =1,...,n
where T = A; + A3+ As+ -+ A, 1= Ay + Ay + Ag + -+ A,,.

Since
n—4 S
n— - — P T
Qn—a11 1 1+ 1
n—4 S
n— - - —P, F )
Qn—142 1 (=P + Fy) + 1
n—4 S
Qn-1+3 = — 1 (P _F1+F2>+Z’
and so on,
it holds
n—4 S
Qn-as1+ Qn_sq2 = — Fy + 2
n—4 S
Qn—ay2 + Qn_sy3 = — Fy + DX
and so on.
Using properties given by (1.5) and (1.8) we get (2.52). O

In the following theorem will be considered one more case when it is relatively
easy to express corresponding determinants in a simple form.
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Theorem 8. Let A; ... A, be a polygon in R?* with property that > (—1)'A; =0
and let k = 5 — 1, where n is diwisible by 2 but not by 4. Then for every polygon
Py ... P, which is k-outscribed to the polygon Ay ... A, it holds

2 area of P, ... P, = K*|CY,...,Chl, (2.53)

where

Proof.  First it is clear that GCD(n,4 — 1) = 2 since n is even integer but not
divisible by 4. So we can write

Pl+P2+(P3+"'+P3+k—1)+(P3+k+"’+P3+2k—1):ZAi
i=1

or

Py + Py =S — k(A3 + Asyi), where S =Y A;.
=1

In the same way can be seen that
P+ P =8 —k(Aigo + Aiporr), i=1,...,n.
Thus, according to the properties (1.3) and (1.8) we have

areaof P,... P, = |A3—|—A3+k,...,A1—{—A1+k,A2—|—A2+k|
- |A1+A1+k7”'7An+An+k|‘
This proves Theorem 8. U

Here may be interesting that for each k =2,4,...,2 — 1,5 +1,...,n — 2 we get
relatively simple expressions for P, + P, 1. For example, let n = 14. If k = 2, then

14
P1+P2—|—(P3—|—P4>+"'+(P13+P14):S, WhereS:ZAi,

=1

from which follows
P+P = S—2(A3+ A5+ -+ A3)

14
= 241+ ) (—1)'A; =24,
=1

Thus, in this case
areaofPl...PM:4|A1,...,A14|.

If k=4, then P+ Pij1 =S — 4(Aiva + Aiyara + Aijays), 1=1,..., 14,
If £k = 6, then B + Pi+1 =95 - 6(Ai+2 + Ai+2+6)7 1= 1, ceey 14.
In the case when k = 8,10, 12 holds Theorem 5.
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Theorem 9. Let j, k, n be positive integers such that
n=jk+2 and GCD(k,n) = 2.

Let Ay ... A, be a polygon in R? which can be k-outscribed, that isy . (—1)"A; =
0. Then for every k-outscribed polygon P; ... P, to the polygon Ay ... A, it holds

area of P ... P, = K*|By, ..., By,
where By = Aj + A+ + Aigoop, 1=1,...,n.

Proof. The equality

2+k 242k 2+jk
P+P+Y P+ ) P4+ Y PB=5,
=3 i=3+k i=3+(j—1)k

where S =>"" | A;, can be written as
Pi+P,=8—k(As+ A+ -+ Asy(j—1))-
In the same way can be seen that
P+ P =5 —k(Aipa+ Aipoyie + -+ Aoy j-pe), 1 =1,...,n.

In the expression for area of P ... P, the properties (1.4) and (1.7) are used. This
proves Theorem 9. U
It is easy to see that analogously holds in the case when there are positive integers

ai,...,a; and by, ..., b; such that

n = alk‘ + bl,
n = a2b1 + bg,

n = ajbj + bjy,
where b;;1 = 2. For example, if n = 22, k = 6 then can be written

22 =36+ 4,
22 =5-4+2.

Concerning areas of the polygon in R? in connection with g-determinant, the
following theorem can be interesting.

Theorem 10. Let Ay,..., A, be any given real 2 X n matriz. Then

|A1, ...  Anl = AL, Ao, A + |Ap — Ag + Az, Ay, As|+
|Ay — Ag + A3 — Ay + A5, A, A7| + - + L, (2.55)
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where
n—2
L= (1) Ay, Ay, An| if o is odd, (2.56)
i=1
n—1
L= |Z(—1)i+1Ai,An| if n is even. (2.57)
i=1
Proof. The proof follows directly from definition of g-determinant of 2 x n matrix
[Ay, ..., A,]. Namely, it is easy to see that relation (2.55) can be written as
’Alv e 7An| = Z (_1)1+2+j1+j2|Aj17Aj2|' (258)
1<j1<j2<n

(See relation (1.1).)
So, for example, if n = 5 then

|Ay, .. As| = |Ay, Ay, As| + |A) — Ag + As, Ay, As|
= |Ay, Ag| — Ay, Ag| + |Ag, Az| + Ay, Ag| + Ay, A5
—|Az, Ay| = [Ag, As| + |Asz, Al + [As, As| + |Ag, As].
Here let us remark that in (2.58) instead of (—1)'"2%712 can be written
(_1)1-&-]'1-&-]'2.
In the case when n is odd, then in the sum on the right-hand side of (2.55)

there are "T_l determinants whose type is 2 x 3. If n is even then there are 7 such
determinants or 5% in the case when > | (—1)’4; = 0, namely, then L given by

(2.57) is zero. O
Corollary 10.1. If n is even and Y ;. (—1)'4; =0, then

|Ay, o Al = A, Anal (2.59)
Proof. In this case the term L is zero. (Cf. with (1.6).) 0

Corollary 10.2. If n is even and Y, ,(—1)"A; = 0 then for every 2-outscribed
polygon P ... P, to the polygon Ay ... A, it holds

area Of P1 Ce Pn = 2(‘A1,A2,A3| + |Sl,A4,A5‘ + -+ ‘SuwAn—QyAn—lD

or
area of Py ... P, = 2(area of parallelogram A;AsA3S;+
area of parallelogram S1A4A5S + - - -+
area of parallelogram Sy A, _2A,—15y),
where

3 5
Sl = Z(_l)i+1Ai7 SQ = Z(_l)i+1Ai7 SRR
=1 =1
n—3
Su=Y (~1)"4;, S, = A,

=1
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Proof.  Since by Theorem 1 in [2] it holds
2areaof P,...P,=|Pi+ P»,..., P, + Py,
and Py, ..., P, are such that P, + P,y ; = 2A;, i = 1,...,n we can write
2 area of Py... P, =|2A1,2A4,,...,24,|

or
area of Py... P, =2|A;, As, ..., Ayl (2.60)

In this connection let us remark that, for example, |A;, A, A3| = area of parallelo-
gram A; Ay A3S; since by (2.60) it holds

1
|Aq, AgAs| = 5 area of 2-outscribed triangle to the triangle A; AsAs.

As an illustration can be seen Figure 1, where P, ... Py is a 2-outscribed to the
hexagon A; ... Ag. In this case it holds

area of P; ... Ps = 2(area of parallelogram A; A3 A3S;+
area of parallelogram S; A4 A5Ag).

Figure 1

U

Corollary 10.3. If n is even and Y (—1)"A; = 0, then for every 2-outscribed
polygon Py ... P, to the polygon A;...A, and for (unique) 2-outscribed polygon
Q1...Qn,_1 to the polygon Ay ... A,_1 it holds

area of Py ... P, = area of Q1 ...Qn_1.
Proof. Since Q; + Q11 =2A;, i=1,...,n—1, by Theorem 1 in [2] it holds

area of Q1...Qn_1 = 2|A1,... A,_1].
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In this connection let us remark that Q; = A,,, that is, it holds

n—1

Ql _ Z(_1>Z+1Az

=1

Geometrical illustration for n = 6 can be seen in Figure 2.

Figure 2

Here let us remark that also in the case when GCD(k,n) = 2 and k > 2, using
Theorem 10, can be obtained interesting relations. U

Till now we have dealt with areas of the k-outscribed n-gons in R? where
GCD(k,n) = 2. Now the following question arises: What is the situation with
areas of the k-outscribed n-gons in the case where GC'D(k,n) > 2?7 The following
theorem gives answer to the question and, as will be seen, can be very interesting.

Theorem 11. Let A, ... A, be a polygon in R? and let k be an integer such that
1 <k <n, GCD(k,n) = d > 2 and that holds (Ey). Then the k-outscribed
polygons to the polygon Ai ... A, have different areas.

Proof.  For simplicity writing and complete analogy let n = 3r, where r >
1 is an integer, and let k = 3. Then GCD(k,n) = 3. In this case we have
equalities(conditions)

A+ A+ A7+ -+ Agp 2 =L
Ay +As +Ag+ -+ A3 1 =1L (Es)
A3+A6+A9+"'+A3TZL

where L = %Zf’;l A;. Since k = 3 we have the equations

P+ P, + P = 34,

Py + Py + Py = 34, (D)
3

P, + P+ P, = 3A5,
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from which follows
Pl—P4:3<A1—A2)
PQ—P5:3(A2—A3)
P3r72 - Pl = 3<A3r72 - A3r71)
Py — Py =3(As_1 — As,)
Py — Py = 3(Ag—4,)-

Now using the above equations, we can write

Py

P, =P —3(4; — A)

Pr = Py —3(Ay — As) = P — 3(A1 — As) — 3(As — 45)

Pio = P = 3(A7 — Ag) = P = 3(A1 — Az) = 3(As — A5) — 3(A7 — As)

Py o =Py, 5 —3(Ag,—5 — A3p—q) = PL —3(A1 — Ag) — -+ — 3(As,—5 — Asr—4)

Py

Ps = P, — 3(Ay — A3)

Py = P; — 3(As — Ag) = P, — 3(Ay — A3) — 3(As5 — Ag)

Py =Py —3(As — Ag) = P, — 3(Ay — A3) — 3(A5 — Ag) — 3(As — Ay)

P3r71 = P37'74 - 3(1437“74 - A3r73> = P2 - 3(142 - A3) — 3(1437“74 - A3r73>

Py

Ps = Py — 3(A; — Ay)

Py = Py —3(Ag — A7) = Py — 3(As — A4) = 3(As — A7)

Pry = Py — 3(Ag — A1o) = P3 — 3(A3 — As) — 3(Ag — A7) — 3(Ag — Ayo)

P, = P33 — 3(Agp—3 — Asp—2) = P3 — 3(As — Ay) — -+ — 3(Aszr—3 — As,_2).
Since P, + P, + P3; = 3A; follows

Py = —P, — P, + 34,

Py = —P, — Py + 34, — 3(4; — Ay

Py = P5— 3(Ag — A7) = —Py — Py + 3A; — 3(A3 — Ay) — 3(Ag — Ar)

Pro=Py — 3(Ag—Ayy) =—P, — Py + 34, — 3(As— Ay) — 3(Ag— A7) — 3(Ag— Ayo)

P3T = —P1 - P2 + 3141 - 3(143 — A4) — 3(A6 — A7) — = 3(A3T_3 — A37«_2).
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From the above relations it is clear that the set P®) of 3-outscribed polygons to
the polygon A = A; ... A, is 4-parametric with the parameters P, = (A1, k1) and

Py = (Ao, k). Therefore, these polygons have different areas. O
Example 2. Let n = 6.
k=1 PO = A:
9 2925 175 1 0,75 1,25 6 (9 P
1 1,75 2,25 2 1,25 0,75 2t Ai = (9) areay
(Es) is fulfilled.
=3: PO:

Al Ay 6= =Xy 0,754+ X —=1,54+X 3,75—X1 — X\
K1 Ko 3—Ki—ko 2,204k 1,9+ Ko 2,25 — K1 — Ko
2-area : 6Ajkg — 6ok — 4, DA + 2,25 0 + 13,5k1 — 6, 7Bks + 6,75
Special case 1: A\ = 1,25; \s = 2; k1 = 0,5; ko = 0,5:
1,25 2 2,75 2 0,5 0,5 27 9

27T _ 9 3
0,5 0,5 2 275 2 1,25 area:iy =5 = 3,375
Special case 2: A\ =1,2; Ay =2; k1 =0,5; ko =0, 5:
1,2 2 2,8 1,95 0,5 0,55 973

0,5 0,5 2 2,75 2 1,25 area: 22 = 3,4125

Case 1 Case 2

Figure 3

Center of
gravity
o
k=3
Case 1, Case 2

Figure 4

Now in the end of the article it can be said the following.
1. The k-outscribed polygons can be constructed and calculated not only in
the case when GCD(k,n) < 2 but also in the case when GCD(k,n) > 2.
Of course, in both cases the condition (£j) must be fulfilled.
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2. The solution is 2(d — 1) parametric. For example, Py, ..., P; 1 can be arbi-
trary.

3. In the case when d > 2, the areas of k-outscribed polygons are different.
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