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Abstract. Let d be a fixed integer, 0 < d < 2, and let K be a family
of simply connected sets in the plane. For every countable subfamily
{K,, : n > 1} of K, assume that N{K,, : n > 1} is starshaped via
staircase paths and that its staircase kernel contains a convex set of
dimension at least d. Then N{K : K in X} has these properties as well.
For the finite case, define function f on {0,1} by f(0) = 3, f(1) = 4.
Let X = {K; : 1 < i < n} be a finite family of compact sets in the
plane, each having connected complement. For d fixed, de{0,1}, and
for every f(d) members of K, assume that the corresponding intersection
is starshaped via staircase paths and that its staircase kernel contains
a convex set of dimension at least d. Then N{K; : 1 <i < n} has these
properties, also. There is no analogous Helly number for the case in
which d = 2.

Each of the results above is best possible.
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1. Introduction

We begin with some definitions from [2] and [4]-[6]. Let S be a nonempty set in the
plane. Set S is called an orthogonal polygon if and only if S is a connected union
of finitely many convex polygons (possibly degenerate) whose edges are parallel
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to the coordinate axes. Set S is horizontally conver if and only if for each pair z, y
in S with [z, y] horizontal, it follows that [x,y] C S. Vertically convez is defined
analogously. Set S is orthogonally convex if and only if S is both horizontally and
vertically convex.

Let A be a simple polygonal path in the plane whose edges [v;—1,v;],1 < i < n,
are parallel to the coordinate axes. Path \ is a staircase path if and only if the
associated vectors alternate in direction. That is, for an appropriate labeling, for
7 odd the vectors m have the same horizontal direction, and for ¢ even the
vectors m have the same vertical direction. Edge [v;_1,v;] will be called north,
south, east, or west according to the direction of vector Vi1 0, Similarly, we use
the terms north, south, east, west, northeast, northwest, southeast, southwest to
describe the relative position of points. For n > 1, if the staircase path X is a
union of at most n edges, then A is called a staircase n-path.

Let S C R2. For points x and y in set S, we say x sees y (z is visible from y)
via staircase paths if and only if there is a staircase path in .S that contains both
x and y. Set S is called convez via staircase paths (staircase convex) if and only if
for every x,y in S,z sees y via staircase paths. Similarly, set S is starshaped via
staircase paths (staircase starshaped) if and only if for some point p in S, p sees
each point of S via staircase paths. The set of all such points p is the staircase
kernel of S, denoted KerS. Observe that a staircase starshaped set cannot be
empty.

A familiar theorem by Victor Klee [13] establishes the following Helly-type
theorem for countable intersections of convex sets: Let € be a family of convex
sets in R%. If every countable subfamily of € has nonempty intersection, then
N{C : C'inC} is nonempty as well. Moreover, results in [3] provide the following
analogue of Klee’s theorem for sets that are starshaped via segments: Let k£ and d
be fixed integers, 0 < k < d, and let K be a family of sets in R?, if every countable
subfamily of KX has as its intersection a starshaped set whose kernel is at least
k-dimensional, then all members of X have such an intersection.

Many theorems in convexity that involve the more conventional notion of
visibility via straight line segments have interesting analogues that employ the
idea of visibility via staircase paths. (See [2], [4]-][6].) Thus it is reasonable
to pursue staircase versions of the results above, and we establish a staircase
analogue for infinite families of simply connected sets in the plane. Further, we
settle a question on the existence of related Helly numbers for finite families of
compact planar sets, each having connected complement.

Throughout the paper, we will use the following terminology and notation.
We say that a planar set S is simply connected if and only if for every simple
closed curve § C S, the bounded region determined by ¢ lies in S. If A is a simple
path containing points x and y, then A(x,y) will denote the subpath of A from x
to y (ordered from z to y). For any set S, int S will denote its interior. Readers
may refer to Valentine [15], to Lay [14], to Danzer, Griinbaum, Klee [8], and to
Eckhoff [9] for discussions concerning Helly-type theorems, visibility via straight
line segments, and starshaped sets.
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2. Results for infinite intersections
We begin with two easy propositions.

Proposition 1. Let K be any family of sets in R?. If every countable intersection
of members of K has a nonempty interior, then N{K : K inXK} has a nonempty
interior as well.

Proof. We use a contrapositive argument. Let N = {N; : j = 1,2, ...} denote the
countable family of spherical neighborhoods having rational centers and rational
radii in RY. If N"{K : KinX} has empty interior, then for every N; in N there is
an associated K in X not containing N;. Hence N{K; : j =1,2,...} contains no
spherical neighborhood at all and therefore has empty interior. The contrapositive
statement establishes the result.

Observe that an analogous result holds in any second countable topological space.

Proposition 2. Assume that K is a simply connected set in the plane and int K =
¢. If K is starshaped via staircase paths, then for each pair of distinct points x,y
i K there is a unique simple path \ in K joining x to y. Moreover, \ is either
a staircase path or a union of two staircase paths.

Proof. Let qe Ker K. Then K contains staircase paths p,(q, ), pt,(¢,y) joining
q to x,q to y, respectively, and ordered from ¢ to x, from ¢ to y. Let z denote
the last point shared by p,p, relative to this order. Reversing the order on
Py A = fz(2, 2) U iy (2, y) is a simple  — y path in K. By our hypotheses for K,
clearly A is unique (up to order), and X satisfies the proposition.

The following lemma will be helpful.

Lemma 1. Let X be a family of simply connected sets in the plane, and let p,se N
{K : KinX}. Let n be a fized integer, n > 1. If every countable intersection of
members of K contains a staircase n-path from p to s, then N{K : K in X}
contains such a path as well.

Proof. To establish the result, we use induction on n. If n = 1, the result is
immediate. If n = 2, just two distinct staircase 2-paths from p to s exist, so clearly
one of these lies in N{K : KinX}. Inductively, assume that the result is true
for natural members 7,2 < j < k, to prove for k. For convenience, assume that
s is strictly northeast of p. Let J denote the family of all countable intersections
of members of K. Then J satisfies our hypotheses, too. Moreover, for at least
one direction north or east, say east, every countable intersection of members of
d contains a staircase k-path from p to s whose first (nontrivial) segment is east.
For each J in J, there is in J an associated family of staircase k-paths A from p
to s having first segment east. To each A in our family let [p,t,],tx # p, be the
corresponding first segment, and let T'; denote the collection of points ¢. An easy
geometric argument shows that 77 is convex. (Of course, p ¢ T.)
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Using our comments above, every countable subfamily of {7y : Jing} has
a nonempty intersection, so by Klee’s theorem [13], N{T; : Jing} # ¢. Select
toe N{T; : Jing}. Then for every J in J, J contains a staircase k-path from
p to s having first segment [p,to]. Thus each J in J, and hence each countable
intersection of members of X, contains a staircase (k — 1)-path from ¢, to s. By
our induction hypothesis, N{K : K in X} contains a staircase (k — 1)-path pu(to, s)
from ty to s, and N{K : K in XK} contains the staircase k-path [p, to] U p(to, s) from
p to s. Therefore, the result holds for £ and by induction holds for every integer
n > 1, finishing the proof.

Corollary. Let X be a family of simply connected sets in the plane, and let
p,se N{K : KinX}. If every countable intersection of members of X contains a
staircase path from p to s, then N{K : K inX} contains such a path as well.

Proof. We use a contrapositive argument. Suppose that N{K : KinX} contains
no staircase path from p to s. Then for every integer n > 1,N{K : KinX}
contains no staircase n-path from p to s. By the lemma, there exists a countable
subfamily X,, of X for which N{K : KinX,} contains no staircase n-path from
p to s. Then N{K : Kin someX,,n > 1} is a countable intersection of members
of X containing no staircase p — s path at all. The contrapositive statement
establishes the corollary.

Theorem 1. Let d be a fixed integer, 0 < d < 2, and let K be a family of simply
connected sets in the plane. For every countable subfamily {K, : n > 1} of X,
assume that N{K, : n > 1} is starshaped via staircase paths and that its staircase
kernel contains a convex set of dimension at least d. Then N{K : K inX} also
is starshaped via staircase paths, and its staircase kernel contains a convex set of
dimension d.

Proof. There are two parts to the proof.

Part 1. In this part of the argument, we will show that N{K : K in X} contains a
convex subset of dimension at least d. If every countable intersection of members
of K has a nonempty interior, then by Proposition 1 N{K : K in X} has nonempty
interior as well, and thus N{K : KinX} contains a convex set of dimension at
least d. Therefore, it suffices to consider the case in which, for some countable
subfamily {K,, : n > 1}of X,G = N{K,, : n > 1} has empty interior. Of course,
this implies that 0 < d < 1. Let qe KerG # ¢. If ¢ is the only point in
G, then d = 0,q belongs to every K in X, and {¢} = N{K : KinX}. Again
N{K : KinX} contains a convex set of dimension d. Thus we assume that G
is nontrivial. For future reference, observe that GG and its staircase starshaped
subsets satisfy Proposition 2.

Without loss of generality, assume that ¢ is the origin, and let @)1, Q2, @3, Q4
denote the standard four closed quadrants of the plane at ¢q. For each 7,1 <17 < 4,
let Ay; denote the set of points in G N Q); district from ¢ and visible from ¢ via a
staircase 1-path (horizontal or vertical segment) in G. If Ay; # ¢, then each of its
points lies in a maximal connected subset s of Ay;, and s is either a segment with
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endpoint ¢ or a ray emanating from q. Define F;; to be the associated collection
of sets s U {q}. If Ay; = ¢, then Ej; = ¢. Finally, define £y} = U{Ey; : 1 <i < 4}.
Since G is nontrivial, F; contains at least one set, and clearly E; contains at most
four distinct sets.

Inductively, for £ > 1 assume that Ej_; is defined. For 1 < i < 4, let
Ay denote the set of points in ); visible from ¢ via a staircase k-path in G
but not via a staircase (k — 1)-path in G. If Ay; # ¢, then each of its points
lies in a maximal connected subset s of Ay;, and s is either a segment or a ray.
Moreover, s has exactly one endpoint x, in a member of Ey_;. Define E;; to be
the associated collection of sets s U {z,}. If Ay; = ¢, then Ey; = ¢. Finally, let
Er = U{E}; : 1 <i < 4}. By induction, Ej is defined for every integer k > 1.
Clearly U{e : ein E}, for some k} = G.

For future reference, notice that for any zeG\{q} and for \(q,z) the asso-
ciated (unique) ¢ — x staircase path in G, each segment of A is a subset of a
corresponding member of U{E), : k > 1}. If A consists of exactly ko segments,
then for 1 < j < ko the jth segment of A lies in a corresponding member of E;.

Let J denote the family of all countable intersections of members of {K NG :
KinX}. Of course, J satisfies our hypotheses. The following propositions will be
useful.

Proposition 3. For some k > 1, let ee By, and let Jed. If points x,y belong to
JNe, then [x,y] C JNe. That is, JNe is convex.

Proof of Proposition 3. Since e is a segment or a ray in G, certainly [z,y] C e.
By Proposition 2, [z, y] is the only simple z — y path in G, hence the only simple
x — y path available to lie in the staircase starshaped subset J. Thus [z,y] C J
as well.

Proposition 4. For some k > 1, let e;, e, € Epy1, and let ee Ey,. Assume that
each set e, e, contains a point of e. Let Jed. If xeJ Ne, and yeJ Ney, then

JNe#op.

Proof of Proposition 4. Set G necessarily contains the simple path from point x
along e, to e, then along e to e,, then along e, to point y. Again using Proposition
2, this path lies in J as well, so J Ne # ¢.

Proposition 5. For some k > 2 and for J e, assume that points x,y of J belong
to distinct members e;, e, of Ey. Then for some e in Ex_1,eNe, NJ # ¢. (A
parallel statement holds for e,.)

Proof of Proposition 5. Let 11,(q, ©), p1,(q, y) denote the staircase paths in G from
q to x,q to y, respectively, and let z be the last point the paths share. By the
argument in Proposition 2, A = p,(z, 2) U 11, (2, y) is the unique simple z — y path
in G, soA C JNG. Of course, by previous comments z belongs to a member of
E; for some 1 < j < k. If j < k, then p,(2, ) will meet a segment or ray from
each set E;, Ejyq,. .., By If p1,(2, ) meets edge e of Ej_;, then the last point of
(2, ) N e satisfies the proposition.
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We will show that this must occur. Suppose on the contrary that z is not on a
member of £ for any j < k—1. Then z is in a member of E}, (only). This implies
that p1,(¢, =) and p,(g,y) share points from a member of £y, from a member of
FEs, ..., from a member of Fj. But then z,z,y must all lie on the same member
of E), contradicting our hypothesis. This finishes the argument and establishes
Proposition 5.

We will prove that N{J : Jing} # ¢ and hence N{K : KinXK} # ¢. There are

two cases to consider.

Case 1. Suppose that for each k£ > 1 there is some J, in J meeting at most
countably many segments and rays from Ej. Then Jy = N{Jy : k > 1} is a
member of J that meets at most countably many members e of U{E}, : k > 1}.
For every such e, JyNe is convex by Proposition 3. Thus Jy is a countable union of
segments and/or rays f, each a maximal convex subset of an associated member
e of U{E) : k > 1}. Label these f sets by {f,, : m > 1}.

We assert that for some myg, every member J of J meets f,,, : Suppose,
on the contrary, that for every m there is some J), with J/, N f,, = ¢. Then
N{JoNJ :m > 1} = ¢, contradicting our hypothesis for countable intersections
of members of K. This proves the assertion.

Therefore, for some mg > 1, every member of J meets f,,,. Since any countable
intersection of members of {J N Jy : Jind} is in J, any such intersection meets
fme- That is, every countable subfamily of {JNJyN f,, : Jind} has a nonempty
intersection in f,,,. Since the sets J N Jy N fi,, are convex, by Klee’s theorem [13]
it follows that N{J N Jy N fin, : Jind} # ¢. Of course, this nonempty intersection
lies in N{K : KinXK},s0 N{K : KinX} # ¢, the desired result. This finished
Case 1.

Case 2. Suppose that for some ky > 1 there is no corresponding Ji, in J meeting
at most countably many segments and rays from Ej,. That is, every J in J meets
uncountably many members of Ej,. Without loss of generality, assume that kg
is as small as possible. Observe that ky > 2 since E; has at most four members.
Then for E;,1 < i < kg—1, there is some J; in J meeting at most countably many
segments and rays from E;.

Fix J in J and consider the set J; N --- N Jg,—1 N J. This member of J
meets uncountably many members of Fj, but just countably many members of
EyU---U Ey,_1. By Proposition 5, if points z,y in J; N --- N Jg,—1 N J belong
to distinct members of Fj, then J; N---N J_1 N J contains points from at least
one member of Ej,_;. Since only countably many members of Ej,_; are available,
points from uncountably many members of Ej, must correspond to the same
member of Fy,_;. That is, uncountably many Ej, members meet the same Fj,_;
member at points of J; N---NJg,—1NJ. We define £(J) to be the collection of all
members e of Ej,_y for which J;N---NJg,—1NJ contains points from uncountably
many members of Ey, along e. Of course, if e £(J), then e N Ji,—1 # ¢.

We assert that some member of Ej,_; belongs to every set €(J): Otherwise,
for every e in Ej_4, there would be an associated J, in J for which e ¢ £(J.). But
then Jo=n{/iN---NJy_1NJ.:ein Ex_1,eN Jy_1 # ¢} would be a countable
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intersection of members of J for which €(Jy) = ¢. Thatis, J1N---NJg—1NJo = Jo
would belong to J yet meet only countably many members of Ej,, contradicting
our choice of ky. Our assertion is established.

Select ege N{E(J) : Jin J} # ¢. For each J in g, define e; = JyN---NJg,—1N
J Neg. By our choice of eg, each set e; contains points from uncountably many
members of Ey,, so e; # ¢. By Proposition 3, ey is convex as well. It is easy to
see that every countable subfamily of {e; : Jing} has a nonempty intersection,
so N{ey : Jind} # ¢ by Klee’s theorem [13]. Since N{e; : Jing} C N{K :
KinX},n{K : KinX} # ¢. Again we have the desired result. This finishes
Case 2.

We conclude that N{K : Kin K} # ¢. Select point p in this intersection. If d = 0,
the argument in Part 1 is finished. If d = 1, then every countable intersection
of members of X is starshaped via staircase paths, is nontrivial, and contains p.
Thus every such intersection contains at p a nondegenerate segment that is either
north, south, east, or west of p. It is easy to see that for at least one of these four
directions, say north, every countable intersection of members of X contains at p
a nondegenerate segment north of p. Moreover, a simple contrapositive argument
shows that N{K : KinX} necessarily contains such a segment as well. That is,
N{K : KinX} contains a convex subset of dimension one. This finishes Part 1 in
the proof.

Part 2. In this part of the proof, we will show that the nonempty set S = N{K :
K inX} is starshaped via staircase paths and that its staircase kernel contains a
convex subset of dimension d. Let J denote the family of all countable intersections
of members of K. Clearly J satisfies our hypotheses for Theorem 1.

We will use a strategy employed in [2], [3], and [7]. Adapting an argument
by Bobylev [1], for each J, in J, we define M, = {x : zin J,, x sees via staircase
paths in J, each point of S}. Let M denote the family of all the M, sets. We will
show that M satisfies the hypotheses for Theorem 1.

It is easy to see that each set M, is simply connected: Let v be any simple
closed curve in M,,, with point b in the bounded region B determined by . Clearly
B C J,. Select points v, w in v such that be (v,w) C B C J, and [v, w] is vertical.
For every point s in .S, both v and w see s via staircase paths in J,. The simply
connected region bounded by these paths and [v, w] lies in J,. Moreover, by [6,
Lemma 2| this region is an orthogonally convex (and staircase convex) polygon,
and hence b sees s via a staircase path in J,. Since this is true for every s in
S,be M,. That is, M, is simply connected.

We will show that each countable intersection of members of M is starshaped
via staircase paths and that its staircase kernel contains a convex set of dimension
at least d. In particular, for any countable subfamily {M, : n > 1} of M and
associated subfamily {J, : n > 1} of J, we will show that Ker N {J, :n > 1} C
Kern{M, :n>1}.

To begin, notice that for any point z in Ker N{J, : n > 1} # ¢, since
S C N{J, :n > 1}, z sees each point of S via staircase paths in N{.J,, : n > 1}.
Hence z sees each point of S via staircase paths in J, for each n > 1, so zeN{M,, :
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n>1}# 6.

Let ze KerN{J, :n>1} # ¢ and let we N{M, : n > 1} # ¢ to show that
z sees w via staircase paths in N{M,, : n > 1}. Since N{M,, : n > 1} C N{J,, :
n > 1}, certainly z sees w via a staircase path A\ = A(z,w) in N{J, : n > 1}.
We will show that A € N{M,, : n > 1}. For convenience of notation let n = 1
to show that A\ C M;. Fix seS. By comments above, since ze Ker N {.J, : n >
1}, ze N{M, :n > 1}, so ze M;. Hence z sees s via a staircase path p(z, s) in J;.
Similarly, since w e My, w sees s via a staircase path §(w, s) in J;. By [6, Lemma
2], the bounded region determined by A(z,w)U u(z, s) Ud(w, s) is an orthogonally
convex (and staircase convex) polygon, and this region lies in J; by hypothesis.
We conclude that each point of A(z,w) sees s via a staircase path in J;. Since this
is true for every s in S, A(z,w) C M;. A parallel argument holds for each integer
n > 1, so Mz,w) € N{M,, : n > 1}, the desired result. We have shown that,
for every w in N{M,, : n > 1}, z sees w via a staircase path in N{M, : n > 1}.
Hence ze Ker N{M,, : n > 1}, and KerN{J, :n > 1} C KerNn{M, : n > 1}.
This implies that N{M,, : n > 1} is starshaped via staircase paths and that its
staircase kernel contains a convex set of dimension at least d.

Since M satisfies the hypotheses of Theorem 1, we may apply the argument
in Part 1 above to conclude that N{M, : M, in M} is nonempty and contains a
convex subset of dimension at least d. Let p belong to N{M,, : M, in M}. Then
for every J, in g and for every s in S, p sees s via a staircase path \,(p, s) in J,.
That is, every countable intersection of members of K contains a staircase path
from p to s. By the corollary to Lemma 1, N{K : K in X} = S contains such
a path as well. Since this holds for every s in S, pe KerS. Thus N{M, : M, in
M} C KerS, and in fact it is easy to see that the sets are equal. Thus KerS is
nonempty and contains a convex set of dimension at least d, finishing Part 2 and
establishing the theorem.

The result in Theorem 1 fails without the simple connectedness condition, as
Example 1 demonstrates.

Example 1. For each real number r, let (r,0) be the associated point on the x
axis and let K, = R?\{(r,0)}. Define X = {K, : rreal}. It is easy to see that
countable intersections of members of K are starshaped via staircase paths: For
any countable collection {r, : n > 1} of real numbers, choose rq ¢ {r, : n > 1}.
Then for every real number s # 0, (ro,s)e Ker N {K,, : n > 1}. However,
N{ K, : rreal} is not connected and certainly is not starshaped via staircase paths.

Theorem 1 yields the following result for convex sets.

Corollary 1. Let d be a fixed integer, 0 < d < 2, and let KX be a family of
sets in the plane. For every countable subfamily {K, : n > 1} of X, assume
that {K, : n > 1} is convex via staircase paths and contains a conver set of
dimension at least d. Then N{K : K inXK} has these properties as well.

Proof. Clearly staircase convex sets are simply connected and hence K satisfies the
hypotheses of Theorem 1. Using the notation from the proof of Theorem 1, Part 2,
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let S =nN{K : KinX}. Let J denote the family of all countable intersections of
members of K and define the associated family of sets M. Observe that since each
member J, of J is convex via staircase paths, J, = M,. Then by the proof of
Theorem 1, S = N{J, : Joind} = N{M, : M,inM} = KerS contains a convex
set of dimension at least d. Moreover, using [6, Lemma 2], it is easy to see that
KerS is convex via staircase paths, so S = KerS has the required properties.

It is easy to show that Theorem 1 and Corollary 1 fail if we replace countable
with finite in the hypothesis. For example, consider the family K = {K,, : n > 1},
where either K, = {(z,y) 1z > n} or K, ={(z,9): 0 <z <1 0<y< i} In
each case, finite intersections of members of X are starshaped (in fact, convex)
via staircase paths, and associated kernels are fully two-dimensional. However,
K, :n>1} = ¢.

More interesting is the situation in which we require the sets in X to be
compact. Even then we cannot replace countable with finite in Theorem 1 and
its corollary, as Example 2 illustrates.

Example 2. In the plane let T'= {(z,y) : 0 <z <4 and 0 < y < 2}. For every
real number 7,0 < r < 4, let T, = {(z,y) :r <oz <4 and 0 <y < /r}, and let
T, ={(z,y) : 0 <z <randr <y <2}

Define K, = T\(T,, UT)). (Set K; N K5 is illustrated in Figure 1.) It is easy
to see that {K, : 0 < r < 4} is a family of simply connected orthogonal polygons.
Moreover, every finite subfamily of {K, : 0 < r < 4} has an intersection that is
starshaped (in fact, convex) via staircase paths, and the associated convex kernel
contains convex sets of dimension two. However, {K, : 0 <r < 4} = {(x,y) :
y = /x,0 < x < 4} is not staircase starshaped. Thus countable cannot be
replaced by finite in Theorem 1, even when the sets are compact (so that the
associated intersection is nonempty).

y=t X
A I
|2
=2 T .
| 2 \
y=1—"7"—""—>+ 1~ |
K4NK : ;
E +
N B 5
x=1 X=2 X=4
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3. Results for finite intersections

Example 2 above shows that no finite Helly number exists to ensure that infinite
intersection of simply connected compact sets will be starshaped via staircase
paths, even when the sets are orthogonal polygons. However, for finite inter-
sections, we have the following result from [5, Theorem 1 s|: Let F be a finite
family of compact sets in the plane, each having connected complement. If every
three (not necessarily distinct) members of F have a nonempty intersection that
is starshaped via staircase paths, then all members of F have such an intersection.

Because there are Helly-type theorems to predict the dimension of the kernel
in a finite intersection of starshaped sets (see [7]), it is natural to seek staircase
analogues of these results as well. Perhaps surprisingly, there exists a finite Helly
number to guarantee that the staircase kernel contain a one-dimensional convex
subset, yet no similar number exists for the two-dimensional case. We have the
following result.

Theorem 2. Define function f on {0,1} by f(0) =3, f(1) =4. Let X ={K; :
1 < i< n} be a finite family of compact sets in the plane, each having connected
complement. For d fized, de{0,1}, and for every f(d) members of K, assume
that the corresponding intersection is starshaped via staircase paths and that the
associated staircase kernel contains a convex set of dimension at least d. Then all
members of f have such an intersection.

The number f(d) is best possible in each case. There is no analogous Helly
number for the case in which d = 2.

Proof. 1f d = 0, the result follows immediately from [5, Theorem 1 s], so we
restrict our attention to the case in which d = 1. Again by [5, Theorem 1 s], set
S =n{K;:1<i<n} is nonempty (and starshaped via staircase paths). As in
the proof of Theorem 1, Part 2, for each 7,1 < i < n, defineset M; = {z : xin K;,
sees via staircase paths in K; each point of S}, and let M = {M; : 1 < i < n}.
By arguments like those in [5, Theorem 1 s|, M is a family of compact simply
connected sets. Moreover, by arguments like those in the proof of Theorem 1, Part
2, above, for any four members M; of M, 1 < i <4, Kern{K; : 1 <i <4} C Kern
{M; : 1 <i < 4}. Then certainly every two members of M have a path connected
intersection and every three have a nonempty intersection. Using a version of
Molar’s theorem by Karimov, Repovs, and Zeljko [11], N{M; : 1 < i < n} # ¢.
Of course, this intersection is exactly KerS. Select pe N{M; : 1 <i < n}. Using
our hypothesis and comments above, for every four members M; of M,1 < ¢ <
4,N{M; : 1 <i < 4} is nontrivial, is starshaped via staircase paths, and contains
p. Thus every four members of M contain at p a nondegenerate segment that is
either north, south, east, or west of p. As in the proof of Theorem 1, Part 1, for
at least one of these four directions, say north, every member of M contains at p a
nondegenerate segment north of p. Since M is finite, N{M; : 1 <i < n} = KerS
contains such a segment as well, finishing the proof of the first statement in the
theorem.
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Examples 1 and 2 in [2] show that the number f(0) = 3 above is best, while the
following easy example shows that f(1) =4 is best as well.

Example 3. In the plane, let s;,1 < j < 4, denote the four horizontal or
vertical unit segments having one endpoint at the origin. For 1 < ¢ < 4, let
K; =U{s; : 1 <j <4, j#i}. Every three of the K; sets intersect in a staircase
starshaped (staircase convex) set whose corresponding staircase kernel contains a
nondegenerate segment. However, N{K; : 1 <1i < 4} contains only the origin.

Example 4 demonstrates that there is no corresponding Helly number for d = 2.

Example 4. In the plane, for each integer k£ > 0, let A, denote the orthogonal
square having vertices (k, k) and (k 4+ 1,k + 1), and let Ay represent the east -
north 2-staircase from (k,k) to (k + 1,k + 1). Fix the integer n > 1, and let
A=U{\ : 0 <k <n}. Foreach 5,0 < j <n, define K; =U{AUA, :0< k<
n,k # j}, and let X = {K; : 0 < j < n}. (Figure 2 illustrates K; for n = 4.)
Then every n members of K intersect in a simply connected orthogonal polygon
that is starshaped (in fact, convex) via staircase paths and whose staircase kernel
contains a two-dimensional convex subset. However, the staircase starshaped
(staircase convex) set N{K; : 0 < j < n} = X has empty interior. Since n may
be as large as we like, this example reveals that no finite Helly number exists to
guarantee that the staircase kernel of our intersection contain a two-dimensional
convex subset.

Ay
Ki
(forn=4) Ag
Az
Ag M
Figure 2

It is interesting to notice that the Helly numbers in Theorem 2 for d = 0 and
d = 1 agree with the corresponding Helly numbers for convex sets in [10] and [12]
and for starshaped sets in [7]. However, the analogy breaks down for d = 2, as
Example 4 has revealed.

Finally we turn to the convex case. Although [4, Example 4] demonstrates
that there is no finite Helly number for intersections of staircase convex polygons,
with the additional hypothesis that appropriate intersections again be staircase
convex, we have this result.

Corollary 2. Define function f on {0,1} by f(0) =3, f(1) =4. Let KX = {K; :
1 <i < n} be a finite family of compact sets in the plane. For d fized, de{0,1},
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and for every f(d) members of X, assume that the corresponding intersection is
conver via staircase paths and contains a convex set of dimension at least d. Then
all members of X have such an intersection. The number f(d) is best possible in
each case. There is no analogous Helly number when d = 2.

Proof. The argument resembles the proof of Corollary 1 above. Observe that each
member K of X has a connected complement: Otherwise, R?*\ K would have a
bounded component B. For be B and H the horizontal line at b, H would meet
bdryB C K at ay,ay with be (aq,as), impossible since K is horizontally convex.
Hence members of K satisfy the hypotheses of Theorem 2. As in the proof of that
theorem, let S = N{K; : 1 <1i <n}. By [5, Theorem 15|, S # ¢, and we define the
associated family of sets M = {M, : 1 <i < n}. Observe that K; = M;,1 <i <mn,
and therefore S = N{K; : 1 <i <n} =nN{M,; : 1 <i<n} = KerS, which is
staircase convex. If d = 0, the argument is finished. If d = 1, then by Theorem 2
above, KerS (and hence S) contains a convex set of dimension at least one, and
again the proof is complete.

Example 1 in [2] shows that f(0) = 3 is best, while Example 3 above indicates
that f(1) =4 is best. Of course, Example 4 above settles the case for d = 2.

It is interesting to compare the Helly numbers above to the Krasnosel’skii
numbers for the dimension of the staircase kernel of an orthogonal polygon in [4].
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