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PRESENTACION 87

La seccion de Articulos, de este nimero, comienza con un trabajo de Mar-
quina, Quintero y Viloria sobre, “Expansion de las soluciones para ecuaciones
integrales”. A continuacién tenemos los trabajos de Murugusundaramoorthy et
al; Olaleru y Mogbademu, y finalizamos con el articulo de Antonio Oller sobre,
“Counting domino trains”. Considerando lo popular que es el juego de domin,
en algunos paises de Latino América y el Caribe, sin duda que despertara la
curiosidad de nuestros colegas aficionados a ese pasatiempo.

En la 29° International Mathematical Olympic Games of Mathematics (IMO)
realizada en Canberra, Australia, en 1988, fue propuesto un interesante proble-
ma: Sean a y b enteros positivos tales que ab+ 1 divide a? 4+ b%. Demostrar que

2+b2
b1
la ecuacién diofantica F(x,y) = n? y su conexién con ese problema.

es el cuadrado de un entero. En su articulo Luis Gémez Sanchez analiza

En Informacién Nacional, Rafael Sanchez nos informa de la actividad olimpi-
ca efectuada en el segundo semestre del 2011. Por otro lado, le anunciamos a
nuestros lectores la organizacién de la XXV Jornada Venezolana de Matematica,
evento a realizarse en Cumand, Venezuela, del 26 al 29 de marzo de 2012. Para
mayor informacién recomendamos consultar la pagina web de las jornadas 2012:

http://postmat.sucre.udo.edu.ve/jornadas

Finalmente, expresamos nuestro agradecimiento a nuestros colegas que co-
laboraron en la edicién de este volumen.

Oswaldo Araujo G.
Editor
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ARTICULOS

Expansion de las soluciones para ecuaciones
integrales cuadréticas.

Eribel Marquina, Javier Quintero, Nelson Viloria.

Resumen. En este articulo encontramos la expansién de la solucién
de

o(t) + / 4K (¢ 5)g(s)Ba(s) = u(t), € [ab,

basada en la teoria de representaciéon de operadores multilineales
aplicada a operadores bilineales.

Abstract. In this article we find the expansion of the solution of

x(t) +/ dsK(t,s)g(s)Bx(s) = u(t), t € la,b],

based on the theory of representation of multilinear operators ap-
plied to bilinear operators.

Introduccién

Sean X,Y espacios de Banach y consideremos la ecuacion integral no lineal de
Volterra-Stieltjes del tipo

x(t) —l—/ dsK(t,s)f(s,z(s)) = u(t), t € [a,b], (K),

donde z es una funcién reglada incégnita, u es una funcién reglada conocida,
K es una funcién simplemente reglada como funcién de ¢ y uniformemente de
semivariacion de Fréchet como funcion de s, anuldndose en la diagonal; y la no

2010 AMS Subject Classifications: Primary 45D05, Secondary 06B15.

Keywords: Ecuaciones Integrales de Volterra-Stieltjes, Ecuaciones Integrales Cuadraticas,
Integral de Dushnik, Semivariacién Acotada, Funciones Regladas, Teoremas de Repre-
sentacién de Riez, Expansiones de Volterra.
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linealidad de (K) estd dada por f : [a,b] x X — X, con f(t,z) = g¢(t)Buz,
donde g es una funcién reglada y Bx = Loz un operador polinomial de grado
dos sobre X.

Daremos la expansién de la solucién de (K), basdndonos en la Teoria de
representacién de operadores multilineales, aplicada a operadores bilineales.

1 Funciones regladas

Consideremos X,Y, W'y Z espacios de Banach, y [a,b] C R un intervalo cerrado.
Una funcién z : [a,b] — X es una funcién reglada si sélo tiene discon-
tinuidades de primera especie, es decir, si

i) para todo t € [a,b) existe x(tT) = 1}:?3 z(t+h)y
ii) para todo ¢ € (a,b] existe z(t™) = 1}518 z(t — h).
Al espacio de las funciones regladas de [a, b] en X lo denotamos por G([a, b]; X),

tal espacio es un espacio de Banach con la norma del supremo.

Teorema 1.1. (Honig[3], Theorem 1.3.1) Una funcién z : [a,b] — X es
reglada si, y sélo si, existe una sucesion de funciones escalonadas

(@n)p>1 ¢ la, 0] — X, tal que li_>m on(t) =z(t) YVt € [a,b].

Una funcién z : [a,b] — X es reglada por la izquierda si z(a) =0y
x(t) = x(t~) para todo t € (a,b]. A este subespacio cerrado de G([a,b]; X) lo
denotamos por G~ ([a, b]; X).

Una funcién z : [a,b] — L(W, X) es simplemente reglada si, para todo
w € W, la funcion

zw:[a,b] — X

t —  z(t)w, es reglada
y escribimos x € G?([a, b]; L(W, X)), que es un espacio de Banach con la norma
dada por

[zl = sup [[z(t)lLw,x) Ve G([a,b]; LW, X)).

tela,b

Ademis,

G([a,b]; LW, X)) € G?([a, b]; L(W, X)). (Arbex [1] )



ECUACIONES INTEGRALES CUADRATICAS. 91

2 Funciones de variacion y semivariacion acotada

Una particién de un rectdngulo [a1,b1] X [az, b] es el conjunto P = P; x Py con
P, € Pla,,b,], donde a, =tg < ... <ty = by.

P ([a1,b1] X [ag, b2]) denota el conjunto de todas las particiones del rectangulo.
Ademds, n(P) = n(P1) x n(P2), |P| = |P1| x [Pa].

Sean z : [a1,b1] X [az,b2] — Z y P € P([a1,b1] X [az,bs]). Consideremos
i(1),4(2) € N, con 1 < i(r) < n(P,). Definimos

o Ajyz: [ag, bo] — Z por

Ajyz(s) = 2(tiy, 8) — 2(ti)-1, 5) Vs € [ag, bo)

o Ajoyz: [a1,b1] — Z por

AL(Q)Z(S) = Z(S,ti@)) — Z(Sati(Q)—l) Vs e [al, bl]
En particular, para [a,b] C R,z : [a,b] — Z estd dada por

Luego, Aj(1)A;(2)z denota el calculo A,y (Ai(g)z) ().

Dados (X1, || - |l1), (X2, |- ll2) ¥ (Y, ) espacios de Banach. Consideremos,
en X7 x X, la topologia producto inducida por las normas sobre X7, Xo, es
decir,

[l x: % x, = sup{llz1l1; [[z2(l2}-

Una aplicacién g : X1 X Xo —> Y es bilineal si es lineal en cada variable por
separado. Diremos que ¢ € L (X7 x X5,Y) si g es bilineal y continua (es decir,
M > 0 tal que [g(zr 22)]| < Ml | 22).

Sea a: [a,b] — L(X,Y). Se define la semivariacién de « en [a,b] por

SVie] = sup SV]a;P]
PEPa,b]
n(P)
= sup sup Z [a(t;) — alti—1)]z;
PePlab] 4 X i=1

sl < 1
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Si SV[a] < oo, entonces « es una funcién de semivariacién acotada y se
escribe « € SV ([a,b]; L(X,Y)).

Sea K : [a1,b1] X [ag,b2] — Z. Se define variacién de Vitali de K en
[al,bﬂ X [ag,bg] por

VK] = sup VIK;P],
PEP([a1,b1] X [az,b2])
donde
n(P)
VIE;Pl = ) [AigAipK]|
i(1),4(2)

Si V[K] < oo, entonces K es una funcién de variacién acotada de Vitali en
[a1,b1] X [az,b2] v se escribe K € BV ([a1,b1] X [a2,bs]; Z) .

Sea K : [a1,b1] X [ag,be] — L(X,Y), se define la semivariacién de Vitali
de K en [a1,b1] X [ag, ba] como

SVIK] = sup SVIK;P],
'PEP([al,bl]X[ag,bg])
donde
n(P)
SVIK;P]=  sup Z AjyAi) Kz || Tiyie) € X

Hzi(l)zﬂ(2)”S1 i(l),i(2)

Si SV[K] < o0, entonces K se dice de semivariacién acotada de Vitali y se
escribe

K e SV([al,bl} X [ag,bg];L(X, Y))

Teorema 2.1. (Viloria[8]; Teorema 2.1.1)
BV ([a1, b1] % [ag,bs], L(X,Y)) C SV ([a1,b1] X [ag, ba], L(X,Y)) y si
K € BV ([a1,b1] X [a2,ba], L(X,Y)), entonces SV[K] < V[K].

Sea K : [a1,b1] X [ag,b2] — L(X1,X2;Y). Se define la variacién de
Fréchet de K en [aq,b;1] X [az, bs] por



ECUACIONES INTEGRALES CUADRATICAS. 93

SF[K] = sup SF[K;P]
PeP([a1,b1] X [az,bs]
donde
n(P)
VIK;P]= sup Y Al K (zi) mie)||  Tir) € Xx

H@'i(r)HSl i(1),i(2)

Si SF[K] < o0, entonces K se dice de semivariacién acotada de Fréchet y
se escribe K € SF ([a1,b1] X [az,b2]; L(X1, X2;Y)).

Teorema 2.2. (Viloria [8]; Teorema 2.1.2)
BV([al,bl] X [ag,bg],L(Xl,Xg;Y)) C SF([al,b1] X [CLQ,I)Q];L(Xl,XQ;Y))
Ademds, si K € BV (a1, b1] X [aa,bs], L (X1, X2;Y)), entonces

SFIK] < VIK].

3 Integral interior de Dushnik

La integral interior de Dushnik fue concebida por Pollard, en 1920, y redes-
cubierta por Dushnik, en 1931. Posteriormente fue utilizada por Kaltenborn,
en 1934, para representar los elementos del espacio L((Gla,b],R),R), resul-
tado generalizado por Honig, en 1975, al espacio L(G([a,b],X);Z) y exten-
dido por Viloria [7], en 1997, para representar los elementos de los espacios

(HG a,b), ) y L (HG [ar, by]; T),G‘([a,b];Y)) , y también

m

para los operadores causales en L H G ([ar,b,); X),G ([a,b;Y) | . En este
r=1
trabajo es empleada para representar, de manera particular, los elementos de

L(G ([a1,b1]; X) x G~ ([az,ba]; X); G~ ([a,b];Y)) .

Sean e, (ep)pcp en un espacio topolégico E, escribiremos 71)116% ep = e si, para

todo entorno V' de e, existe Py € P tal que

P>Py sepelV.

Definicién 3.1. (Integral doble de Dushnik)
Sean K : [al,bl] X [az,bg] — L(Xl,XQ;Y),xl : [ahbl] — X1 y xg :
[az, ba] — Xo. Si existe Iljir%a},, donde P = P([ay,b1] X [az,b2]) ¥
€
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n(P1) n(Pz)

o, = Z Z AjyAi2) K (21(&i1)), 72(&ig2)) con &y € (Ligry—1,tir)), en-
i(1)  i(2)

tonces es llamado integral interior de Dushnik de la funcion x = (z1,22)

con respecto al niicleo K y se denota por

bl b2
/ day o K (51, 52) (1 (51), 72(52)).

Un resultado, que nos ofrece una condicién suficiente para la existencia de
la integral, es el siguiente

Teorema 3.1. (Viloria [8]; Lema 2.2.1)
Sean K € SF ([a1,b1] X [az,b2]; L (X1,X2;Y)) v x € G ([ar, b]; Xyp), 7 =

1,2.
Entonces

(i) Existe Ak : G~ ([a1, b1]; X1) x G~ ([az, ba]; X2) — Y, definida por

b1 bg
A (s as) = / dayo K (513 52) (@1 (51), w2(52)),

(ii) Ak es bilineal,
(iii) [[A || < SFIK]||21||||z2]],

(iv) Si z, € Qo([ar, br]; X,) para algin r = 1,2, entonces Az = 0.

4 Teoremas de representacién integral para operadores
bilineales

Definicién 4.1. Sea K : [al,bl] X [ag,bg] — L([al,bl] X [ag,bg};Z) tal
que

K(al,SQ) = K(Sl,ag) =0 VSl S [alabl] YVSQ S [ag,bg].
Entonces diremos que K € SF,2 ([a1,b1] X [az,ba], L (X1 x X2; X)).
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Teorema 4.1. (Viloria [8]; Teorema 2.3.1)
La aplicacion K — A, definida por

bg bl
Ag(z1,20) = / d52/ ds, K (s1,82)x1(51)22(82),
a al

es una isometria entre los espacios de Banach

SFaz ([ahbl] X [a27b2],L(X1,X2;Z))

L (G_([al,bl];Xl),G_([ag,bQ];Xg); Z) .

Ademas,

K(Sh 52)(3571’ T2) = AK (X(al,sl]xla X(a2752]1'2>
con ||[Ak| = SF[K].

Definicién 4.2. Sea K : [a,b] X [a1,b1] X [ag, bs] — L (X1, X2;Y) . Defin-
imos
K*: a1, b % [az,bs] — L(X1,X2;Y) y K2 2 [a,b] — L (X1, X»;Y) por
Kt(sl,SQ) = K(tl,sl,SQ) = Ksz(t).

Ademads, consideremos las siguientes propiedades:
(G) : K es simplemente reglada como funcién de t, es decir,

K € G7 ([a,b); L (X1, X2;Y)) .

(SF*) : K es uniformemente de semivariacién de Fréchet acotada como
funcién de (s1, $2), esto es,
SFYK] = sup [K'] < .

t€(a,b]

(SF%) : K satisface (SF*) y K' € SF,2 ([a1,b1] X [az,ba], L (X1, X2;Y))
para todo t € [a, b].
Si K verifica (G7) y (SF™), escribimos

KeG? - SF* ([a,b] X [al,bﬂ X [ag,bg],L(Xl,XQ;Y)).

Analogamente definimos K € G - SFY%.
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Teorema 4.2. (Viloria [8]; Teorema 2.3.2)
La aplicacion K — Ak dada por

b by
AK(CU1,$2)(75)=/ ds, ds, K(t,s1,52)x1(51)z2(52)

1

es una isometria entre los espacios de Banach

G - SF5 ([a,b] % [a1,b1] X [ag,bo); L (X1, X2;Y))

L (G~ ([a1,b1]; X1), G~ ([ag, ba]; X2); G([a,b];Y))
con K(t7 S1, 52)(1771; TQ) = AK(X(al,sl]Tla X(CLQ,SQ]E)(t) y ||AK|| = SFU[K]
Definicién 4.3. Sea K € G° - SF" ([a,b]*; Ly (X;Y)), donde [a,b]® =

[a,0] X [a,b] % [a,b] y La(X;Y) = L(X x X;Y).
Si, para todo x € X, la funcién Ka : [a,b] — Y definida por

Ka(t) = K(t, t,t)(z,z) VtE [a,]
es reglada, se dice que K es simplemente reglada en la diagonal y escribimos
K € GASF" ([a,b]?, Lo(X;Y)) .

Si, ademds, Ka(t) =0 Vt € [a,b], se dice que K se anula en la diagonal y
escribimos

K € G- SF" ([a,b]*, L2(X;Y)) .

Definicién 4.4. P € Ly(G([a,b], X);G([a,b],Y)) es un operador causal
si para todo x € G([a,b]; X) y para todo T € [a, b],

I|[a,T] =0= P(x,f[)ha’T] =0.

Definicién 4.5. Sea K € G° - SF“([a,b]?; Lo(X,Y)). Para x = (21, %2)
con x, € G~ ([a,b]; X),r = 1,2, definimos

(kx)(t):/ d52/ ds, K(t,s1,52)x1(s1)x2(s2) Vi€ [a,b]

A continuacién mostramos que los operadores bilineales causales también
pueden ser representados.
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Teorema 4.3. (Viloria [8]; Teorema 2.3.3)

La aplicacion K +— k es una isometria entre el espacio de Banach G§ -
SF“([a,b]?, La(X;Y)) y el subespacio de los operadores causales de
LQ(Gi([C%b]aX); G([av b],Y)), donde ”kH = SFU[K] y

K(t,s1,52)(@1,72) = k (X(0,0T1, X(0,q72) (¢).

Ahora presentaremos el concepto de polinomial de Volterra-Stieltjes de grado
dos.

Definicién 4.6. Si hy € G - SF¥([a,b]?, L2(X;Y)), el operador

P Gi([avb];X) — Gi([a,b];X),

definido por

b b b
Poa(t) = ho(t) + / dy, b (¢, s1)2(s1) + / ds, / dy K (L, 51, 59)21(51)a(52)

es llamado Polinomio de Volterra-Stieltjes de grado dos.

Daremos a continuacién la definicion de Expansion de Volterra-Stieltjes de
un operador en G~ ([a, b]; X).

Definicién 4.7. Un operador T : G~ ([a,b]; X) — G~ ([a,b]; X) posee
una expansion de Volterra-Stieltjes de grado dos, en una vecindad de xy €
G~ ([a,b]; X), si existen niicleos hy, hy tales que

T(xg+ ) — T(x0) :/ ds, hy(t181)2(s1)

a

t t
+/ dsz/ ds, ha(t, 81, 82)x(s1)x(s2) + Ra(zo; ),

donde lim 7”}22 (w0; Az)|

A—0 A2 =0

Teorema 4.4. (Hille - Phillips [2]; Theorem 26.3.5)
Sean V' C X no vacio, abierto y T : V. — X un operador 2 veces diferen-
ciable Gateaux. Entonces

a) OT,, es lineal simétrica, 9*Ty, es bilineal y simétrico con 0Ty, [z] y 0*Ty, [7]
polinomios homogéneos de grado 1 y 2, respectivamente.
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1
b) T(xzg+ x) — T(xo) = 0Ty, [z] + 582Tz0 [z] + Ra(zo,x), con

o IRa(z0,20)]

=0
A—0 A2

Corolario 4.1. Sea V C G ([a,b]; X) no vacio, abierto y T : V —
G~ ([a,b]; X) 2 veces diferenciable Gateaux en xg, con 0°T,, causal. Entonces
T tiene una expansién de Volterra-Stieltjes de grado dos.

Definicién 4.8. Una aplicacion T : V — Y es analitica en V, si puede
representarse como

T(e)= Y aulel”,

donde a,, es un operador polinomial homogéneo de grado n y la serie converge
absolutamente en V| y uniformemente sobre conjuntos cerrados y acotados de
V.

Teorema 4.5. (Pisanelli [6])
Sea V' C X no vacio, abierto, acotado y T : V — X un operador localmente
acotado tal que

i) T es diferenciable Gateaux,

ii) 0Ty, es invertible en una vecindad de x.

Entonces existen vecindades de xg y Ty, respectivamente donde T posee
una unica inversa dada por:

T 1y = i Qmlul,
m=1

donde
Qilu] = [0Tu,) " [u]
Qult] = T Y Y 0T (@i Q)

n=1j1+...4+jn=m

Como resultado del teorema anterior, obtenemos cémo podemos definir la
inversa local de un operador polinomial de grado dos, sobre espacios de Banach
de forma explicita.
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Corolario 4.2. Sea V C X no vacio, abierto, acotado y T : V — X un
operador polinomial de grado dos, con 0Tx, invertible en una vecindad de x.
Entonces, existen vecindades de xzg y de Ty, , respectivamente, donde T tiene
una tunica inversa dada por:

T ' = Q1u] + Qa[ul,

con

Qufu] = [0y [u]

Qalu] = _[aTwo]_l(‘?QTZO)(Ql,Ql)[u]_%[aTwo]_laQTmo(QlyQl)[u]-

Definicién 4.9. Consideremos el espacio vectorial
F= {x :[a,b] — X : x es una funcién}

v [ :]a,b] x X — X una funcién cualquiera. El operador no lineal F : F — F
dado por

Fz(t) = f(t,z(t)) Vt € [a,b], Yz €F,
es llamado el operador composicién asociado a la funcion f.

Definicién 4.10. El conjunto de las funciones f : [a,b] x X — X tales
que

e f es reglada por la izquierda en la primera variable,

e f es Lipschitz en la segunda variable,

forman un espacio de Banach, denotado G~ - Lips([a,b] x X; X) con la norma

1711 = s {5l 71}

donde fy : [a,b] — X definida por fo(t) = f(¢,0) y

[f} = inf {M : ||f(t,a:2) — f(t,x1)|| < MHJ?Q — .T/‘1||7 xr1,x2 € X}

A continuacién expondremos el resultado de Viloria [7], que indica las condi-
ciones necesarias y suficientes en f, para que F' actiie en el espacio G~ ([a, b]; X).
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Teorema 4.6. Sea f : [a,b] x X — X Lipschitz en la segunda variable.
Entonces, el operador F de composicién asociado a f, es tal que
F: G ([a,b]; X) — G ([a,b]; X) si, y sélo si, f € G~ - Lips([a,b] x X; X).
Ademads, F' es acotado.

5 Condiciones de existencia y unicidad de soluciones

Consideremos la ecuacién

x(t) —|—/ dsK(t,s)f(s,z(s)) = u(t), t € la,b] (K)

Teorema 5.1. (Hénig)

Sean K € G§ - SV* ([a,b] x [a,b]; L(X, X)) y f € G - Lips([a,b] x X, X)
con
C(K,P)[f] <1, para algin P € P([a,b]). Entonces, para cada u € G([a,b]; X),
existe una unica x € G([a,b]; X), solucién de (K), que depende continuamente
de u, K y f; donde

O(K,P) = supl{nK(m,ti)n; sup swti,ﬂm}.

0<i<n— t; <t<tit1

El siguiente resultado expresa en el caso lineal, es decir cuando f(¢,z(t)) =
z(t), que el resolvente de la solucién puede ser expresado por una Serie de
Neumann.

Teorema 5.2. (Arbex [1], Corolario 3.22 parte b))
Sea K € G§ - SV*([a,b] X [a,b]; L(X, X)) y C(K,P) < 1, para algin P €

P([a, b]). Entonces, para cada u € G([a,b]; X), existe una unica x € G([a,b]; X),
solucién de (K), la cual esta dada por

x(t) = u(t) f/ dsR(t, s)u(s),

donde el operador resolvente se escribe

R(s,t) = I(t,s) + > _(~=1)""'Kp(t,s),

con

Kl(tas) K(t75)

¢
K,ii(t,s) = /dsK(t,U)Kn(cr,s) Vn>1
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ntucleos iterados.

6 Forma Explicita de la Soluciéon para ecuaciones
cuadraticas

Consideremos la ecuacién integral no lineal de Volterra-Stieltjes

x(t) —|—/ dsK(t,8)f(s,2(s)) = u(t), t € [a,b] (K)

donde = € G([a, b]; X) es incdgnita, u € G([a, b]; X) es conocida y
K € G- SF"([a,b] x [a,b] x [a,b]; L2(X, X)) .

Ahora supongamos V' C X no vacio, abierto, acotadoy f : [a,b] x V — X,
definida por

ft, ) = g(t) Bz,

donde g € G~ ([a, b]; C) y B un operador polinomial homogéneo de grado 2 sobre
X, definido por Bx = La(z,x), con Lo bilineal simétrico.
Veamos que

f€G™ - Lips(la,b] x V, X).
En efecto,

e f es reglada por la izquierda en la primera variable,

o f es Lipschitz en la segunda variable.

e Seat € (a,b]

li - = i —h)B
lim f(t —h, ) lim g(t — h)Ba

= g(t7)Bx  (yaque g€ G ([a,b],X))

= f(tivz)

luego,
fit—,z) = lim f(t—h,z) VeeX
h—0 ’

esto demuestra que f es reglada por la izquierda en la primera variable.
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e Sean x1,x2 € V tales que [z1, 23] C V. Queremos ver que existe L € [0, 1)
tal que:

|f(t,z1) = f(t,22)|| < Lw1 — 22| YVt € [a,b]

Asi,

(1) = f(ta2)l < sup  [|0nf(t, wo)lllwy — w2l Vi € [a,b],

zoE[x1,22]

y como |a,b] es compacto y g € G~ ([a,b]; C), sabemos que g es acotada.
Ademas, V es acotado, por lo tanto existe M > 0 tal que

sup  [|0xf(t,z0)| < M Vi€ [a,b].

zo€lx1,2)

De donde, se sigue que

[f(t,21) = f(t, 22)|| < Mllzy — a2l Vi€ la,b].
En consecuencia, f es Lipschitz respecto a X.

]
Consideremos ahora, el operador F' : G~ ([a,b], X) — G~ ([a, b], X) de com-
posicién asociado a f,

Fx(t) = f(t,z(t)) Ve e G ([a,b]; X),

el cual es acotado (por el Teorema 4.4).
Y, definiendo el operador lineal k por:

t
(kF)a(t) = / d K (1, 5)Fa(s), (1)
la ecuacién (K) se puede expresar como

z(t) + kFz(t) = wu(t) Vit € [a, b
I+kF)r = u (x € G ([a,b]; X)),

donde I : G~ ([a,b]; X) — G~ ([a, b]; X) es el operador identidad.
Si consideramos el operador T': G~ ([a, b]; X) — G~ ([a, b]; X),

T=I+kEkF
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que actia sobre funciones € G~ ([a,b]; X), entonces el operador T se puede
invertir localmente hallando [0Ty,]™" y 9°T,, como lo muestra el siguiente
teorema.

Teorema 6.1. Sean K € G§ - SV*([a,b] X [a,b] X [a,b]; L2(X, X)) y
f e G - Lips([a,b] x X; X). Si C(K;P)[f] <1, paraalgin P € P([a,b]), y
|OF| <inf{1,1/SF[K]}, entonces

(i) T es 2 veces diferenciable Gateaux y

(ii) la diferencial de T posee inversa.
Demostracion:

(i) De su misma definicién, tenemos que Fx es diferenciable Gateaux, lo
que nos induce la diferenciabilidad de T. Asi que, dado g € W C
G~ ([a,b]; X), abierto y acotado,

T(xo+ Ax)(t) — T'(z0)(t)

0Ty, x(t) = ;13% \
o U RR) o £ X)) — (14 B o)1)
A—0 A
~ L) 4k )1\5% F(xzo + )\x)/\— F(x0)(t)

= Ta(t) + kOF,, [z](t).
Siendo,

F(xo + Az)(t) — F(zo)(t)

OF,,[xl() = lm !
A—0 A

donde, empleando las reglas del célculo diferencial en espacios de Banach,
Ofe(t,zo) = g(t)0By,[x]
= g(t)[La(wo,x) + La(w, x0)]

= 2¢(t)La(zo, x).
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Luego, 0T, = I + kOF,, con 0Ty, € L(G™([a,b]; X); G~ ([a, b]; X)).

Ahora, calculemos

T, al(t) = 0T (a1(1), 2alt))
82TI0 (xl(t), To (t)) = }\1{)% i{aTw0+)\z2(t)($1)(t) + 8Tw0 (xl)(t)}
= i 1 {100 + ROF o]0
I(a2)(t) — kOF, [x11<t>}

OTalall)) = ki 3 {0rplol0) + O 00}

= kazFIo [‘Tl’ xQ}(t) = kazFIo [ib](t),
siendo
32Fx0 [{E](t) = az (a:vf(t7 1‘0))

= 0:(29(t)L2(z0, ) = 29(t)[La2 (w0, z) + La(z, 20)]
4g(t)L(xg, x).
Esto es, 9Ty, existe y, ademss,

Ty = kO*Fyy € L (G ([a,b]; X) x G~ ([a,b]; X); G ([a,b]; X)) .

Asi, T es un operador 2 veces diferenciable Gateaux.

Por otro lado, en virtud del Teorema 4.4,

T(zo + x) — T(xg) = 0Ty, [x] + %82@60 [z]

y resulta T' un operador polinomial de grado dos.

Por otro lado, como por hipétesis

1
<3
|OF| < inf {1, SFIK] },
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se tiene que

1
kOF|| < ||k|||OF|| < SF|K]=———= =1
0F) < K] I0F ] < SFIK] g7
de donde 07T}, es invertible en una vecindad de xg. Se sigue entonces, del
corolario anterior, que existen vecindades de xg y T'(z¢), respectivamente,

donde T posee una tinica inversa definida por

T="u = Qufu] + Qsfu] (2)
donde
Qilu] = [0Ty,] " u]
Qolu] = (0T, (Qu Q)] — 5 [0T, T (Q1, Q1))

Por consiguiente, para hallar (0T, J;0)_1, basta resolver la ecuacién lineal

Hzx = u, (3)
donde H =0Ty, =1+ kOF,,.

La cual, segiin demostré Arbex, tiene resolvente determinada a partir de
una serie de Neumann.

Pasemos a calcular H—1.

La ecuacién (3) puede escribirse como

x(t) +/ ds K (t,8)0F,x(s) = u(t) (4)

donde, por ser

OFy, € L(G™([a,0]; X); G ([a,b]; X)),

posee una representacion integral, esto es existe
T € GF - SV ([a,b] x [a,b]; L(X, X))

tal que

OF,,x(t) = /t dshi (t, s)z(s) t € [a,b],
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con
E(tv S)IE = 8F3?0 (‘rX(a,t])(s)
= 29(8)L2($0(5)axX(a,t](s))
y
10F,, || = SV[1] = sup SV[h]< o
t€la,b]

Entonces, la ecuacién (4) posee una tnica solucién dada por

- / doR(t, $)uls), (5)

donde la resolvente estd representada por el operador

ts—I+Z D" K, (¢, 8)

t
siendo K1 = hy y Kny1(t,s) = / dyhi(t,0) K, (0, s).
a

Asf, hemos hallado [0T,,]~1u, mediante la expresién (5).

Ahora, dado que

0°Fy, € L(G™([a,]; X), G~ ([a,0); X); G~ ([a,0]; X))

existe un tnico hy € G° - SFY% ([a,b] x [a,b] x [a,b]; L(X, X; X)) tal que

O*Fyy (21, 22)( / 52/ ds, ha(t, 81, 82)21(81)22(52),

donde
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hZ(ta 51, 82)(x17‘r2)

0% Fy (21X a,4)(51), 22X (a4 (52))

= 4g(t)L2 (SEO (t), xl‘)((a,t] (81) + SCQX((L,t] (82)>

= 4g(t) |:L2 (wo(t), 11 X(a,4(51))

+La(wo(t), 12X(a,q (52))}

- 2|:2g(t)L2(xo(t),xlX(a,t](Sl))

+ag<t>L2<xo<t>,wzzqa,t](sz»}

_ [m(t, . M .

O

Finalmente, podemos concluir que la tinica solucién para un sistema no
lineal dado por una ecuacion integral de Volterra-Stieltjes de la forma

x(t) Jr/ dsK(t,s)g(s)Bx = u(t),

se expresa mediante la igualdad

z(t) = Qu[u)(t) + Qa[u](t)
donde

t o]
Q1 u](t) = u(t) — / doR(t, s)u(s) con R=1I+3 (-1)""'K,
a n=1
¢
para K1 = 0F,, y Kn11(t,s) :/ deOF ., (vX(s (o)) Kn(0, 8).
Y,

Qalul(t) = — 5 (1 + kOF,,) ™ (k07 Fuy) (@1, @) 1] (1)

con
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¢ t
0 Fuy (Q1, Q1 Jult) = / da, / da Tzt 51, 52)(Quu(s1), Quu(sa),

siendo

he € G§ - SF" ([a,b] x [a,b] X [a,b]; L(X, X; X)),
tal que

ho(t, s1,82)(x1,22) = 02 Fpo(@1X(a4(51), 22 X4, (52))

= 2[h(t, s1)z1 + b1 (2, s2)2]

con

hi(t,si)z1 = 2g(s1)La(zo(s1), 21X(a(51)) = OFp w1 (s1)

ha(t,s2)ze = 2g(s2)La(wo(s2), 12X, (52)) = OF,w2(s2).
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Analytic functions associated with Caputos
fractional differentiation defined by Hilbert space
operator

G. Murugusundaramoorthy, K.Uma and M. Darus

Abstract. In this paper, we introduce a new class of functions
which are analytic and univalent with negative coefficients defined
by using certain fractional operators described in the Caputo sense.
Characterization property, the results on modified Hadamard prod-
uct and integral transforms are discussed. Further, distortion the-
orem and radii of starlikeness and convexity are also determined
here.

Resumen. En este trabajo, presentamos una nueva clase de fun-
ciones que son analiticas y univalente con coeficientes negativos,
definidos usando ciertos operadores fraccionarios en el sentido de
Caputo. Discutimos la propiedad de caracterizacién, los resultados
sobre el producto de Hadamard modificado y transformaciones inte-
grales. Ademas, determinamos el teorema de distorsion y los radios
de “starlikeness” y convexidad.

1 Introduction

Fractional calculus operators have recently found interesting application in the
theory of analytic functions. The classical definition of fractional calculus and
their other generalizations have fruitfully been applied in obtaining, the charac-
terization properties, coefficient estimates and distortion inequalities for various
subclasses of analytic functions. Let A denote the class of functions of the form

f(z) :erZakzk (1.1)
k=2

2010 AMS Subject Classifications: Primary 30C45.
Keywords: Analytic, univalent, starlikeness, convexity, Hadamard product (convolution).
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which are analytic in the open disc U = {2z : z € C; |z| < 1}. Also denote by
T, a subclass of A consisting of functions of the form

o0
f(Z)ZZ—Zaka, ar > 0;z€U (1.2)
k=2

introduced and studied by Silverman [9]. For functions f € A given by (1.1)

o]

and g € A given by g(z) = z + Y br2*, we define the convolution product (or
k=2
Hadamard ) of f and g by

(fx9)(2) = (g% [)z) =2+ > arbpz¥, z€U. (1.3)
k=2

Let H be a complex Hilbert space and let £(#H) denote the algebra of all
bounded linear operators on#H. For a complex-valued function f analytic in a
domain E of the complex z-plane containing the spectrum o (IP) of the bounded
linear operator P, let f(P) denote the operator on H defined by Dunford [3],

f(P) 1 /(z]I —P) f(2)dz, (1.4)

T oW
C

where I is the identity operator on H and C is a positively-oriented simple
rectifiable closed contour containing the spectrum o(PP) in the interior domain.
The operator f(IP) can also be defined by the following series:

(o)
0
@ =3 L0
which converges in the norm topology (cf. [3]).
Now we look at the Caputos [2]definition which shall be used throughout
the paper. Caputos definition of the fractional-order derivative is defined as

S T B 10
bry(t) = I'(n—a) / (t —7)oti-n (15)

a

where n — 1 < Re(a) < n,n € N, and the parameter « is allowed to be real
or even complex, a is the initial value of the function f .
We recall the following definitions [6] .

Definition 1. [6] Let the function f(z) be analytic in a simply - connected
region of the z— plane containing the origin. The fractional integral of f of
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order p is defined by

L[
D" f(2) F(u)o/(z—f)lﬂdg’ >0, (1.6)

where the multiplicity of (z — &)1=F is removed by requiring log(z — £) to be real
when z — & > 0.

Definition 2. [6] The fractional derivatives of order p, is defined for a function
f(z), by

N S (3
e F(l—ﬂ)dzo/(z—g)ﬂdg’ D<u<t, (17)

where the function f(z) is constrained, and the multiplicity of the function (z —
&) * is removed as in Definition 1.

Definition 3. Under the hypothesis of Definition 2, the fractional derivative of
order n + p is defined by
dn
DI f(2) = ﬁDgf(z)a (0<pu<1; neN). (1.8)
With the aid of the above definitions, and their known extensions involving

fractional derivative and fractional integrals, Srivastava and Owa [13] introduced
the operator Q0 (§ € R;d #2,3,4,...) : A — A defined by

Vf(z) =T(2-0)2"Dif(z) =2+ > _ ®(n,6)anz" (1.9)
n=2
where
_ Tn+1)I'(2-9)
®(n, ) = i 1o9) (1.10)
For f € A and various choices of §, , we get different operators
Qf(2) == f(2) :erZakzk (1.11)
k=2
QL f(2) == 2f'(2) :z—l—Zkakzk (1.12)
k=2
Vf(z) =V f(2) =2+ > Kaz* (j=1,2,3,.) (1.13)

k=2
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which is known as Salagean operator[7] .Also note that

z) = %/0 f)dt ==z + Z (kzj—l) apz”
k=2

and
» it B 2 1\’
QT f(2) == QU QTITf(2)) = +Z(k+l> apz®, (j =1,2,3,..) (1.14)

called Libera integral operator.We note that the Libera integral operator is
generalized as Bernardi integral operator given by Bernardi[1],

1+v [ [(1+v &
R e (O] TN o [l (v =1,2,3,..).
e = 3 (5 et )

Making use of these results Recently Salah and Darusin [8], introduced the
following operator

CP@4n—p) oy [ Q@)

where n(real number) and (n — 1 < g < n < 2). By simple calculations for
functions f(z) € A, we get

" C(k+1)°T2+n—wWTQ2—-n)
Jifz Z Oy —u MG —n D) O (eU) (116)

and for the sake of brevity we let

(C(k+ 1))’ T2 +n—wI'(2—n)
Fk+n—p+1I'(k—n+1)

Cr(n, p) = (1.17)

and 41°(2 (2

o, 1) = 2+n—wI'(2—n)
B +n— I —n)

unless otherwise stated.

Further, note that J%f(2) = f(2) and Jif(2) = 2f'(z). In this paper,
by making use of the operator J,] we introduced a new subclass of analytic
functions with negative coefficients and discuss some interesting properties of
this generalized function class.

For 0 < a < 1, we let J1(A, @) be the subclass of A consisting of functions
of the form (1.1) and satisfying the inequality

Tion(P) — 1
Tpn(P) = (2a = 1)

<1 (1.18)
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e PTLI(P) | AP (P)"
A P) = 2] [

Tl O ="gir®) *7mim

0<A<1,77f(2)is given by (1.16) . We further let 77} (A, ) = T}(A, @)NT.

(1.19)

In the following section we obtain coefficient estimates for f € TJ (), a).

2 Coefficient Bounds

Theorem 1. Let the function f be defined by (1.2). Then f € TJT (N ) if
and only if

> (kL + Ak = 1)] = 2)Cr(n, wax < (1 - a). (2.1)
k=2
The result is sharp for the function

(1-a) k

2)=2z— 2¢, k> 2. 2.2
T =2 G A G = D] - ) Cln, ) 22)

Proof. Suppose f satisfies (2.1). Then for ||z,

HJ:",](IP’) - 1” < Hj:\,n(P) +1- 20‘”
2= Y opeg KCk(n, parz® — X352, k(k — 1)Cr(n, parz* 1H
2= 2o Crl(n, p)arz?
2= >0 kCr(n, wagz® — XNY"2, k(k — 1)Cr(n, p)axrz®
z =Y pes Crln, p)agz*

< H2(1 —a)—

[M]8

< D R+ MKk =1)]=1) Cr(n, p)ar
k=2
<2(1—a) =Y (k[1+ Ak = D]+ (1 — 20))Cr(n, p)ax
k=2
=Y (k[1+ Ak = D] = a)Cr(n, way, — (1 — )
k=2
<0, Dby(2.1).

Hence, by maximum modulus theorem and (1.18), f € TJ ) (A, @). To prove the
converse, assume that

o0

H ju)\,n(ﬂp) _q ) - kEQ(k[l + Ak —1)] — 1)Cr(n, p)arzF1
Tan®)F1=20 || llo (1 0y 5 ([1 4+ Ak — 1]+ (1 — 20))Ck (7, ) 2+
k=2

<1, zeUl.
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Equivalently,
— 32 (K[ + Ak = 1] = 1)Ciln, pagh
Re k=2 <1. (2.3)
21 —a) = S (kL +XNE—=1)]+ (1 — 2a))Ck(n, p)arzk-1

k=2

Since Re(z) < ||z]| for all z. Choose values of z on the real axis so that jlf‘,,(IP’)
is real. Upon clearing the denominator in (2.3) and letting ||z|| = P = rI(0 <
r < 1) and letting r — 17, we obtain the desired assertion (2.1). O

Corollary 1. If f(z) of the form (1.2) is in TJT (A, @), then

(1-a)
R+ A= 1]~ a)Crlmp) "=

ap < (2.4)

with equality only for functions of the form (2.2).

In the following theorem we state the distortion bounds and extreme point
results for functions f € TJ}}(A, @) without proof.

Theorem 2. If f € TJ /() ), then

) t-o) ) (o)
T RIEN —aGny = WO ST g T aGm T %Y
TR ChnC) B} 7) SV S . Uil B

2(1+ ) = a|Ca(n, ) 21+ A) = alCa(n, 1)

The bounds in (2.5) and (2.6) are sharp, since the equalities are attained by the
function

= — (1704) z z = T
&= B —amm” " 27

Theorem 3. (Extreme Points) Let f1(z) = z and

(1-a) o
(k[1+ Ak = 1)] = a)Cr(n, 1)

fe(z) =2z —

k>2 for0<a <3, and0 < X< 1. Then f(z) is in the class TT (X a) if

and only if it can be expressed in the form f(z) = > wifr(2), where wy >0
k=1

o0
and Y wg = 1.
k=1



CAPUTOS FRACTIONAL DIFFERENTIATION 117

3 Radius of Starlikeness and Convexity

The radii of close-to-convexity, starlikeness and convexity for the class T J Z (A @)
are given in this section.

Theorem 4. Let the function f(z) defined by (1.2) belong to the class T T\ (), a).
Then f(z) is close-to-convex of order 6 (0 < 4§ < 1) in the disc |z| < ri, where

[ =) (K[ + Ak — 1)] — @) Cr(n,m)]
- =) k (k> 2). (3.1)

The result is sharp, with extremal function f(z) given by (2.2).

Proof. Given f € T and f is close-to-convex of order 4, we have
I/ (P)—1|| <1—a. (3.2)

For the left hand side of (3.2) we have

IF/(B) = 1] < kax||B]*.
k=2

The last expression is less than 1 — ¢ if

o~k k-1
Z 1= 6%‘“}»” <L
k=2

Using the fact, that f € TJ (A, a) if and only if

S (LA = 1) — ey Culog)
k=2 (1-a) -
We can say (3.2) is true if

k
— Pt <
1_5|| "7 <

(K1 + Ak = 1] = ) Cr(n, 1)
(1-a) '

Or, equivalently,

HPHk—l — Tk_l — (1 — 6)(k[1 + )‘(k — 1)] — Oé) Ck(nvﬂ)
k(1 —«)

which completes the proof. O
Theorem 5. Let f € TJ (N ). Then
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1. f s starlike of order 6(0 < § < 1) in the disc ||z|| < re; that is,

Re {ZJ]:ES)} >0, where

ro = inf
k>2

(1= 8) (k{1 + A(k = 1)] ) Cy(np) | *
(1—-a)(k—9) '
2. f is convex of order § (0 <§ < 1) in the disc |z| < rs, that is

Re {1 + Z;,,;g)} > ¢, where

rg = inf
E>2

{(1 — )(k[L+ Ak = 1] = @) Culn, ) }
(1—a)k(k—9) '

Each of these results are sharp for the extremal function f(z) given by (2.2).

Proof. Given f € T and f is starlike of order §, we have

Pf'(P)

f(®)

For the left hand side of (3.3) we have

3 (k= Dax [P
15

[e.°]
1= 3 ap [P
k=2

—1H<1—5, (P=rl(0<re <)) (3.3)

H Pf'(P)
f(P)

The last expression is less than 1 — 4, if

k-0 k—1
> s [P <1
k=2

Using the fact, that f € TJ}(A, @), if and only if

i (K1 + Ak = D)] = a)ar. Cx(n, 1)

<1
Pt (1-a)
We can say (3.3) is true if
k— 5”@”]@71 < (k[l + )‘(k — 1)] — a) Ck(nvﬂ)
1-6 (1-a) '

Or, equivalently,

(1 =) (k1 + Ak = 1)] — @) Cr(n, )
(1—a)(k—0)

which yields the starlikeness of the family.

(2)  Using the fact that f is convex if and only if zf’ is starlike, we can
prove (2), on lines similar the proof of (1). O

Pl <
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4 Integral transform of the class TJ (X, @)
For f € TJ (), a) we define the integral transform

1
f(tz)
e = [ e,
where p is real valued, non-negative weight function normalized so that
fol u(t)dt = 1. Since special cases of p(t) are particularly interesting such as
p(t) = (1 +¢)t¢, ¢ > —1, for which V), is known as the Bernardi operator, and

1\ 51
w(t) = ¢ (Zogt> ,c>—1,6>0

which gives the Komatu operator. For more details see [4].
First we show that the class TJ}(A, «) is closed under V,,(f).

Theorem 6. Let f € TJ, (N, «). Then V,(f) € TT (N a).

Proof. By definition, we have

c § 1
Vu(f) = (/jg;)) /(—1)6_1tc(109t (Z—Zakz th= 1) dt

0

— (=1~ Met1) b c- 1
= erg(r)h [/7 t¢(logt)°~ ( 1;2 apzth >dt‘|

and a simple calculation gives

[e'S) c+1 5
Vu(f)(z):z—Z(chk) apz".
We need to prove that

(K[L+A(k = 1)] —a) Ci(n,p) (c+1)°
iea) u (Hk) ap < 1. (4.1)

M8

b
I|

2

On the other hand by Theorem 1, f € TJ}}(A, «) if and only if

i [1+ Ak —1)] — a)a, Cr(n, )

(i—a) <1.

k=2

Hence ngL < 1. Therefore (4.1) holds and the proof is complete. O
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Next we provide a starlike condition for functions in 77} (A, «) and V,,(f)
on lines similar to Theorem 5 .

Theorem 7. Let f € TJ (N ). Then
(1) V.(f) is starlike of order 0 <~ <1 in |z| < Ry where

1

()’ Q=208 351 ) Cutu]

(1t). V,(f) is convex of order 0 <y <1 in |z| < Ry where

Rl = inf
k

R2 = inf

<c+k>‘5 (1= )R+ Ak~ 1)] — ) ck<n,u>] =
k

c+1 (1—a)(k—7)

5 Integral Means Inequalities

In this section, we obtain integral means inequalities for the functions in the
family T7J (X, a).
Lemma 1. [5] If the functions f and g are analytic in U with g < f, then for
k>0, and0<r<1,
2 2
/|g(re'i9)y“deg/|f(rei9)y”d9. (5.1)
0

0

In [9], Silverman found that the function fo(z) = z— é is often extremal over
the family 7. He applied this function to resolve his integral means inequality,

conjectured in [10] and settled in [11], that
2m 2m
/ |f(re?®)|" do < / | fo(re™®)|" do,
0 0

forall f € T,k >0and 0 <r < 1. In [11], he also proved his conjecture for

the subclasses of starlike functions of order o and convex functions of order «.
Applying Lemma 1, Theorem 1 and Theorem 3, we prove the following

result.

Theorem 8. Suppose f(z) € TT (A a) and fa(z) is defined by fa(z) = z —

mzz, Then for z =re®, 0 < r < 1, we have

2m 27
Js@iras < [ 161 as. 5:2)



CAPUTOS FRACTIONAL DIFFERENTIATION 121

Proof. For f(z) =2z — Y ay2z*, (5.2) is equivalent to proving that
k=2
27 [e ] 1 ) K
1- k1 d9</1— —a do.
/ Z H +A )~ alCalbo)”
0 —
By Lemma 1, it suffices to show that
.- - (1-a)
L= a|P*t <1 [IP]].
2. 201+ %) — ol Calb. 1]
Setting
=Yt o0 e )
2 201+ N — o] Calb, ]
and using (2.1), we obtain
oo 1 _
Hw a) zk—l
:2 (k[1 + kX — A] — a)C(b, u)
> (1-a)
< ||P a
< W12 G = = e
< IIIP’II-
This completes the proof Theorem 8. O

6 Modified Hadamard Products

Let the functions f;(z)(j = 1,2) be defined by (1.2). The modified Hadamard
product of fi(z) and f2(z) is defined by

(f1x f2)(z —Z_ZaklakZZ

Using the techniques of Schild and Silverman [12], we prove the following results.

Theorem 9. For functions f;(2)(j = 1,2) defined by (1.2), let fy € TT (A, @)
and fo € TT (A, 7). Then (f1 * fo) € TT (N, &) where

B+20)(0 —a)(1 —v)

N O R N [CR IR SN TeA Ay ey gy T e
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Proof. In view of Theorem 1, it suffice to prove that

o (K[1+ Ak = 1)] = §)Cr(n, 1)
>y

where £ is defined by (6.1). On the other hand, under the hypothesis, it follows
from (2.1) and the Cauchy’s-Schwarz inequality that
o~ (K[L+ Ak = 1] = 9)2 (k[1 + Ak = 1)] = a) 2 Cx(n, p)
poar (1-a)(1=7)

agparz <1, (0<€<1)

Vagiag2 < 1.

(6.1)
We need to find the largest £ such that
o~ (K[L+ A(k = 1)] — ) C(n. 1)
kZZQ i-9 Ak, 10k,2
2 (K[ A = 1] =)} L+ A = D]~ ) Culnp)
<2 —a)1—7)
or, equivalently that
(K[1+ Ak = 1)] =) 2 (k1 + A(k — 1)] — )3 1-¢
VL2 < T-al—7) (KA =] =&
(k > 2). By view of (6.1) it is sufficient to find largest £ such that
(1-a)(1—7)
Cr () (k1 + Ak = 1)] = 7) 2 (k[L+ A(k = 1)] — )2
(K[L+ Ak = 1)) = )2 (k[L+ A(k = 1)] — ) y 1-¢
- (1 —a)((1=7)) (FL+A(k=1)] =€)

which yields
kLI4+XME-D]+DA-a)(1-—7)

ST T AG - D] - (R T Ak — D] — @)C(nm) — (L — ) —7)
(6.2)

for k > 2 it is an increasing function of & (k>2)for 0 <a < 1;0<<1;0<
A <1 and letting k = 2 in (6.2), we have

B+20)1—a)(1 —7)
2+20=7)2+2X = a)Co(n,p) — (1 —a)(1—7)

£=1-
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Theorem 10. Let the function f(z) defined by (1.2) be in the class T T}, (), a).
(&)

Also let g(z) = z — > |bp|2® for |by| < 1. Then (f *g) € TI L\ ).
k=2

Proof. Since

L+ Ak = 1)] = a)Cr(n, ) |arb|

<

S (kL + Ak
k=2
< SR+ Ak = 1] — ) Chln, man
k=2
(1-a)

it follows that (f * g) € TJL(A, @), by the view of Theorem 1. O

Theorem 11. Let the functions f;(z)(j = 1,2) defined by (1.2) be in the class
o0

€ TT (A a). Then the function h(z) defined by h(z) = z — 2 (ai1 + a%72)z”“

is in the class € TJ (A, §), where

2(1 —a)?2(1+ ) — 1]
R(1+A) —a2Ca(n, p) —2(1 — @)?

f=1-

Proof. By virtue of Theorem 1, it is sufficient to prove that

o0

K1+ Ak = 1)] = §Ck(n, 1)
>

(k1+ak2)<1 (6.3)

where f; € TJZ()\,f,) we find from (2.1) and Theorem 1, that

i[ [1+ Ak >]—a>ck<n,u>ra2

_ k,j =
P (1—a)

[i [1+ Ak —1)] — a)Cr(n, 1) ak’j] (6.4)

P (1-a)

which yields

(aky +ako) < 1.

o~ L [(E[L+ Mk — 1)) — a)Ci(n, )]’
[



124 G. MURUGUSUNDARAMOORTHY, K.UMA AND M. DARUS

On comparing (6.4) and (6.5), it is easily seen that the inequality (6.3) will be
satisfied if

(K1 + Ak = D] = Cr(n, 1)
(1-¢)

That is an increasing function of k (k > 2). Taking k = 2 in (6.6), we have,

(kL + A(k = 1)] - a)Cr(n. )]’
(1-a) ’

< for k> 2.

N |

2(1 — a)?2(1+ ) — 1]
2(1+A) — a]?Ca(n, p) —2(1 — @)’

f—1- (6.6)

which completes the proof. O
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Modified Noor iterative procedure for uniformly
continuous mappings in Banach spaces.

J.O. Olaleru and A.A. Mogbademu.

Abstract. In this paper, a strong convergence theorem is obtained
for three uniformly continuous mappings in real Banach spaces. Our
results extend, improve and generalize the recent results of Chang
et al.(2009) among others.

Resumen. En este trabajo, se obtiene un teorema de la convergen-
cia fuerte para tres funciones uniformemente continuas en espacios
de Banach reales. Nuestro resultado amplia, mejora y generaliza los
resultados recientes de Chang et al. (2009), entre otros.

1 Introduction

Let E be an arbitrary real Banach Space and let J : E — 2F" be the normalized
duality mapping defined by

J(@)={f e E" :<a f>=|z|*=|f|*},Va € E

where E* denotes the dual space of E and < ., . > denotes the generalized duality
pairing between E and E*. The single-valued normalized duality mapping is
denoted by j. Let y € E and j(y) € J(y); note that < ., j(y) > is a Lipschitzian
map.
Let K be a nonempty closed convex subset of E and T : K — K be a map.
The mapping T is said to be uniformly L- Lipschitzian if there exists a constant
L > 0 such that

|72 — Ty| < Lilz —y|

for any z,y € K and Vn > 1.
The mapping T is said to be asymptotically pseudocontractive if there exists a

2010 AMS Subject Classifications: Primary 47H10.
Keywords: Noor iteration; Strongly accretive mappings; Strongly pseudocontractive
mappings; Strongly ®-pseudocontractive operators; Banach spaces.
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sequence (kn> C [1700) with llmn%mkn =1 and for any x,y c K there exists
jlx —y) € J(z — y) such that

< T — Ty, j(x —y) >< kullz — |2 Vn > 1.

The concept of asymptotically pseudocontractive mappings was introduced by
Schu[14].

Recently, Chang et al.[4] pointed out some gaps in the proofs of result in [12] and
then proved a strong convergence theorem for a pair of L-Lipschitzian mappings
instead of a single map used in [12]. In fact,they proved the following theorem :

Theorem 1.1 ([4]). Let E be a real Banach space, K be a nonempty closed
convex subset of E; T; : K — K ,(i = 1,2) be two uniformly L;-Lipschitzian
mappings with F'(T1) N F(Ts) # ¢, where F(T;) is the set of fixed points of T;
in K and p be a point in F(T}) N F(Tz). Let k, C [1,00) be a sequence with
kn — 1. Let {z,} and {B,} be two sequences in [0, 1] satisfying the following
conditions:

(D)X 02 =00 (i)Y07 a2 < oo (i)Y e, Bn < 00

(1iv) D02 an(kn — 1) < .

For any z¢ € K, let {z,} be the iterative sequence defined by

Tnt1 = (1 — ap)zn + T yn

If there exists a strictly increasing function ¢ : [0,00) — [0,00) with ©(0) =0
such that

< TPty = p,j(wn = p) >< knllzn = pl* = @llzn = pll)

for all j(x —p) € J(x —p) and = € K, (i=1,2), then {x,} converges strongly to
P

The result above extends and improves the corresponding results of [12] from
one uniformly Lipschitzian asymptotically pseudocontractive mapping to two
uniformly Lipschitzian asymptotically pseudocontractive mappings. In fact, if
the iteration parameter {3,} in Theorem 1.1 above is equal to zero for all n
and 77 = T = T then we have the main result of Ofoedu [12].

Within the past dyears or so, considerable research efforts have been devoted
to developing iterative methods for approximating the common fixed points
(assuming existence) for families of two or more maps for several classes of non-
linear mappings (see,[4] and [13]).

Rafiq [13], introduced a new type of iteration- the modified three-step iteration
process, to approximate the common fixed point of three strongly pseudocon-
tractive mappings in a real Banach space. It is defined as follows:
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Let T1,T5,T5 : K — K be three mappings. For any given zy € K, the modified
Noor iteration {z,}°, C K is defined by

Tnt1 = (1 — an)Tn + anThyn

Yn = (1 - ,Bn)l‘n + /BTLTQZ’IL
zn = (1= m)n + WT32n, =0 (1.1)

where {a,}22 (,{6n}2, and {v,}22, are three real sequences satisfying (i)
an by, — 0 as n — oo and (i)Y .- ,a, = oo. It is clear that the iteration
scheme (1.1) includes iterations defined in the theorems of Ofoedu[12] as special
cases.

In fact, he proved the following theorem:

Theorem 1.2 ([13]). Let X be a real Banach space and K be a nonempty closed
convex subset of X. Let 71,75, T3 be strongly pseudocontrative self maps of K
with 77 (K) bounded and 71,75 be uniformly continuous. Let {x,}22, be the
sequence defined by (1.1), where {a,}22q, {bn}52, and {c,}52, are the three
real sequences in [0,1] satisfying the conditions,

o0

lim a, = lim b, = lim ¢, :O,Zan = 00.
n—oo n—oo n—oo ne0

If F(Th) N F(Tz) N F(T5) # ¢, then the sequence {x,,}72, converges strongly to

the common fixed point of T, T5, T5.

The purpose of this paper is to extend and improve the recent results of

Chang et al.[4] which in turn is a correction, improvement and generaliza-

tion of results in Ofoedu[12]. We remove the conditions 2 a? < oo and

oo L an(kn — 1) < oo from Theorem 1.1 and, replace them with a weaker

condition oy, 5, — 0 as n — oco. We equally extend their pair of maps to

three maps. Furthermore, we use a more general iteration procedure. Also, the

L- Lipschitzian assumption imposed on 7T; in Theorem 1.1 is replaced by more

general uniformly continuous mappings. Our method is different from [4].

In order to obtain the main results, the following lemmas are needed.

Lemma 1.1[2].Let E be real Banach Space and J : E — 2F" be the normalized

duality mapping.Then,for any z,y € E

lz+yl* < |zl +2<y.j@+y) > Vi[@+y) € J(z+y)

Lemma 1.2[8]. Let @ : [0,00) — [0,00) be an increasing function with ®(z) =
0 < z =0 and let {b,}>2, be a positive real sequence satisfying

oo
> by =+o0 and lim b, =0.
n—oo

n=0
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Suppose that {a,}52, is a nonnegative real sequence. If there exists an integer
Ny > 0 satisfying

az.1 < aZ +o(by) — by ®(ant1), Yn > No

O(bn)
bn

where lim,, s =0, then lim,, . a, = 0.

2.Main results

Theorem 2.1. Let X be a real Banach space , K a nonempty closed and
convex subset of X and T7,T5,T3 : K — K be uniformly continuous mappings
such that T3 (K) is bounded and let suppose that T (K ), T>(K) and T5(K) have
only one common fixed point. Let k, C [1,00) be a sequence with k, — 1 and
{zn} be a sequence defined by (1.1) where {ay 152, {0n}5 and {v,}22, are
three sequences in [0,1] satisfying

(1) limy—yeo @ = limy 00 B = limy 00 ¥ = 0
and

(i) S5, an = oo

If there exists a strictly increasing function ¢ : [0,00) — [0,00) with ©(0) =0
such that

<T]'zn —p,j(xn — p) >< knllzn — pH2 = ([l — pll)

for all j(x — p) € J(z — p) and z € K, (i=1,2,3), then {z,} converges strongly
to p the unique common fixed point of 77,75, T3.

Proof. By assumption, we have F(T1) N F(Ty) N F(T3) = p, say. Let D; =
lzo — pll + sup,>o 117" yn — pl|- We prove by induction that ||z, — p|| < D; for
all n. It is clear that, ||z¢ — p|| < D;. Assume that ||z, — p|| < D; holds. We
will prove that ||z,+1 — p|| < D;1. Indeed, from (1.1), we obtain

< (1 = an)(®n — p) + an(TTyn — p)||
< (A =an)llzn —pll + anl|TTyn — pll
< (1 — Oén)Dl + o, D1 = Ds.

€01 = pll

Hence the sequence {x,} is bounded.
Using the uniformly continuity of T3, we have {T§'z,} is bounded. Denote
Dy = max{Dy,sup{||T%z, — p||}}, then

(1= v)llen — pll + VT3 20 — p|
(1 =v)D1 + D2
(1 = ~n)Dg + v Dy = Dy

(el

ININAIA
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By the virtue of the uniform continuity of Ty, we get that {T4'z,} is bounded.
Set D = sup,>¢ |75 2n — p|| + D2. From equation (1.1) we have, in view of
Lemma 1.1, that

(Tnt1 = 0, j(Tns1 — p))

(1- Oén)lla?n pllzntr = pll + cn(Ti'yn = p, j(@ns1 — p))
(0 — an)llzn — plllzner — ol

+an (T Tns1 — p, j(Tnt1 — p))

+ap <T1nyn - Tlnxn—i-lvj(zn-&-l 7p)>

< (I —an)llzn = pllllznsr — pll + anowl|Tns — pll
+an(kpl|lznsr — plI? = (a1 = o))

lznt1 = pll?

A

(2.1)
where 0, = |T7"yn — T @n+1||. Observe that

[Zne1 —ynll = Bollvn — T3 20|l + anllzn — TTyn ||
< Balllzn = pll + 175720 — pll) + an(llzn — pll + 1 T7yn — ol1)
< ﬂn(D1+D)+an(D1 +D)
This implies that lim, oo [|[Tnt+1 — ynl = 0, since lim, oo, = 0,

lim,_ o0 B = 0. Since T3 is uniformly continuous, we have
n =17 Tnt1 — T{'Yull = 0, (n — o00) (2.2)

In view of the fact that (a — 1)2 >0, if a = ||z,4+1 — p|| then

1
a1 = pll < S+ [@ngr = o). (2.3)
Substituting (2.3) into (2.1), we obtain

[2ne1 = pl? < 5((0 = an)llzn = pl? + [Tnt1 — %) + knan||Tnsr — p)?
—n®([|lznt1 — o) + O‘ngn-%(l + |@ns1 = pl1?)
(1 =2k —anoy) |Tni1—=pl* < (1=an)?(lzn —p)|* =200 @ (|01 —pl]) + @ 0n.
(2.4)
Since lim, oo kpan, = limy, oo apo, = 0, there exists a natural number Ny

such that

—<1-2k,0,, —apo, <1
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for all n > Ny. Then, (2.4) implies that

1-a,)® n
[Zns1 = pl* < %”ﬁ% =l = s @ — pll)

an”n

+ 1—2kpan—anon

(an+(77L_2(1_k7L))
1-2knan—anon

IN

lzn = plI* + |2 — plI?

—%q)(”xnﬂ =0l + ok e,

(2.5)
Since ||z, — p|| < Dy, it follows from (2.5) that V n > Np,

Hxn-i-l _p||2 < Hxn_p||2+2an(an+0n_2(1_kn))D%
=20, @([|Tn 41 — pl|) + 2000,
= |lzn — plI? — 20,@(|| 2041 — pl|) 26)
+2an (o + 05 — 2(1 — ky,)) D} + 0,) :
lzn — PH2 — 20, ®(||xpg1 — pll)
+20a,((an + 00 = 2(1 = k) DI +04), ¥n > Ny

IN

Taking b,, = 2a,, and observing that

_ _ 2
lim 20, ((ap + o — 2(1 = kyp)) D3 + 04)

n— 00 200,

= lim ((an + 05 —2(1 = k,))D? +0,) =0

then (2.6) becomes
ar 1 < al — by ®(any1) +o(bn), Vn>No
This, with Lemma 1.2, showed that a,, — 0 as n — oo, that is ,

lim |x, —p| =0.

n— oo

This completes the proof.

Theorem 2.2. Let X be a real Banach space , K a nonempty closed and
convex subset of X and T : K — K be uniformly continuous mappings such
that T'(K') is bounded and let suppose that F'(T), the set of fixed points of T,
has only one common fixed point. Let k, C [1,00) be a sequence with &k, — 1
and let {z,} be a sequence defined by

Tn+1 = (1 - O‘n)xn + anTnyn
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Yn = (1 - Bn)xn + BT 2y,
Zn = (1 - 77L)$n + YT x,, n>0

where {an 1020, {Bn}5% and {v,}52, are three sequences in [0,1] satisfying

(i) Y07, an = o0.

If there exists a strictly increasing function ¢ : [0,00) — [0,00) with ©(0) =0
such that

<T"wn = pj(@n = p) >< knllwn = pll* = @(llzn — pll)

for all j(x — p) € J(x — p) and x € K, then {z,,} cconverges strongly to the
fixed point of T

Corollary 2.3. Let X be a real Banach space , K a nonempty closed and
convex subset of X and 77,75 : K — K be uniformly continuous mappings
such that T} (K) is bounded and let suppose that T} (K) and T(K) have only
one common fixed point. Let k, C [1,00) be a sequence with k, — 1 and let
{z,} be a sequence defined by

Tt = (1 — an)Tn + 0T Yn

Yn = (1 - /Bn)zn + ﬁnTann

where {a, 122, and {8,}52, are two sequences in [0,1] satisfying

(i) limp oo ap = lim, o B =0

(i) Y07, an = o0.
If there exists a strictly increasing function ¢ : [0,00) — [0,00) with ¢(0) = 0
such that
< TPy = p,j(en = p) >< kallzn — ol = ¢(l|lzn — pl)
for all j(x —p) € J(x —p) and = € K, (i=1,2), then {x,} converges strongly to

the unique common fixed point of 77, T5.

Corollary 2.4. Let X be a real Banach space , K a nonempty closed and
convex subset of X and T : K — K be uniformly continuous mappings such
that T'(K) is bounded and let suppose that F(T), the set of fixed points of T,
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has only one common fixed point. Let k, C [1,00) be a sequence with k,, — 1
and let {z,} be a sequence defined by

Tn+1 = (1 - O‘n)xn + anTnyn

where {a, }52, and {8,}52, are two sequences in [0,1] satisfying

(i)

(i)

hmn—)oo Qp = hmn—)oo Bn =0

Y1 O = 00,

If there exists a strictly increasing function ¢ : [0,00) — [0,00) with ¢(0) = 0
such that

< T2y = pj(@n — p) >< kalln — ol — @l — o)

for all j(x —p) € J(x —p) and z € K, then {z,,} converges strongly to the fixed
point of T
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Counting domino trains

Antonio M. Oller-Marcén.

Abstract. In this paper we present a way to count the number of
trains that we can construct with a given set of domino pieces. As
an application we obtain a new method to compute the total number
of eulerian paths in an undirected graph as well as their starting and
ending vertices.

Resumen. En este articulo presentamos una manera de contar
el niimero de trenes que se puede construir con un determinado
conjunto de fichas de dominé. Como una aplicacion se obtiene un
nuevo método para calcular el niimero total de caminos eulerianos
en un grafo no dirigido, asi como sus vértices inicial y final.

1 Introduction

Let G be a directed graph with set of vertices Vi and edge set Fg. A path of
length m on G is a sequence of vertices vg, vy, ..., Vs, such that (v;—1,v;) € Eg
for all 1 <4 < m. A path is a cycle if vg = vy, and (v;—1,v;) # (vj_1,v;) for
all 1 <¢ < j <m. An eulerian path or cycle is a path or cycle of length |E¢g|.
These concepts can be extended to the case when G is an undirected graph in
a natural way (see [4] for these and other elementary concepts about Graph
Theory).

Two eulerian cycles are called equivalent if one is a cyclic permutation of the
other. Let Eul(G) denote the number of equivalence classes of eulerian cycles.
If G is a directed graph there is a well-known theorem, the so called BEST
Theorem (see [2, 3]), which computes Eul(G) but if G is an undirected graph
the situation is much more difficult. Nevertheless, in the case of complete graphs
interesting results exist. In [1] for instance, an asymptotic value for Eul(K,)
(as well as the exact number for n < 21) is given, with K,, being the complete
graph with n vertices. ‘

Now let us denote by Eul!(G) the number of eulerian paths in G starting
in vertex v; and ending in vertex v; (with no equivalence relation taken into
account). In this paper we introduce a new approach and present a new method
to compute Eul! (G) for any undirected graph G. In particular we will count the
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number of trains that we can construct with a given set of domino pieces, where
a train is a chain constructed following the rules of domino and using all the
pieces from the given set. Since any graph gives rise to a set of domino pieces
where trains correspond to eulerian paths, our method applies to any graph.

The paper is organized as follows. In the first section we present some
elementary definitions and fix the notation. The second section is devoted to
prove the main result in the paper, namely to present a method to compute the
number of trains constructible from a given set of domino pieces. Finally, in
the third section we translate this result to a graph theory setting.

2 Definitions and notation

Let us denote by {e;; | 1 < i,j < n} the set of matrix units in M, (R); i.e.,
e;; is the square matrix of size n having a 1 in position (4, j) and 0 elsewhere.
Now, we define €;; = e;; + ej; for all 4 # j and €; = e;. Clearly the set
B ={€;; | 1 <i<j<n}isabasis for the vector space S, (R) of real symmetric
matrices of size n. If we define a new product over M,,(R) by Ae B = AB+BA
our basis multiply in the following way:

€1 ifi=+kandj#I

Ty e = 2e;; +2; ifi=kandj=landi#j (1)
2€;; ifi=j=k=1
0 if {i,5}N{k, 1} =0

It is well-known that e is commutative but non-associative. Nevertheless, we
may define recursively Aje---0A, = (Aje---0A,._1)eA,.. Now, given m € N we

consider the polynomial P, (Xi,...,X,) = Z Xo1y @ Xp2) 00 Xo(m).

ogESm
With the previous convention and choosing €; = €;,;, for t =1,...,m it makes
sense to compute P, (€1,...,¢,) = Z €5(1) ® - ®€4(m). Moreover, there

0ESm
must exist {Olij} g R such that Pm(ély . ,Em) = Zoz,;jéij.

In what follows we will denote by (7,7) the domino piece marked with
numbers ¢ and j. We recall that in the game of domino two pieces can be
placed together if they share at least one of their numbers. Now let us sup-
pose that we are given certain set of dominoes that we shall denote by D =
{(i1,41)s- -+, (im, Jm)}, we define a train as a sequence (ix,, jr, ) - - - (ik,, , Jk,, ) ad-

missible by the rules of domino; i.e., such that ji, =i, foralll <r <m-—1.
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3 Counting domino trains

Given a set of domino pieces D = {(41,51), .-, (¢m,Jm)} We are interested in
counting the number of trains that we can construct using all the pieces of D. If
an element of D appears more than once, we will assume that we can distinguish
them.

For any domino piece (,j) we will identify (¢,j) <> €;;. Clearly, two pieces
(i,7) and (k,1) can be placed together following the rules of domino if and only
if €;; @ €y # 0. Consequently we have the following:

Lemma 1. A sequence (i1,71)(i2,72) - - - (in, jn) is a train if and only if €, ;, ®
Ciyjy @+ ®€i,5, 7 0.

Proof. By induction on n. Cases n = 1,2 are obvious due to (1). Now let us
suppose that (i1, 1)(l2, j2) - - (in,jn) is a train with n > 3 and €;,;, ® €;,,, ®
---e¢; i = 0. Then, there must exist 2 < k < n such that €;, ;, ®---e%;, ; =0
and by our induction hypothesis (i1,J1) - (ig, jr) is not a train which is a
contradiction. Conversely if €;,;, ®€;,;,®---0€; ;. 7# 0, then€; ;, ®€;,;, # 0 and
€y, @ ®€; ;. 7 0so, by induction, both (i1, j1)(i2, j2) and (i2, j2) - - - (in, jn)
are trains and consequently so is (i1, j1)(i2, J2) -+ (in, Jn)- O

Now, given the set D and since the set B is a basis for S,,(R), we have that
Py -1 Cipjm) = 2 @j€;. In fact, the following lemma holds.

Lemma 2. In the previous situation, oy, j, 7# 0 if and only if we can construct
a train starting with iy, and ending with jy, (or viceversa) using the pieces of the
set D.

Proof. Tt is an easy consequence of (1) and Lemma 1. O

Observe that, given a train (i1, j1)(ie, j2)(i3,43) we could have placed its
pieces in different ways according to the order. Namely we could have firstly
placed the piece (i1, j1) then (is, j2) on its right and finally the piece (i3, j3) on
the right of the latter. We could also have started by piece (i2, j2), then (i1, j1)
on its left and finally (i3, j3) on the right of the former. If we denote by c(n)
the number of different ways we can construct a train of length n we have.

Lemma 3. ¢(n) =271

Proof. Clearly we can finish a given train either by placing the first piece (the
one in the left) or the last one (the one in the right). This implies that ¢(n) =
2¢(n — 1) and since ¢(1) = 1 the result follows. O

With these technical lemmas in mind, we are in condition to prove the main
result of this paper.
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Proposition 1. Given a set of domino pieces D = {(i1,51)s - - (tm,Jm)}, the
Qi iy,

m—1
starting with iy, and ending with ji (or viceversa) using the pieces from the set
D.

number is exactly the number of domino trains that we can construct

Proof. Again, cases m = 1,2 are obvious and can be verified by direct compu-
tation using (1). Now if m > 3 it is enough to observe that

m

_ = _ _
Pm(eihjlv"'v Zma]m E :Pm 1 611317"'7€ikjka""eimjm).eikjk

and proceed by induction on m. O
Example 1. Given the set D = {(1,1), (17 2),(1,3),(2,2),(2,3),(3,3)} we have
that Ps(€11, €12, €13, €22, €23, €33) = =2° Z 4e;; |. So, we can construct 4 trains

starting and ending with 1, and the same number with 2 and 3.

Example 2. Given the set D = {(1,2),(1,3),(2,3),(2,3),(2,4),(3,4)} we have
that P@(Elg,513,523,522,524,534) =25 (12@11 + 24€95 + 24€33 + 12@44). So, we
can construct 12 trains starting and ending with 1 (the same number with 4),
and 24 trains with 2 (the same number with 3).

4 Counting eulerian paths in graphs

Given a set of dominoes D = {(i1,J1),.- -, (¢m,Jm)} We can construct a graph
in the following straightforward way: we draw a vertex for each of the numbers
appearing ir our set D and we join two of such vertices if and only if the
corresponding piece lies in our set. Clearly we can proceed backwards and
obtain a set of dominoes from every graph. Moreover, domino trains correspond
exactly with eulerian paths or cycles. Thus, our previous construction allows
us to count them.

Also observe that given a graph G if we denote by D¢y the set of domi-
noes coming from the previous construction, then Z €;; = Ag where Ag

(i,j)€Dea
is the adjacency matrix of G. Conversely, given a graph G with adjacency
m

matrix Ag we can write Ag = Zéikjk with m = |Eg| and we know that
k=1

P&y -1 Cipjm) = 2 ;€. The following result translates Proposition 1

to this setting.

Proposition 2. In the previous situation and with the notation of Section 1,

Bul(G) = 5%
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Example 3. Given the graph below:

1 (1,2) 9
(1,3) (2,4)
3 (3,4) 4

it is clear that the associated set of domino pieces is
D¢g = {(1’ 2)’ (17 3)’ (2a 3)7 (2’ 3)(2a 4)7 (33 4)}7

and according to Example 2 above, the total number of eulerian cycles of G is
72, 12 starting and ending in vertex 1, 24 in vertex 2, 24 in vertex 3 and 12 in
vertex 4.

Example 4. Consider the graph G given in the figure below.

In this case Pg(élg,élg, 523, 524, 525, 534, 535, 545) = 27 . 44545 and thus G has
44 eulerian paths starting in vertex 4 and ending in vertex 5 (and vice versa).
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DIVULGACION MATEMATICA

Another perspective on a famous problem,

IMO 1988: The equation % = n?

Luis Gémez Sdnchez Alfaro

Abstract. In this work we apply a simple property of the function
F below to study an interesting IMO problem proposed in 1988 of
which we give a solution. We analyze with some detail the diophan-
tine equation F'(z,y) = n? in connection with this problem.

Resumen. En este trabajo se aplica una simple propiedad de la
funciéon F', ver abajo, para estudiar un interesante problema pro-
puesto en la OMI de 1988, del cual damos una solucién. Se analiza

con cierto detalle la ecuacién diofantica F(z,y) = n?
este problema.

The symmetrical function F(z,y) = T4

markable property, trivial to verify: F(x,23) = F(z,0) = 22 for all .

f:x)

:i, A2.2%)

x:, x20,z20 Always £,(0) = £.(z3) =22

x+1

flx) =

en relacién con

2+2 . X
% of R, x R, in R, has the re-

Here we use basically this property to determine an infinity of integer so-
lutions of the equation F(z,y) = n? for all n > 2. We give first a solution,
apparently new, to a famous problem [see (9) below| proposed by Stephan Beck,



144

Luis G. SANCHEZ ALFARO

Federal Germany, in the 29° International Olympic Games of Mathematics held

at Canberra, Australia, in 1988. The statement of this problem implies that if n

is not a perfect square, the equation F'(x,y) = n does not have integer solutions.
Let us define the function f, from R, to R, by f,(z) = F(n,x), ie.,

2, 2
fn(l') = 7:1;':1 3 T 2 0

For n € N we have the following properties which are elementary results:

1.

> W

fn(m) = fm(n) and fn(o) = fn(n3) =n’.
fnis 1 —1over z > n>.

. .« . — /4
f» has a unique minimum at ng = =E¥YEL < g
0 n

fn decreases over [0,ng] and increases over x > ng

Falng) = 2(—”"":4_1)

=mg<2foralln; 1<my<2;n#1l
n

. For all z # ng in [0, %] there exists a unique

3—1’

y # x such that f,(z) = f.(y); in fact y = n € [0,n?]

nr+ 1

Let h,, be the function defined by hy(z) = ==%; 0 < x < n.

Thus h,(z) = y. Note the function h,, is involutive, i.e., hy(hn(2)) = 2.

If =, f,(x) are nonnegative integers, with 0 < z < n® then h,(z) is a
nonnegative integer.

Moreover, ng < < n® <=0 < h,(z) < ng
Proof:
n?+a%  n?+ [h,(2))?

= =k=
ne+1 nhy(z) + 1

= k therefore

x4 hy(x)
n

hn(x) = kn — z is an integer; it must be positive by definition of h, (z).

DI 0 < a < bthen fo(x) > fo(z) for all x > o where o is the unique

positive root of 2® — abx — (a + b) = 0.
Proof: Consider the difference function
B _ —(b—a)[z® — abz — (a +b)]
g(l’) - fb(x) fa(x) - (CLZ‘ + 1)(b$ ¥ 1) )

It is easily seen, using the derivative, that g(z) is decreasing over z > 0
going from g(0) = b? — a? to —oo so the equation g(z) = 0 has a unique
positive root «; consequently f,(z) > fi(x) if z > a.

x> 0.
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f"r
II -
t ~
A\ B E.
- \ . -
e | AN - -
= | §]
L s | “;"‘\-E"'P‘:\ﬂ'\\“""‘ i
N ta _--““-H'\-\.
b3 T
2 1!
o - [+ ] -—-._‘__‘hq_‘
= = | L
| |1k
F200 =55, F) =225, g(x) = felx) — folx) = 7—;“ ;:::'

We are deali r;wetﬂx’ Gtm the comasponding part tox < 0 is showed

in orler to s&s what happen with the other two roots. The function g has
the uniqus postive oot o= 3.96686 and the negative roots B= —0.750625,
y =—2. 786235

. If0<a<bthen fy(x) = fu(x) = B at a unique point x = o where « is
the positive root of 2* — abr — (a +b) = 0.

Furthermore a + b = af3.

Proof:
b2 + 22 B a? + 22
bxr+1 ar+1
b2 2 2 2
On the other side ba++a1 = L:za—:al =f=a+b=0ap

=23 —abr—(a+b)=0

. PROBLEM 6 (IMO 1988).- Let a and b positive integers such that

ab + 1 divides a? + b%. Show that & bﬁ_bl is the square of an integer.

SOLUTION: With a < b (a = b would give 1 < k: < 2 where 2% = f)
consider the functions f, and f; so, k = fy(a) = fu(b)
When k = a? there is nothing to prove. Suppose f,(b

as in (1).
) = k: > a?. There
— a®+b® _ o+ :
exists always a real ¢ # b > a such that k = 17 = (Zc+61 from which,

as in the proof of (6), we have b + ¢ = ak hence ¢ is an integer. On the
other hand, when k > a?, it is easily seen that f% < ¢ < 0. This is a
contradiction and therefore we consider only k < a?.

We know, by (3) and (4), that f,(x) is increasing at = b because b > a >
ao where ag is the unique point in which f, takes its minimum. Applying

“This is indeed the proposition (13) given below but stated otherwise.
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(5) and (6) we obtain the integers k = f,(b) = fa(a1) = fa,(a) where
0 < a; = ha(b) < ap < a < b and obviously a? > a2. Now f,, (z) is
increasing at = a which implies 0 < ag = hq, (a) < a1 < ap < a < b and
so on, continuing this way we obtain

k= fan (an+1) = fan+1 (a‘n) = fan+1(an+2)

where ap12 = ha,,,, (an)

and b >a?>a2>ai>a2>a2 > - - >k
A4
! f
L e
Koy b b

Construction of the an

2

Consequently because of we are dealing with integers, we must have k = a;

for a certain index n. The desired result follows.

(*) This indeed the proposition (13) given below but stated otherwise.

NOTE: Paragraph (9) gives a third solution which in addition to the two
previously known to the author, the first given by the Bulgarian partici-
pant in IMO 1988 Emmanuel Atanasiov and the second by the Australian
Professor J. Campbell, University of Canberra (see [1], page 65).

The following figure charts the end of the reasoning used in (9) which
together with (8) and (1) provides a means of finding integer solutions of
24y® n2

zy+1

the equation

The two curves, f,, and f, _, are distorted for practical reasons (the real
graphs very quickly stick to the y-axis as can be seen in the figure above
where two real graphs are shown).

As a2 = fu, (an—1) = fa,(0) = fa,(a3) then, by (5), a,—1 = a3; on the
other hand, (8) gives a, + an_2 = ax a2 = a5 | i. e., an_2 = a) — ay,

Continuing in the same way we get integers (by ascent, and not, as in (9),
by descent) that are solutions of the proposed equation.
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zy+1
I}"
k :a,z, /'[c'.-: /.f'z'.-i /,fc,.
‘III an &\‘ﬁlfa..._; .’_."/N:,_
\\. : N e // i
\ i H

Qg = 0 Qy G,1 = &

SOLUTIONS OF Z+¥ — 5?2

10. Thus, given f,, and the trivial point with integer coordinates (n3,n?), we
consider this point as the intersection of f,, with another curve f,, whose

index m > n, according to (8), is given by n +m = n3 n? = nd, i. e.

m = n® —n (which also goes for the rest solving the equation

n® 4 /(n10 —4nS + 4n2 |
5 =n’ —n).

f3(m) = n* which gives m =
The iterated application of the procedure gives the recurrence equation

Tpyo =N Tpy1 — x, (zo,21) = (0,n)

whose solutions satisfy the condition f,, (zx11) = n? for all k& > 1. The
solutions of this equation are given by

n[(n® +a)* — (n® — )*))

«

Qkxk =

where a = v/n? — 4, this is,
2k71xk _ nZ(i_c)nﬂkfi)aifl

where the indexes are the positive odds i < k .
We finally have

(k1]
2]@711,1‘: — HZ(k)nz(k72j71)(n4 - 4)j

i
Jj=0
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11

12

13

14.

where [k1] denotes the integer part of k1 = % and moreover
2 2
T+
F(ag, xpe1) = Sk LTkl :n2; k=1,2,3,.........
TpTry1 + 1
. By construction of the integers x, the sum in its general definition must be
divisible by 2¥~! which is clear if n is odd and easily verified in each of the
summands if n is even. Therefore each xj is a multiple of n and moreover,
a simple induction using the recurrence equation that defines them proves
that n is the greatest common divisor of each pair of consecutive (zj, Zp11)
in that succession.

. EXAMPLES:

n=3-n=27—=>n"-—n=240 >n" - 203 =2133 = n% —3n° +n =
18957 — n!l —4n" +3n3 = 168480 — n'3 —5n24+6n° —n = 1497363 —

32 — 9 — 324272 _ 27%4240% _ 240°42133% _ 21332418957 __
= 7T 3x2741 T 27%240+1  240%2133+1 _ 2133%18957+1

__ 18957%4168480% __ 168400°41497363% __
~ 18957%168480+1  168480%1497363+1

. fn(z) is not an integer for all integer x > n3.
Proof: Suppose x is an integer with x > n3. If f,(x) is an integer, by
(9) it must be the square of an integer clearly greater than n, then for
some integer h > 1 we have f,(z) = (n + h)? which gives the equation
n?+ 2% = (nz +1)(n + h)? whose discriminant, n?(n + h)* + 4(2nh + h?),
should be a perfect square. Then there exists an integer k£ > 1 such that

2n(n + h)%k + k* = 4(2nh + h?)

ie. 2kn® 4+ k% + (kn —2)(4nh +2h%) =0

This is clearly impossible if (kn — 2) > 0 and then kn = 1, but then we
have 2h2 4 4h — 3 = 0 which gives h irrational. This completes the proof.

Let [|n]] denotes the infinite set of solutions, generated by n, of the recu-
rrence equation Tgio = n?Tii1 — Tk, (o, x1) = (0,n) solved in (10).

If fo(z) =0% beN; z €N; 0<x<n? thenn €[], i.e. n is one of the
solutions in (10) generated by b.

Proof: Suppose a € N; 0 < a < n® and f,(a) € N. By (10) we have
fn(a) = m? < n?. By the involutive function of (5) we can choose a such
that f, be decreasing in a which means 0 < a < ng (by (3), (5) and
(6)). Then there exists, by (7) and (8), a function f,, increasing in a such
that f.(a) = fu(a) = k?; k2 < m? < n? and moreover m = ak? —n
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(Note that n, a and m satisfy the recurrence equation of (10) for the
coefficient k?). We repeat the procedure, now with f,, applied to the
point h,,(a) making a descent, as in (9), which should end with f, such
that f,(0) = f,(b®) = k* = b? and then n € [|b|].

15. Theorem.- If p > 0 is a prime number, then the unique integer solutions
(z,z) of the equation f,(x) = z are the trivial ones (0, p?) and (p3, p?).

Proof: It is a consequence of (11), (13) and (14).

CONCLUSION.- Let us denote A = {m € N; m > n?}. So far we have
obtained the following:

» fn(A) NN =0 for all natural n «
» f,(N) NN = {p?} for all prime p > 0 «
more generally, by (14), we can deduce without difficulty

» fo(N)NN = {n?} for all n which does not belong to [|b|] for any non
trivial divisor b of n «

We know f,,(N) NN trivially contains {n?}. The discussion above leads to
conjecture it contains at most one non trivial element.

» CONJECTURE«

For all n > 0, f,(N)NN = {n?} or {n2,6?}; (b < n and, by (14), n € [|b]]
therefore, by (11), b divides n).

Referencias

[1] Francisco Bellot Rosado, Ascensién Lépez Ch. Cien Problemas de Mate-
mdticas. ICE, Valladolid, 1994
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INFORMACION NACIONAL

La esquina olimpica

Rafael Sanchez Lamoneda

La Esquina Olimpica del primer ntimero de este volumen del Boletin de
la AMV, se escribié cuando estaba comenzando la actividad internacional del
ano 2011. En esa oportunidad informamos sobre los eventos por venir. Ahora
podemos resumir toda la experiencia de este ano en el ambito internacional.

El 21 de Mayo se organizé en 6 ciudades del pais, Porlamar, Maracaibo,
Valencia, Barquisimeto, Puerto Ordaz y Caracas, la Olimpiada de Mayo, con
la participacion de mas de 200 alumnos menores de 16 anos. De este grupo de
jovenes se seleccionaron los 10 mejores de cada nivel, de acuerdo a las reglas de la
competencia y sus calificaciones, asi como las pruebas de los alumnos ubicados
en los lugares, primero, tercero y séptimo de cada nivel, fueron enviadas a
Buenos Aires, donde estd instalado el Comité Organizador de esa olimpiada.
Los resultados fueron muy buenos, nuestros muchachos ganaron 17 premios, una
medalla de oro, una de plata, cuatro de bronce y 11 menciones honorificas. Los
resultados se pueden ver en nuestra pagina web, www.amc.ciens.ucv.ve, también
pueden tener una informacién completa en la pagina oficial de la Olimpiada
Matematica Argentina.

Del 16 al 26 de Junio se celebré en Colima, México, la XIII Olimpiada
Matematica de Centroamérica y El Caribe, OMCC, con la asistencia de 12
paises y 33 estudiantes. Cuba fue el tinico ausente a la cita y Jamaica participé
por segundo ano consecutivo. Alli también se destacaron nuestros estudiantes.
Rubmary Rojas del colegio Divina pastora de Barquisimeto gané medalla de
plata y Sergio Villarroel, del colegio San Lazaro de Cumand, gan6é medalla de
bronce.

La Olimpiada Internacional de Mateméticas, IMO, se llev6 a cabo en Ams-
terdam del 12 al 24 de Julio y como resenamos en el ntimero anterior asistimos
con dos alumnos, Diego Pena del colegio Los Hipocampitos, estado Miranda y
Carlos Lamas del colegio Independencia de Barquisimeto. Ambos jovenes ga-
naron menciéon honorifica. Asistieron 101 paises y 564 estudiantes y se contd
con la participacién de dos paises como observadores, Senegal y Uganda.
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Finalmente del 23 de Septiembre al 1 de Octubre estuvimos presentes en
la XXIV Olimpiada Iberoamericana de Matematicas, OIM. A la cita concur-
rieron 20 paises y un total de 78 estudiantes. Faltaron Repiblica Dominicana
y Cuba. Nuestro equipo estuvo integrado por Diego Pena, Rubamry Rojas
y Sergio Villarroel, solo tres de los cuatro posibles, pues a ultima hora Carlos
Lamas no pudo viajar. La jefe de delegacién fue la profesora Laura Vielma de la
Academia Washington y la tutora Estefania Ordaz, alumna de la licenciatura en
Matematicas en la Universidad Simén Bolivar. Otra vez los tres jovenes fueron
galardonados, Diego obtuvo medalla de bronce y Rubmary y Sergio menciones
honorificas.

Como se puede observar, ha sido un buen ano para nuestros estudiantes.
Cerramos esta esquina con los problemas de la XIII OMCC, la 52* IMO y la
XXIV OIM..

XIII Olimpiada Matematica de Centroamérica y El Caribe.
Primer Dia

Problema 1. En cada uno de los vértices de un cubo hay una mosca. Al
sonar un silbato, cada una de las moscas vuela a alguno de los vértices del cubo
situado en una misma cara que el vértice de donde partid, pero diagonalmente
opuesto a éste. Al sonar el silbato, jde cuantas maneras pueden volar las moscas
de modo que en ningtn vértice queden dos o mas moscas?

Problema 2. Sean ABC un tridngulo escaleno, D el pie de la altura desde
A, FE la interseccién del lado AC con la bisectriz del ZABC, y F un punto
sobre el lado AB. Sea O el circuncentro del triangulo ABC' y sean X, Y, Z
los puntos donde se cortan las rectas AD con BE, BE con CF, CF con AD,
respectivamente. Si XY Z es un tridngulo equilatero, demuestra que uno de los
tridngulos OXY, OY Z, OZX es un tridngulo equilatero.

Problema 3, Aplicar un desliz a un entero n > 2 significa tomar cualquier
n+p?

primo p que divida a n y reemplazar n por . Se comienza con un entero
cualquiera mayor o igual a 5 y se le aplica un desliz. Al niimero asi obtenido se
le aplica un desliz, y asi sucesivamente se siguen aplicando deslices. Demuestra
que, sin importar los deslices aplicados, en algiin momento se obtiene el nimero

o.
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Segundo Dia

Problema 4 Encuentra todos los enteros positivos p, ¢ y r, con p y g niimeros
primos, que satisfacen la igualdad

1 1 1 1

+ - .
p+1 q+1 (p+1)(¢g+1) r

Problema 5. Los ntimeros reales positivos z, y, z son tales que
z x
x—i—y:y—i—f:z—i—f:Z
z x y
Determine todos los valores posibles de x + y + z.

Problema 6. Sea ABC un tridngulo acutdngulo y sean D, E y F los pies
de las alturas desde A, B y C, respectivamente. Sean Y y Z los pies de las
perpendiculares desde B y C sobre FD y DE, respectivamente. Sea Fj la
reflexién de F' con respecto a E y sea F; la reflexion de E con respecto a F'. Si
3EF = FD + DFE, demuestre que /BZF, = Z/CY E;.

Nota: La refiexion de un punto P respecto a un punto @ es el punto P; ubicado
sobre la recta PQ tal que @) queda entre Py Py, y PQ = QP;.

52% Olimpiada Internacional de Matematicas.

Primer Dia

Problema 1. Para cualquier conjunto A = {ay,as,as,as} de cuatro enteros
positivos distintos se denota la suma a; +as 4+ az + a4 por s4. Sea ny el nimero
de parejas (7,7) con 1 <i < j <4 para las cuales a; +a; divide a s4. Encontrar
todos los conjuntos A de cuatro enteros positivos distintos para los cuales se
alcanza el mayor valor posible de n 4.

Problema 2. Sea § un conjunto finito de dos o mas puntos del plano. En S
no hay tres puntos colineales. Un remolino es un proceso que empieza con una
recta £ que pasa por un unico punto P € S, al cual llamaremos pivote. Se rota
£ en el sentido de las manecillas del reloj con centro en el pivote P hasta que
la recta encuentre por primera vez otro punto de S al cual llamaremos ). Con
) como nuevo centro, (pivote), se sigue rotando la recta en el sentido de las
manecillas del reloj hasta que la recta encuentra otro punto de S. Este proceso
continia indefinidamente, siendo siempre el centro de rotacién un punto de S.
Demostrar que se puede elegir un punto P € S y una recta ¢ que pasa por P
tales que el remolino que resulta usa cada punto de S como un centro de rotacién
un numero infinito de veces.
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Problema 3. Sea f una funcién del conjunto de los niumeros reales en si
mismo que satisface

fl@+y) <yflz)+ f(f(2))

para todos los ntimeros reales x, y. Demostrar que f(x) = 0 para toda z < 0.
Segundo Dia

Problema 4. Sea Sea n > 0 un entero. Se dispone de una balanza de dos
platillos y de n pesas cuyos pesos son 29, 21, ..., 27~1  Se coloca cada una de
las pesas en la balanza, de una en una, mediante una sucesién de n movimientos.
En el primer movimiento se elige una pesa y se coloca en el platillo izquierdo.
En cada uno de los movimientos siguientes se elige una de las pesas restantes
y se coloca en el platillo de la izquierda o en el de la derecha. Determinar el
numero de formas de llevar a cabo estos n movimientos de manera tal que en
ningin momento el platillo de la derecha tenga mas peso que el platillo de la
izquierda.

Problema 5. Sea f una funcién del conjunto de los enteros al conjunto de
los enteros positivos. Se supone que para cualesquiera dos enteros m y n, la
diferencia f(m) — f(n) es divisible por f(m —n). Demostrar que para todos los
enteros m y n con f(m) < f(n), el niimero f(n) es divisible por f(m).

Problema 6. Sea ABC un tridngulo acutangulo cuya circunferencia circun-
scrita es . Sean ¢ una recta tangente a I', y sean ¢, ¢, y {. las rectas que se
obtienen al reflejar £ con respecto a las rectas BC, C A y AB, respectivamente.
Demostrar que la circunferencia circunscrita del tridangulo determinado por las
rectas £,, £y v £ es tangente a la circunferencia I'.

XXIV Olimpiada Iberoamericana de Matematicas.

Primer Dia

Problema 1. En la pizarra estd escrito el nimero 2. Ana y Bruno juegan al-
ternadamente, comenzando por Ana. Cada uno en su turno sustituye el niimero
escrito por el que obtiene al aplicar exactamente una de las siguientes opera-
ciones: multiplicarlo por 2, o multiplicarlo por 3, o sumarle 1. El primero que
obtenga un resultado mayor o igual que 2011 gana. Hallar cudl de los dos tiene
una estrategia ganadora y describir dicha estrategia.

Problema 2. Encontrar todos los enteros positivos n para los cuales existen
tres nimeros enteros no nulos z, y, z tales que

r+y+z=0 y s+, +1=

n
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Problema 3. Sea ABC un tridngulo y sean X, Y, Z los puntos de tangencia de
su circunferencia inscrita con los lados BC', C A, AB, respectivamente. Suponga
que C1, Cs y C3 son circunferencias con cuerdas Y Z, ZX, XY, respectivamente,
tales que C y Cs se corten sobre la recta C'Z y que C1, C5 se corten sobre la recta
BY. Suponga que C corta a las cuerdas XY y ZX en J y M respectivamente,
que C5 corta a las cuerdas YZ y XY en L e I, respectivamente, y que C3 corta
alas cuerdas YZ y ZX en K y N, respectivamente. demostrar que I, J, K, L,
M y N estan sobre una misma circunferencia.

Segundo Dia

Problema 4. Sea ABC un tridngulo acutdngulo, con AB # BC|, y sea O su
circuncentro. Sean Py Q puntos tales que BOAP y COPQ son paralelogramos.
Demostrar que @ es el ortocentro de ABC.

Problema 5. Sean z1,...,x, nimeros reales positivos. Demostrar que existen
ai,...,an € {—1,1} tales que

a1x? + -+ apwd > (a1 + -+ anzn)t

Problema 6. Sean k y n numeros enteros positivos, con & > 2. En una
linea recta se tienen kn piedras de k colores diferentes de tal forma que hay n
piedras de cada color. Un paso consiste en intercambiar de posicién dos piedras
adyacentes. Encontrar el menor entero positivo m tal que siempre es posible
lograr, con a lo sumo m pasos, que las n piedras de cada color queden seguidas
si:

® 7 €S par.

e n es impar y k = 3.

Rafael Sanchez Lamoneda
Escuela de Mateméaticas. Facultad de Ciencias. UCV

e-mail: rafael.sanchezQciens.ucv.ve
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v Asociacién Matemaética Venezolana
XXV JORNADAS VENEZOLANAS DE MATEMATICAS
UNIVERSIDAD DE ORIENTE

CUMANA, 26 AL 29 DE MARZO DE 2012

SEGUNDO ANUNCIO: LLAMADO A PRESENTACION DE TRABAJOS

Las Jornadas Venezolanas de Matematicas son organizadas anualmente por
la Asociacién Matematica Venezolana en colaboracién con algunas universi-
dades nacionales. Se trata de un evento de caracter cientifico que sirve como
mecanismo de registro y divulgacién de los resultados de las investigaciones en
Matematica que se realizan en el pais. Constituyen un foro de encuentro de
matematicos y diversos profesionales interesados en conocer, analizar y debatir
los temas mas actuales en investigacion matematica.

La vigésima quinta ediciéon de las Jornadas Venezolanas de Matemaéticas se
llevara a efecto en la Universidad de Oriente en la ciudad de Cumané entre el
26 y 29 de Marzo de 2012. En esta ocasién las sesiones temaéticas sobre las que
se articula el evento, asi como sus coordinadores, son:

SESION

COORDINADORES |

Anélisis

Ramoén Bruzual (ramon.bruzual@ciens.ucv.ve)
M. Domfnguez(marisela.dominguez@ciens,ucv.ve)

Analisis No Lineal y Teoria
de Funciones de Variacién
Acotada Generalizada

José Giménez (jgimenezQula.ve)
Edward Trousselot (eddycharles2007@hotmail.com)

Ecuaciones Diferenciales
Parciales, Analisis de Clifford y
Fisica Matemética

Antonio Di Teodoro (aditeodoro@usb.ve)
Daniel Alay6n (danieldaniel@gmail.com)

Educacion Matematica

Milagros Rodriguez (melenamate@hotmail.com)
Manuel Centeno (manuelcentenoll@gmail.com)

Grafos y Combinatoria

Felicia Villaroel(feliciavillarroel@gmail.com)
Daniel Brito (dbrito@sucre.udo.edu.ve)

Légica Matemaética

Ramoén Pino (pinoperez@gmail.com)
Jests Nieto (jnieto@Qusb.ve)

Probabilidad y Estadistica

Ricardo Rios (rricardorios@gmail.com)
Luis Rodriguez (larodriguez@uc.edu.ve)

Modelacién Matematica y
Anélisis Numérico

Zenaida Castillo (zenaida.castillo@ciens.ucv.ve)
Said Kas.Danaoushe (sak0525@gmail.com)

Sistemas Dindmicos
Continuos y Discretos

Alexander Carrasco (acarrasco@ucla.edu.ve)
Ramén Vivas(ramon.alberto.vivas@gmail.com)
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Teoria de Ntumeros y Algebra Pedro Berrizbeitia (pberrizbeitia@gmail.com)
Aurora Olivieri (aurora.olivieri@gmail.com)

Topologia y Geometria Ennis Rosas (ennisrafael@gmail.com)
Jorge Vielma (vielma@ula.ve)

Las personas interesadas en participar como expositores en cualquiera de las
sesiones teméaticas deberan atender a los siguientes requerimientos:

1. La propuesta de toda comunicacién oral en cualquier sesién tematica tiene
que ser hecha ante la coordinacion de la correspondiente sesién. El re-
sumen de la misma, de no més de una cuartilla, deber ser enviado, en
archivos .tex y .pdf, a las direcciones electréonicas de los coordinadores de
la sesién. La fecha limite para ello es 16 de enero de 2012.

2. La seleccién de las comunicaciones orales de cada sesién es competencia
exclusiva de la coordinaciéon de la misma. Los proponentes recibiran,
antes del 6 de febrero de 2012, la notificacién sobre la aceptacién o no de
su propuesta.

3. Toda comunicacién oral en las sesiones tendra una duracién de 20 minu-
tos. El ntimero méaximo de ellas es de 30; sus horarios seran establecidos
por el Comité Organizador, mientras que el orden de presentacién serd
competencia de la coordinacién de cada sesion.

4. Los resumenes deberan ser sometidos siguiendo, preferiblemente, el siguie-
te formato LATEX:

\documentclass[12pt] {amsart}

\usepackage [spanish] {babel}

\begin{document}

\title{TITULO DE LA COMUNICACION ORAL}

\author{Autor 1, \underline{Autor 2}} 7%J, subrayado el expositor
\address{INSTITUCION del Autor 1}

\email{xxx@uni.ve} %% direcci\’on electr\’onica del Autor 1
\address{INSTITUCION del Autor 2}

\email{xxx@uni.ve} %% direcci\’on electr\’onica del Autor 2

\maketitle

\section*{Resumen}

ACA VIENE EL CONTENIDO DEL RESUMEN

\begin{thebibliography}{99}

\bibitem{zw}

Z. Zhou and J. Wu. Attractive Periodic Orbits in Nonlinear Discrete-time
Neural Networks with Delayed Feedback. \textit{J. Difference. Equ. and Appl.}
Vol. {\bf 8}, (2001) 467--483.

\end{thebibliography}

\end{document}
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