Group actions on twin buildings

Peter Abramenko

Introduction

Though parts of the present paper perfectly look like abstract general nonsense,
its origin is a rather concrete question. Given a simply connected almost simple
Chevalley group G and a field k, what is a fundamental domain (in an appropriate
sense) for the action of G(k[t,t7]) on the product Ay x A_ of the two associated
Bruhat-Tits buildings A = A(G(k((t™')))) and A_ = A(G(k(()))) ? The solution
of this problem is of interest if one wants to determine the finiteness properties of
the S—arithmetic group G(IF,[t,¢7!]) by similar methods as used in [A1] and [A2].
An answer to the above question is given in Section 3, Proposition 5 below. I
first derived this result by applying Theorem 1 of [So| which describes a simplicial
fundamental domain (in the strictest sense) for the action of G(k[t]) on A, together
with Lemma 4 of Section 3. Then the proof of Lemma 4 also yielded a preliminary
version of Lemma 2 involving both affine buildings A, and A_. Thus I was led to
considering twin buildings and twin BN-pairs which turned out to constitute the
most natural framework for the original problem. For example, Soulé’s result can
easily be deduced and generalized in this context (see Proposition 6 and Remark 8).
As I discovered afterwards, this possibility is already indicated in [T2], §15.5 and
§15.7.

The action of G(k[t,t7!]) on A, x A_ provides an example for a group acting
“strongly transitively” (cf. Definition 3) on a twin building. In Section 2, we shall
study arbitrary actions of this type in an abstract framework. In particular, we
shall see that they always admit certain easily describable fundamental domains
(cf. Proposition 3 and its corollaries). However, these results can be derived under
assumptions on the pair (A4, A_) which are weaker than requiring it to be a twin

Received by the editors April 1995.
Communicated by J.Thas.

Bull. Belg. Math. Soc. 3(1996), 391-406



392 P. Abramenko

building in the sense of [T5]; one of the characteristic features of twin buildings,
namely the existence of “many” pairs of opposite chambers, plays no role in the
present paper. In order to make plain which axioms we really need, generalizations
of twin buildings and twin BN-pairs, called “pre-twin buildings” (the adjective
“weak” would be misleading in connection with the notion of “building”) and “pre—
twin BN-pairs”, respectively, are introduced in Sections 1 and 2. Furthermore, every
building A gives rise to a pre-twin building (by simply “doubling” A, cf. Example
1) but not to a twin building, in general. Hence pre-twin buildings seem to be the
appropriate framework if one wants to deduce results which can be simultaneously
applied to ordinary and to twin buildings (compare the proofs of Proposition 4 and
Proposition 6).

At last, I note that the axiomatic approach towards twin buildings used here
is that of [AR] which is different from that of [T5]. In the latter paper, a twin
building is considered as a pair (A4, A_) of buildings of the same type together
with a “codistance” ¢* between the chambers of A, and A_ satisfiying certain
conditions. For our purposes, it is more convenient to regard a twin building as a
pair A, A_ of buildings together with a set of “twin apartments” and an opposition
relation between the chambers of A, and A_. It is pointed out in [AR] that this
approach is equivalent to that of [T5] if the axioms for the twin apartments are
chosen appropriately. Again, one axiom (namely (TA4) of [AR]) is not of interest
for us in the following, and we are led to the definition of a pre-twin building given
in Section 1, eventually.

Essential parts of the present paper resulted from work done in September and
October 1992 during a stay at the SFB 343 in Bielefeld. I thank Herbert Abels for
his kind invitation and the DFG for having supported me financially during these
two months.

1 Pre—twin buildings

In the following, we shall not exploit the full strength of the axioms for twin buildings
as they are stated for example in [T5], §2.2. Instead, we introduce the more general
concept of “pre-twin buildings” which also admits ordinary buildings as special
cases. Before doing this, we have to fix some notations:

Let M = (myj)ijer be a Coxeter matrix over the finite index set I and
W = W(M) = (s;;i € I]s? = (s;8))™5 = 1;4,j € I,my; # oo) the corre-
sponding Coxeter group. Denote by ¢ : W — INj the length function with respect
to S = {s;|i €I} and set W; := (s;|i € J) for every J C I.

Let A, and A_ be two buildings of type M, i.e. with apartments isomorphic
to the Coxeter complex (W, S), type: A. —{J|J C I} the corresponding type
functions and C. := Ch(A.) their sets of chambers (¢ € {+, —}). Morphisms between
buildings of type M are always assumed to be type preserving. Throughout this
paper the notion of “building” is usually used in the “classical” sense (cf. [T1], ch.
3, or [Br], ch. IV), but the W-distance functions d. : C- X C. — W (¢ € {+,—})
will also be considered sometimes.

In the following, we assume that we are given a symmetric opposition relation

op € C+ XC-UC-xXC+
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and a subset A4 of {(X4,X_) | X is an apartment in A, for ¢ € {+, —}}. Define
A+ = {2+ | a3 (2+,2_> € A} and A_ = {2_ | ElE_,_ : (2+,2_> € A}

The fact that two chambers ¢y € Cy,c. € C_ are opposite will be denoted
by ¢y op ¢_ or c_ op cy, respectively. The elements of A are called twin apart-
ments. An isomorphism « between two twin apartments ¥ and Y’ consists of
two (type preserving) isomorphisms a. : ¥ — Y. of Coxeter complexes such that
cr op e <= ay(cy) op a_(c_) for all ¢. € Ch(X,), € € {+,—}.

It is shown in [AR] that every twin building in the sense of [T5], §2.2, admits
a system (A4, A_, A,op) satisfying certain axioms (TA1) — (TA4) and that, con-
versely, every such system gives rise to a twin building. (TA4) requires that inter-
sections of twin apartments are always “coconvex”, i.e. closed under formation of

(co-)projections. We can dispense with that condition in the following if we insert
(TAO), which follows from (TA1) — (TA4) but not from (TA1) — (TA3):

Definition 1: A quadruple A = (A, A_, A,op) with Ay, A_, A,0p as above is
called a pre—twin building (of type M ) if it satisfies the following conditions:

(TAO) A is a system of apartments for A, (e € {+,—}), i.e. for all c.,d. € C., there
15 a Xe € A- such that c.,d. € 3.

(TA1) For every ¥ = (X4,%_) € A, the restriction of the opposition relation in-
duces a bijection between Ch(Xy) and Ch(X_) and the latter a type preserving
1somorphism opy, 1 Xy — .

(TA2) For all ¢4 € Cy, d— € C—, there exists a ¥ € A with (cy,d_) € ¥ (which
means ¢y € Xy and d_ € ¥_).

(TA3) For all ©,% € A and all a = (ay,a-) € X NY, there exists an isomorphism
a: X —Y of twin apartments satisfying a(a) = a.

Here are the main examples for pre-twin buildings:

Example 1: Let A’ be a building of type M and A" a system of apartments of
A’. Define Ay = A = A, A:={(E,3)|X¥ €€ A}andcopd : < c=d
for ¢,d € Ch(A'). Then (A4, A_, A,0p) is a pre-twin building.

Example 2: (cf. [T4], Section 3, [T5], §2.3, and [AR]) Let (A4, A_,d%)
be a twin building. In particular, we have c; op c. <= §*(cy,c-) = 1 for
any ¢y € Cy, ¢ € (C_. For every pair of opposite chambers c. op c_., we de-
fine X(c.,c_.) to be the subcomplex of A. generated by {d. € C. |d-(ce,d.) =
0 (c—e,d.)}.

Set A4 := {(E(cy,c_),X(c,cy)) | ey op e—} . Then (A4, A_, A,0p) is a pre-twin
building.
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Remark 1 (cf. [AR], Section 2): If A = (A, A_, A4,0p) is a pre-twin build-
ing, a “W-codistance” 6* : C+ X C—- U(C- x C+ — W can be well-defined by setting
6*(cy,d_) :=0_(opg(cy),d_) =: 6*(d_,cy)"! for any & € A such that (cy,d_) € .
Then 0*(¢y,d-) =1 <= ¢4 op d_ and for all ¢. € C.; d_.,e_. € C_. it holds:

(Twl) 6*(d_c,c.) = 6*(ce,d_c)™t
(Tw2)" 0*(ce,d—c) =w e W,0_.(d_c,e_.) =s €S = 0"(ce,e_.) € {w,ws}
(Tw3) 0%(ce,d_c) =weW,se S

=3Jdr_.€Cc:0-c(dc,x_.)=sand §*(c,x_c) = ws

Furthermore, the stronger axiom

(Tw2) 0*(ce,d—c) =w e W, 0_.(d_c,e_) = s € S and l(ws) < l(w)

= 0"(ce,e—c) = ws

ist satisfied if and only if (A, A_,§*) is a twin building from which A arises as in
Example 2.

2 Pre—twin BN—pairs and strongly transitive actions
Let G be a group together with subgroups By, B_, N such that
i) ByNN=B_NN =: H isnormal in N.
ii) N/JH =W = (S) is the Coxeter group introduced in Section 1.

iii) (G, Be, N, S) is a Tits system for € € {+, —}.

Definition 2: A system (G, By, B_, N, S) as above is called a pre—twin BN—pair
(with Weyl group W) if it satisfies

(TBN1) B.wB_.sB_. C BAw,ws}B_. YweW, s€ S, e € {+,—}
(TBN2) B,(W\{1})NnB_=10

Corresponding to Examples 1 and 2 we obtain:

Example 3: If (G,B,N,S) is a Tits system then (G, B, B, N, S) is a pre-twin
BN-pair.

Example 4: Let (G, By, B_,N,S) be a twin BN—pair in the sense of [T5], §3.2,
i.e. a system as above satisfying

(TBN1) B.wB_.sB_. = BawsB_. for ¢ € {+,—} and all
w € W,s € S such that {(ws) < {(w)

(TBN2) BysnB_=0(forallseS
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Then (TBN1)" follows from (TBN1) together with sB_.s C B_. U B_.sB_. and
BiwnB_ =10 YweW)\{1} from (TBN2) by applying (TBN1) as in [T5].

Remark 2: If (G,B.,B_, N, S) is a pre-twin BN—pair, then one can deduce as in
[T5], §3.2, a “Birkhoff decomposition” for G. This means, more precisely, that the
map W — B, \ G/B_, w+— BiwB_, is bijective.

We are now going to associate a pre-twin building to every pre-twin BN-pair.
Recall (cf. [T1], Theorem 3.2.6, or [Br], Section V.3) that there is a thick building
corresponding to (G, B:, N, S) (¢ € {+, —}), namely
A, = AG,B.) = {9gP5]9g € G, J C I} (P; := B.W;B.). Denote by
Y = {nP5|n € N, J C I} the standard apartment of A. and set
A= {(92%, ¢%2) | g € G}.

Finally, we define the opposition relation by

gBy op hB_:<= gB,NhB_#0 (g9,h€q).

Proposition 1: The system A = (A, A_, A,op) introduced above is a pre—twin
building. It is a twin building (in the sense of Example 2 and Remark 1) if and only
if (G,By+,B_,N,S) is a twin BN—pair.

Proof: First we verify axioms (TA0) — (TA3) for A:

(TAO) Tt is well known that 4. = {g3° | g € G} is a system of apartments for A..
(TA1) It suffices to consider X0 := (X%,%%). Using (TBN2)’, we obtain for all
ni,ng € N : niBy op naB_ < nflng eNNB,B_=H
<— nflng e NN B_
<~— nyB_ =n;B_
Therefore, op induces the bijection
Ch(Z%) — Ch(X%), nBy — nB- (n€ N)
and hence the isomorphism

¥) —3% nPf——nP; (neN, JCI).

(TA2) This is an immediate consequence of the decomposition G = By NB_: Let
gB. € ¢4 and hB_ € C_ be given. Write g~'h = b nb_ for some by € B,
ne N, b_ € B_. Then (¢By,hB_) € (gb+ X9, gb: X°).

(TA3) In view of (TA2), it suffices to prove (TA3) under the additional assumption
that a, € Cy or a_ € C_. So let two twin apartments »,Y’ and a pair
a= (ay,a_) € XNY be given such that (without loss of generality) a; € C; .
We may assume ¥ = X% and a; = B,. Choose a g € G such that ¥/ = gX.
Because a1 = B} € gZSL = Y implies g € B{ N, we can even achieve g € B
here.
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Now there are wy,ws € W and a J C I such that a_ € X° NY’ is of the form
a- = w1P; = gwyP;. In view of ¢ € By and of (TBN1), this implies
BiwW;B_ = Biw,W;B_. Using the Birkhoff decomposition (cf. Re-
mark 2), we obtain w;W; = weW; and hence w1 P; = wyP;. Therefore,
g € Stabg(a—), and our desired isomorphism « : ¥ — ¥/ is given by multi-
plication with g.

Since A is a pre—twin building, we may consider the function ¢* introduced in
Remark 1. It is clear from the definitions that the action of G preserves ¢*. Given
g,h € G, we choose a decomposition

g 'h=bnb_. € BowB_. (w=nH € N/JH=W, ¢ € {+,-})

and obtain

0*(gB:,hB-.) = 5*(Be,g_1hB_5) = 0"(B:,b.nB_.) = §*(B:,nB_.)
=0_(B_c,nB_.) =w

This shows
§*(9B.,hB_.) =w <= g 'h€ B.wB_. .

Now suppose we are given chambers gB. € C.; hB_., kB_. € C_. such that
0(gBe;,hB_e) = w € W, 6_(hB_c, kB_.) = s € S and f(ws) < {(w). The
first two equations can be translated into ¢ 'h € B.w B_. and h™'k € B_.s B_..
Furthermore, 6*(gB., kB_.) = ws if and only if g7'k = (¢7'h)(h'k) € B.ws B_..
This proves: If (G, By, B_, N, S) satisfies (TBN1), then ¢* satisfies (Tw2). Because
g 'h € B.wB_. and h™'k € B_.s B_. may be chosen arbitrarily, the converse is
also true. [

In the rest of this section, we assume that we are given a pre-twin building
A= (AL, A_, A,op) of type M and a group G acting on A. We say that G acts on
A if the following holds:

i) G acts (type preservingly) on A} and A_.
i) g¥ :=(¢9X4,9%-) € A forany ¥ =(3;,X_)€ Aand g € G.
iii) gcy op gc— <= ¢4 op c— forany ¢y € Cy, c- € C- and g € G.

In particular, G preserves the function 0* introduced in Remark 1.

We wish to prove a sort of converse of Proposition 1. As in ordinary building
theory (cf. [T1], §3, [Br], ch.V, or [R], ch.5), this leads to certain requirements which
the action of G on A should satisfy.

Definition 3: G acts strongly transitively on A, if G acts transitively on A and
Stabg(X) acts transitively on Ch(Xy) (and hence on Ch(X_) as well) for every
Y= (2,5) € A

Remark 3: If G and A are as described in Proposition 1, G' acts strongly transi-
tively on A.
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Lemma 1: If G acts strongly transitively on A then it acts transitively on
Cw = {(cy,d_) |cy €Cy, d_€C_, 0*(cy,d_) = w} for every w € W.
Proof: Assume (cy,d_),(c/ ,d_) € Cy». Choose X, € A with (c;,d-) € ¥ and
(c,d_) € ¥'. Since G acts strongly transitively on A, there exists a g € G such
that g3 =3’ and gey = /.. But then gd_ = d_ holds automatically:

Set c_ := opy(cy) and ¢ := opy/(c,). Then gc, = ¢, and gX = ¥’ imply
gc_ = c_. It follows

d_(c,gd-) =0d_(g9c_,g9d_)=06_(c_,d_) =0 (cy,d_) =w

= 0*(d,,d ) =6_(c_,d")

Since ¢ ,gd_, d_ are all contained in the apartment >’ of A_|
d_(c_,g9d-)=6_(c_,d") implies gd_ = d’. ]

Remark 4: It follows that G acts strongly transitively on A if and only if G acts
transitively on C1 = {(cy,c_)|cs opc_} and Stabg(cy) NStabg(c-) acts transitively
on A(cy,cm):={¥ € A|(cq,c) € X} for every (cy,c_) € C1. In particular, if A is
a twin building and hence # A(c4,c_) = 1 for all (¢4, c_) € C1 (cf. [T4], Proposition
3(i), or [AR], Lemma 4), the notion “strongly transitive” is equivalent to “transi-
tive on C;”. This is exactly what Tits requires in [T5], §3.2. Consequently, that
paragraph already contains the following proposition in the case of twin buildings.

We assume that G acts strongly transitively on A in the following. Choose a
twin apartment ¥ € A and chambers c; € ¥, c_ € X_ satisfying c; opc_ and set

N = Stabg(E) (= Stabe(E4) N Stabg(S_))

B. = Stabg(c.) e e {+,—-}.

Proposition 2: Assume that A, and A_ are thick buildings. Then
(G,B+,B_,N,S) is a pre—twin BN-pair. The pre—twin  building
A = A(G, By, B_,N) associated to it as described in Proposition 1 is isomorphic
to A. In particular, (G, By, B_, N, S) is a twin BN-pair if and only if A is a twin
building.

Proof: We successively check the conditions defining a pre-twin BN—pair:

i) By NN = B_N N follows from the definitions and (TA1).

ii) The homomorphism v : N — Aut(X;) = W is surjective by Definition 3.
Its kernel is equal to N N B, =: H, and hence we may identify N/H with
W = (S).

iii) It follows from (TAO) and Definition 3 that G acts strongly transitively on
(A., A-) in the sense of [Br|, ch. V. Therefore, (G, B., N, S) is a Tits sys-
tem. (We may replace Stabg(X.) by N here, because the latter group is still
transitive on Ch(X;).)
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The two axioms of Definition 2 are most conveniently verified by applying the
function 6* of Remark 1. We first establish the following equivalence:

(1) 0*(ceyge—e) =w <= g€ BwB_. (g€ G, weW,ee€ {+,-})

The implication “<’ follows directly from the definitions and the fact that ¢*
is preserved by the G—action. Conversely, for given w = 6*(c., gc_.), we choose an
n € v H(w). Then §*(ce,nc_.) = w and Lemma 1 imply the existence of a b. € B
such that b.nc_. = gc_.. Hence g € b.nB_. C B.wB_..

(TBN1)  Assume g € B.wB_. and h € B_.sB_., where w € W and
s € S. Then 6*(ce,gc—.) = w and 6_.(gc—c,ghc_.) = s. Therefore, by
(Tw2)', §*(c., ghc—.) € {w,ws} and by (1), gh € B{w,ws}B_..

(TBN2)" Letn € N, by € By, b_ € B_ be given such that byn = b_ and set
w:=v(n). Then w = §*(cs,binc_) = 6*(cy,b_c_) = 6" (cy,c) = 1.

Let A = (Ay, A_, 4,0p) be the pre-twin building associated to (G, By, B_, N, S).
Recall that A. = A(G,B.) for e € {+,—}, A= {9%°|g € G} with
Y0 ={nPs|neN,JCI}and gB, op hB_ <= ¢gB, NhB_ # ). We know from
ordinary building theory that there are G—equivariant isomorphisms

0. : A, =5 A, induced by ¢B. — ge. for e € {+,—-}.

In order to complete the proof of the second assertion, we have to show

(2)  w(A) = A, where ¢ = (o1, p-) and

(3) gB+op hB_ < ¢.(9B:) op p_(hB_) Vg,he€G.

Now (2) follows from ¢(X°) = 3 and the transitivity of G on 4. And using (1),
we obtain

gcyophe. <= cropg the. <= 6*(ci,gthe.)=1 < g 'he B,B_

< he€gB,B. < hB_NgB, #0 < g¢B, op hB_

hence (3).
The last claim of the proposition is a direct consequence of the second and of
Proposition 1. [ |

Next we are going to study a “fundamental domain” for the action of G on A.
It is not difficult to find a subcomplex F' of A, x A_ such that every G-orbit in
C+ X C— contains exactly one element of Ch(F) x Ch(F_) (cf. Proposition 3). But
in order to characterize the “identifications on the boundary of F” induced by G,
we need the following

Lemma 2: Let G act strongly transitively on A, assume as before ¥ € A,
N = Stabg(X), let a = (ar,a_) € X be given and set P. := Stabg(a.) for
e € {+,—}. Then it holds

(4 NNP.P,=(NNP_)(NNP,).



Group actions on twin buildings 399

Proof: For a given element n =p_p, € NN P_P, , we define
et :=p_ay =nay € X;. Consider the following isomorphisms of twin apartments:

by /2 D by

(ara2) — (eas) — (esa)

Here, the first is given by multiplication with p_ and the second, «, fixes (e, a_)
and exists according to (TA3). Since G acts strongly transitively on A, « is also
given by multiplication with an element of G which we call g. In particular, it follows

g € Stabg(ey), g € Stabg(a—) and n_ := gp_ € Stabg(X)NP-=NNP_ .

On the other hand, n_a; = gey = e, = na,. Therefore

nen.P,NNC(NNP)P,NN=(NNP)NNP,).

Proposition 3: Assume ¥ = (3;,3_) € A, c- € Ch(X_) and set
F:={(ay,a-) € AL X A_|ay € X and a— Cc_}. If G acts strongly transitively
on A and N := Stabg(X), then one obtains:

) GF = A, x A_.
ii) a = (ay,a-), a’ = (a/,,a’) € F lie in the same G—orbit if and only if a_ = a’_
and there exists an n— € N N Stabg(a—) such that n_ay = a’,.

Proof:

i) This is a direct consequence of Definition 3 and (TA2):
Given o’ = (a/,,a’) € AL x A_, we choose a X' € A such that o’ € ¥, a
g1 € G mapping ¥’ onto ¥ and a g € Stabg(X) = N satisfying g2(g1a” ) C c_.
Hence (g2g1)a’ € F.

ii) is trivial if one replaces “n_ € N N Stabg(a-)” by “n_ € Stabg(a-)”.
So let us assume a, = p_ay with p. € P_ := Stabg(a_), where
a- Cc_ € ¥X_ and a/ ,ay € ¥, . We have to show @/, € (N N P_)ay. Since
a', = p_ay4 implies type (a/,) = type (a4 ), there exists an n € N with o/, =
nay. Furthermore, nay = p_ay yields n € p_P,, where P, := Stabg(ay).
Applying Lemma 2, we obtain n € NN P_P, = (NN P_)(NNPy) and, in
particular, a’, = nay € (NN P-)ay . ]

In the following corollary, the notion “simplicial fundamental domain” is used in
the strictest sense, i.e. it denotes a subcomplex containing exactly one simplex of
every orbit with respect to the group action in question.
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Corollary 1: Retain the assumptions and notations of Proposition 3. Let a_ C c_
be of type I\ J and set B_ := Stabg(c_), P_ := Stabg(a—) = B_W;B_ = P;. Then
every simplicial fundamental domain D, for the action of W; on (W, S) = X, is
also a simplicial fundamental domain for the action of P_ on A..

Proof:

i) By assumption, W;D, = ¥, and Proposition 3 i) implies B_¥; = A,.
Hence P_. Dy = A,.

ii) Assume a4, a/, € Dy and g € P_ such that a/, = gay. According to Proposi-
tion 3 ii), there existsann € NNP- = NNB_W;B_ = v Y(W,) (v is defined
as in step ii) of the proof of Propostion 2) satisfying v(n)ay = nay = d,.
Therefore, our assumption on D, implies a/, = a4 here. [

The advantage of Corollary 1 consists in the fact that it is quite easy to give
simplicial fundamental domains for the actions of parabolic subgroups of W on
Y (W,S). For the convenience of the reader and for lack of a precise reference, I
recall the following statement which should be well known:

Lemma 3: Let J C I be given and set W7 := {w € W | w is of minimal length
in Wyw}. Then the subcomplex 7 := {wWx |w € W/, K C 1} of ¥ =%(W,S) is
a simplicial fundamental domain for the action of W; on X.

Proof: Note that this lemma is essentially a reformulation of Exercise 3 in [Bo],
ch. TV, §1.

i) ¥ =W;%’ follows immediately from W = W;W".

ii) Let vy,vy € Wy, wy,wy € W7 and K C I be given such that
v W = vowsWi. We have to show wiWgx = wyWy. Consider the element
x; of shortest length in w;Wg (i = 1,2). The exercise quoted above implies
in particular £(w;) = £(x;) + £(x; 'w;). Consequently, z; is of minimal length
in Wjx;, since w; is already of minimal length in Wjw;. Therefore, in the
language of that exercise, z; is (J, 0)-reduced as well as ((}, K')-reduced. Hence
it is also (J, K)-reduced. This means that x; is the unique element of minimal
length in Wjyw;Wg. Therefore, WwiWx = W w, Wy implies 1 = x5 and
hence wiWyx = 21Wi = 2oWgk = waWk. ]

Remark 5: Here is a more geometric description of ¥7: Denote by «;(i € I) the
root of (W, S) containing 1 but not s; . Since

Ch(Z7) =W’ = {w e W | {(w) < {(s;w) Vj € J} = [ Ch(a;)
jed
one obtains X7 = N «a;.
jed

Note that {a; | j € J} is the set of all roots a posessing a boundary da which
contains a codimension—1-face of the chamber 1 such that 1 € o and a := W} € da.
That the intersection of all these roots yields a simplicial fundamental domain for the
action of Staby (a) on ¥ may also be derived more geometrically by using projections
and Proposition 12.5 of [T1].

An immediate consequence of Corallary 1 and Lemma 3 is the following
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Corollary 2: Let ¢y be the chamber of ¥ opposite c_ and assume that a_ C c_
is of type I\ J. Then ©7 = {we, |w € W7, ey C ey} is a simplicial fundamental
domain for the action of P- = Stabg(a—) on Ay. ]

Remark 6: If the pre-twin building A results from a pre-twin BN-pair
(G, B4+, B_,N,S) as described in Proposition 1 and if P. = B_W,;B_ = P; 3%’/
takes the form ¥/ = {wPy |w € W7, K C I}. Then the statement of Corollary 2
is almost contained in §15.5 of [T2] (Tits’ requirements (BNU1) and (BNU2) may
be replaced by (TBN1)" and (TBN2)" in this context) and derived purely group
theoretically there, without mentioning twin buildings or pre-twin buildings.

Corollary 2 admits applications in situations where a subgroup X of G acts
on a single building Ay = A(G, B;) but where the corresponding Tits system
(G, B4, N, S) may be completed to a pre-twin BN-pair (G, By, B_, N, S) such that
X is parabolic with respect to (G, B, N, S) (for a concrete example, see Proposition
6 below).

3 Applications

First I wish to specialize two results of Section 2 to ordinary BN-pairs and buildings.
Both statements can be proved more directly and are well known, surely. Lemma 4
occurs here because the way I proved it originally led me to Lemma 2, Proposition 3
and the axioms of pre-twin buildings. As for Proposition 4, I think it is interesting
that this elementary statement admits the same proof as the seemingly much deeper
Proposition 6 (compare the proof of Theorem 1 in [So]).

Lemma 4: Let (G, B, N,S) be a Tits system with Weyl group W = (s; |1 € I).
Assume J,K C I, w e W and set Py = BW;B, Px = BWgB. Then it holds

(5) W N PJwPKw_l = WJwWKw_l

Proof: Apply Lemma 2 to the following situation: A = (A, A’; 4,0p) as de-
scribed in Example 1 with A" = A(G, B), ¥ = (¥, %) with ¥ ={vP,|ve W,L C
I} and a- = Py, a;. = wPgx € ¥'. Note that Stabg(X) may be strictly bigger
than N here. But reading (4) modulo Fixg(3) = (N Stabg(c), one obtains (5)

cex’
nevertheless. n

Proposition 4: If (G,B,N,S) is a Tits system with Weyl group W and W’
is defined as in Lemma 3, then ¥/ = {wPyx |w € WY/, K C I} is a simplicial
fundamental domain for the action of P; on A(G, B).

Proof: Apply Corollary 2 to the pre-twin building A = (A',; A’} 4, 0p) associated
to A’ = A(G, B) by setting a_ = Py and ¢ = B=cy . ]

Finally, I want to show how Proposition 3 and its corollaries can be applied to
certain very concrete groups, namely to Chevalley groups over Laurent poly-
nomial rings. We need some more notations in this context:

Let W be a reduced and irreducible root system in the Euclidean space V' = 1R",
IT = {ai,...,a,} a base of ¥, W, the corresponding system of positive roots,
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VU_ = —W¥, and ap the root of maximal height in W,. Denote by ® the set of “affine
roots” associated to W, i.e.

b ={au|acV, teZ} with a,:={veV]|(a,v)+¢>0}.

Let W = W,g(W) be the affine Weyl group of ¥, generated by the reflections s, ¢
with respect to the hyperplanes da,, = {v € V | (a,v) + £ = 0} (a € V,{ € ZZ).
Set So i = S—qg1, Si = Sa;0 for 1 <i<nand S := {sg,S1,...,5,}. Itis well known
that (W, S) is a Coxeter system and that the corresponding Coxeter complex may
be identified with the simplicial complex obtained from the cell decomposition of V'
induced by {0a | a € ®} (cf. [Bo], ch. V, §3, and ch. VI, §2, or [Br], ch. VI, §1).
Let G be a simply connected Chevalley group (scheme) of type ¥, 7 a max-
imal torus of G and A/ its normalizer in G. Identify ¥ with the root system of
7T . Denote by U4, the 1-dimensional unipotent subgroup of G associated to a € ¥
and set Y. = (U | a € V.), B := TU. for ¢ € {+,—}. Select isomorphisms
To: Add =51, (a € U, Add := additive group) such that the constants in Cheval-
ley’s commutator formulas are integers and such that there exist homomorphisms

1 A 1
wq 1 SLy— G satisfying ¢, = x,(A\) and ¢, ! = z_q(N).
0 1 Al
The groups and the homomorphisms are assumed to be defined over ZZ here. Fur-
thermore, there always exists a faithful representation G ——SL, for some r € IN
such that 7~ becomes diagonal, B, upper and B_ lower triangular (explicit construc-
tions can be found in [St], §3 and §5).

For a given field of constants k, we consider the ring R := k[t,t7!] of Laurent
polynomials over k and set G := G(R), N := N(R) and H := 7 (k). It can be
shown that N/H is isomorphic to W = (S) (cf. for example the proof of the
following lemma). Denote by p. : G(k[t¢]) — G (k) the homomorphism induced by
k[t=¢]—k, t°+— 0 (where t* :=t and t~ := t7!) and set B. := p_'(B:(k)) for
e € {+,—}. G being a “Kac-Moody group of minimal type”, it is known since long
that (G, By, N, S) and (G, B_, N, S) are Tits systems; cf. [MT] or, more explicitly,
[M]. With the same methods as used there, one can also show that (G, By, B_, N, S)
satisfies (TBN1) and (TBN2) and hence is a twin BN—pair. However, the most
systematic approach to this question is, in my opinion, provided by the system of
axioms introduced in [T3], §5.2, and [T5], §3.3, referring directly to “root groups”
and not to Lie algebras. This is one of the reasons (another is mentioned in Remark
8) why I want to demonstrate how Tits’ results can be applied in our situation.

Lemma 5: With the above notations, (G, By, B_,N,S) is a twin BN-pair with
Weyl group W = W ().

Proof: 1 shall use the notations introduced in [T3], §5.2, and [T5], §3.3. In particu-
lar, (W, S) is a Coxeter system, S = {s;|i € I}, ® is the set of all half apartments of
Y(W,S), &, the set of all elements of ® containing the fundamental chamber 1 and
O_ =P\ d,. For every s; € S, «; denotes the unique half-apartment containing 1
but not s;. We assume that we are given a group G, a family of subgroup (U, )aco
and a subgroup H C (| Ng(U,) such that the following conditions hold:

acd
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(RGDO) U, # {1} VYae .

(RGD1)  For every prenilpotent pair {a, 5} C ® with o # 3, the commutator
[Ua, Ugl is contained in (U, | v € [o, B8] \ {«, 5}).

(RGD2)  For all s; € S and for all w € U,, \ {1}, there exists an
m(u) € Usay) uUsas) satistying m(u)Ugm(u)™ = Uy Va € @ .
Furthermore, m(u)H = m(u')H for all u,u’ € U,, \ {1}.

(RGD3)*  HU, NU_ ={1}if U. = (U |a € ®.) for ¢ € {+,—}.
(RGD4) G = H{U, | a € D).

These axioms are equivalent to, though slightly different from those stated in
[T5], §3.3 (see the hints at the end of the proof). Setting B, := HU, for a € &, it
is a matter of routine to check that the system (G, H, (By)aco) satisfies the axioms
(RD1) — (RD5) of [T3], Section 5. Now it is shown there that N'/H is isomorphic
to W = (S) and that (G, B, B",N’,S) is a twin BN-pair, if one defines
N :=(H,m(u) |u €U, \ {1}, i € I) and B, := HU, (¢ € {+,—}).

So we only need to demonstrate how the system of (RGD)-axioms can be satisfied
in the situation we are interested in. Recall the following: W = W,g(V) is a Coxeter
group with generating set S = {s; | 0 < ¢ < n}, the set of all half-apartments of
Y(W,S) can be identified with the set of all affine roots, the “simple” roots being
defined by ap := a_g1, Qi = Qy, 0 (1 < i < n) and the fundamental chamber is

the unique chamber contained in ﬂ a;, implying &, = {a,s € ¢ | (a € ¥V, and
¢>0)or(aecV_and (> 1)} The. palr {aa, pm} C O is prenilpotent if and only
if b # —a, and [age, b m] = {Qpatgpprrqm € | p, ¢ > 0} in that case.

The groups G and H are equal to G(R) and 7 (k) respectively. Define

Ua,, = {za(ct™) |c € k} for a,, € .

Then N = N/(R) acts on {U, | @ € ®} :
Setting w,(A) := xo(N)x_o(=A"Hza(A) for @ € ¥ and X\ # 0, the usual relations in
Chevalley groups (cf. for example [St], §3, p. 30) yield

(6) walct ) Ugwa(ct™) ' =Us, ) Vo€V, LeZ, ceEk*, ae®

Note that T(R) = (wa, (Nw,, (1)1 <i < n, A € R*) (cf. [St], Lemma 35) and
hence N = (wq(N)|a € U, X € R*), because G is simply connected. Therefore, there
exists a homomorphism v : N — W satisfying mU,m ™! = vim)@) YVmE N, a €
®. In particular, H C kerv € (| Ng(U,) (later we shall derive H = (| Ng(U,),

acd

acd

cf. Hint 1). )

The verification of the (RGD)-axioms is easy now: (RGDO) is trivial and (RGD1)
a consequence of Chevalley’s commutator formulas. (RGD2) follows from (6), the
identity wa(ct™)) = w_o(—c ) = z_o(—cH)po(ct Dz _o(—ct)  and
we(ct™) € w,(t™)H (a € U, ¢ € k*, £ € ZZ). The inclusions U, C p (U (k))
and U_ C p=' (¢ (k)) first imply HU, N U- C G(k[t™']) N G(k[t]) = G(k) and then
HU, NnU- C By(k) NnY-(k), hence (RGD3)*. (RGD4) follows from
G = (U(R) | a € V) and the latter from the fact that G is simply connected
and R is a Euclidean domain. Finally, we note that N = N’ and B, = B, for
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e € {+,—} . The first equation follows from v(N) =v(N') =W, H C N' C N and
H = kerv (see below), the second from B! C B., v1(S)N B. = () and the fact that
(G,B.,N',S) is a Tits system.
Hint 1: Taking into account that (G, BL, N’, S) is a Tits system for € € {+, —},
the (RGD)-axioms imply ﬂq) Ng(Us) € Na(Uy) N Ng(U-) =B, NB" =H.
ac

Therefore, one obtains an equivalent set of axioms if one defines H := (| Ng(U,)
acd

from the outset and cancels the second sentence in (RGD2), as carried out in [T5],

§3.3. The modification introduced here has the advantage that the verfication of

H C N N¢g(U,) is easier than that of H = | Ng(U,), in case one is dealing with
acd acd

concrete groups.

Hint 2: On the other hand, it was not difficult to establish (RGD3)* in our
example instead of Tits’ (seemingly) weaker axiom

(RGD3) Usypay) €U+ Vs €8S.

Now (RGD3)* immediately implies B, N B’ = H and hence (TBN2) (cf. [T3],
§5.12), whereas the proof of this equality given in [T3] involves the trickiest part
of Section 5, namely Theorem 2. So our second modification of the (RGD)-axioms
allows to derive rather directly the fact that (G, B!, B, N’,S) is a twin BN-pair,
using only the elementary results of [T3], Section 5, which are very similar to those
of [BrT], §6.1.

Note, however, that the axioms (RGDO0) — (RGD4) in fact imply (RGD3)* which
[ think is surprising (it is even not clear that they imply U,, € U_ Vi € I) as well
as interesting. The demonstration of this statement depends on a careful analysis
of Tits” arguments in [T3], Section 5, especially of his proof of Theorem 2. n

Remark 7: Let K. := k((t7°)) be the complete, discretely valuated field of Lau-
rent series in ¢~¢ with coefficients in &, and let O := k[[t~¢]] be the corresponding
valuation ring (¢ € {+,—}). Set G. := G(K.), B. := p-* (B:(k)), where p. :
G(0.) — G(k) is the obvious extension of p., N. := N (K.) and H.:=7T(0.).
It follows B.NN. = H., N.= NH., NNH. = H and hence N./H. 2 N/H =W =
(S).
B. is open in G. with respect to the topology induced by the discrete valuation,
G = (Us(R) | a € ¥) is dense in G. = (Us(K.) | a € ¥) and GN B. = B. is
dense in B., therefore. From the fact that (G, B., N, S) is a Tits system, the same
now follows for (G., B., N.,S). Furthermore, the buildings A. := A(G, B.) and
A. = A(G., B.) associated to these Tits systems are canonically isomorphic and
will be identified in the following. Note that A. is the Bruhat—Tits building
of G over K. (cf. [BrT], Example 6.2.3 b), Theorem 6.5 and Definition 7.4.2) and
that Lemma 5 yields its existence without using the results of [BrT].

Because G acts strongly transitively on the twin building associated to the twin
BN-pair of Lemma 5, Propositions 3 immediately implies the following

Proposition 5: Let A. be the Bruhat-Tits building of G (k((t7¢))) for
e € {+,—}, X the standard apartment of Ay corresponding to T and c_ the
chamber of A_ stabilized by B_. Then G2y X c-) = Ap x A_,
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and (at,a-),(d' ,a") € ¥4 x c_ are equivalent under the action of G = G(k[t,t™"])
if and only if they are under that of N = N(k[t,t7']) . ]

We conclude this section by giving a new proof for Theorem 1 in [So].

Proposition 6: Denote by D, the closed Weyl chamber corresponding to the base

IT of ¥, i.e. Dy = ﬂ aq;0- Then Dy, viewed as a subcomplex of ¥, is a simplicial

fundamental domam for the action of G(k[t]) on the Bruhat-Tits building A, of
G (k((t™1)).

Proof:  Let 0 be the origin of the standard apartment ¥_ of A_. Then
Stabg(x_y(0) = G(O-) and Stabg(0) = G(k[t]). Furthermore, Staby,(0) is equal to
the linear Weyl group W (V). It follows from Lemma 3 and Remark 5 (or from the
classical theory of root systems) that D, is a simplicial fundamental domain for
the action of W (W) on 3. Hence our claim is a consequence of Corollary 1 of
Proposition 3. [ |

Remark 8: Assuming Lemma 5, Propositions 5 and 6 immediately follow from
Proposition 3. Therefore, analogous statements are true for a reductive instead of
a Chevalley group G, whenever G = G(k[t,t™']) admits a twin BN-pair. This is
the case, for example, for every simply connected almost simple group G which is
defined and isotropic over k (cf. [T5], Example of §3.2):

Denote by § a maximal k—split torus of G, by A its normalizer, by 7 its cen-
tralizer, by W the relative root system of G with respect to S, let (B4, B-) be a
pair of opposite minimal parabolic k—subgroups containing S and repeat with these
re—interpretations the definitions preceeding Lemma 5. Then (G, By, B_, N, S) is
again a twin BN-pair. In fact, it is again possible to define appropriate root groups
U, satisfying the (RGD)—axioms. The verfication of these axioms is technically more
difficult than the proof of Lemma 5 — especially in case ¥ is not reduced — and
uses the Borel-Tits theory of reductive groups (cf. [BoT]).

Twin BN—pairs may also be constructed if G is not simply connected. In that
case, G(k[t,t7']) has to be replaced by G' = G(k[t,t7])", the group generated by all
”elementary matrices” with entries in k[t, t~!]. Furthermore, if G is a classical group,
the (RGD)-axioms for G(k[t,t7'])" can easily be verified without referring to the
general theory of reductive groups by simply applying the relations stated in [BrT],
§10.
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