On the geometry of complex Grassmann
manifold, its noncompact dual and coherent
states

S. Berceanu

Abstract

Different topics on the differential geometry of the complex Grassmann man-
ifold are surveyed in relation to the coherent states. A calculation of the
tangent conjugate locus and conjugate locus in the complex Grassmann man-
ifold is presented. The proofs use the Jordan’s stationary angles. Also various
formulas for the distance on the complex Grassmann manifold are furnished.

1 Introduction

”Grassmann manifold... has been intensively studied for many years. We have not
got a comprehensive knowledge of its geometry, however”.[1]

Without entering into historical details, the Grassmann manifold has been inten-
sively studied from the second half of the last century. The real euclidean geometry
of linear manifolds in a multidimensional space was considered by Jordan|[2] using
only the methods of the analytic geometry. In the first half of our century the
Grassmann manifold was the main example in many constructions as the CW-cell
decomposition,[3] the Chern[4] and Pontrjagin[5] classes... The basic facts about
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the Grassmann manifold can be found in standard books.[4][6]-]9] Many recent ref-
erences are based on the paper[10] of Y.-C. Wong. However, the modern reader has
difficulties to follow [10] because Wong uses some notions as the stationary angles
of Jordan[2] between two n-planes from an n + m space. In fact, part of the results
contained in the paper of Wong[10] were known and they can be found in the papers
of Rosenfel’d[11] and in his books.[12, 13]

In the case of the Grassmann manifold, the cut locus can be calculated explicit-
ly.[10] The situation with the conjugate locus is more complicated. Wong[14] has
published the expression of the conjugate locus in the Grassmann manifold and
usually[15] his paper is quoted as an example of a calculation of the conjugate
locus in a multidimensional manifold. The calculation of Wong[14] is essentially
based on a structure lemma the proof of which was published later.[16] However,
Wong has not published the proof of his results on conjugate loci in Grassmann
manifold. Sakai[17] has calculated the tangent conjugate locus in the tangent space
to the Grassmann manifold. He has observed that Wong’s result announced in his
paper[14] is incomplete. Apparently,[18] this disagreement of the results of Wong
referring to the conjugate locus in the Grassmann manifold with the calculation of
Sakai on the tangent conjugate locus has not been pointed out.

Among many other things, in this paper we present a proof of the results of
Wong in the complex Grassmann manifold and also another proof of the calculation
of Sakai in the tangent space to the Grassmann manifold. The part of the conjugate
locus calculated by Wong can be expressed as a Schubert variety. The rest of the
conjugate locus is characterized as the subset of points of the Grassmann manifold
which have at least two of the stationary angles equal. It contains as subset the sub-
set of isoclinic spheres determined by Wong[19] in connection with the Hurwitz[20]
problem.

The present paper can be considered from three points of view.

In this paper are put together many facts referring to the differential geometry of
the complex Grassmann manifold. From this side, the paper has a survey character.
However, all the proofs are original. The still open problem refers to the conjugate
locus, as was already stressed. The proof uses also the stationary angles, which are
briefly presented. A short proof of the structure lemma of Wong[16] is given. Also
explicit expressions for the distance on the Grassmann manifold are deduced.

On the other side, in this paper the geometry of the complex Grassmann manifold
is studied in relation to the coherent states.[21, 22] The manifold of coherent vectors
is the pull-back of the dual of the tautological line bundle on a manifold identified
with the Det* bundle[4] in the case of the complex Grassmann manifold. The main
observation is the fact that the parameters which characterize the coherent states
are in fact the Pontrjagin’s coordinates of the n-plane. The proof of the result of
Wong on conjugate locus uses a parametrization that also appears in the coherent
state approach.

This paper is a complete and self-contained example of some notions related
to the trial to find a geometrical characterization of Perelomov’s construction of
the coherent state manifold as Kéhlerian embedding into a projective space.[23] We
remember that it has been pointed out that for symmetric spaces the cut locus is
equal to the polar divisor.[24] This situation is illustrated in the case of the complex
Grassmann manifold. Also the equality between the dimension of the projective
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space in which the Pliicker embedding takes place, the Euler-Poincaré characteristic
of the manifold and the maximal number of orthogonal coherent vectors is true at
least for flag manifolds.

The considerations below concern the geometry of the finite dimensional complex
Grassmann manifold G,,(C™"™), also denoted

X.=G./K=SU(n+m)/S(U(n)xU(m)) . (1.1)

Simultaneously, some of the considerations are made also in the case of the
noncompact dual of the compact Grassmann manifold

X, = Go/K = SU(n,m)/S(U(n) x Ulm)) . (1.2)

Most of the results are still true for the infinite dimensional Grassmannian.[25]

The paper is organised as follows.

In §2 some basic facts about the complex Grassmann manifold are remembered.
The Cauchy formula is still true for projectively induced analytic line bundles over
homogeneous Kahler manifolds. The Pontrjagin’s coordinatization, the polar divisor
and cell structure are considered in the Section 3. A rapid presentation of Schu-
bert varieties is proposed in Section 4 while the stationary angles are presented in
§5. The complex Grassmann manifold as symmetric space is treated in §6. In the
same Section is presented the connection between the Grassmann manifold and the
parametrization used in the coherent state approach. The explicit expression of the
exponential map which gives geodesics in the Grassmann manifold is essential for
calculating the conjugate locus in the manifold. Lemma 6 will be used for determi-
nation of the tangent conjugate locus. The expression of the diastasis function of
Calabi,[26] recently used in the context of coherent states,[27] is given. The cut locus
and conjugate locus are treated in §7. The main results are contained in Theorem
2, Proposition 2 and Comment 2. The last Section presents explicit expressions for
the distance on the complex Grassmann manifold (noncompact Grassmann mani-
fold) which generalize the corresponding ones from the case of the Riemann sphere
(respectively, the disk |z| < 1).

2 The Cauchy formula

2.1 Let us denote by D,,(K) the set of pure (decomposable) n—vectors of the
exterior algebra A" K, where K is a complex vector space. For every Z € D, (K),

there exists n vectors z1,...,z, € K such that
Z=21N...\Zy, . (2.1)
The elements Z, 72’ € D, (K) are equivalent iff there exists A € C* = C \ {0}
such that Z = A\Z’, that is, the associated n—subspaces My = < zq,...,2, >,
My = <Zy,...,z, > are identical. So, there is a canonical bijection of the set of

n—subspaces of K on the image G,,(K) of D, (K) in the projective space P(A" K)
associated to A" K. G,,(K) is called the Grassmannian of index n of K. The space
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of holomorphic sections of Det* on G, (K) is naturally isomorphic with A" (K*) (see
Prop 2.9.2 in [25]). Here E* denotes the dual of the space E.

When K = CY, N =n+m and {e;},_,  is the canonical base of K, G, (K)
is the set of points of P(A" K) with homogeneous (Pliicker) coordinates [Z;]

7z = Z Z]E] . (22)

ICS(n,N)

If Iy ={1,...,N}, then 0 : Iy — Iy is a Schubert symbol, i.e. a permutation
with the property that its restrictions to I, and Iy \ I,, are increasing and the set

N!
of N(n) = (]X) = Schubert symbols was denoted by S(n, N). The Pliicker

embedding ¢ : G, (C™")— CPV™ ! = PL, L= A" C,
UZ) = [Z1)icsm,n) (2.3)

is isometric and biholomorphic.[28] We have denoted [w] = {(w), where £ : K\ {0} —
PK is the natural projection.

The n—vector Z # 0 is pure iff the (Pliicker-) Grassmann (-Cayley) relations are
fulfilled, i.e.

> €ianZngyZuogy =0, (2.4)

where J, H C In, n = #{J} —1 = #{H} + 1, and ¢; ;4 = +1 (—1) if the
number of elements of J and H less than i have the same (resp. opposite) parity
(cf. Bourbaki[6]; see also [29] for the Hilbert space Grassmannian).

Let A;llzj‘; denotes the minor of order p of the matrix A whose elements are at

the intersection of the rows i with the columns ji, k=1,...,p. If in eq. (2.1)
N A
Z; = Z Zmea y (25)
a=1
then
Z=21N...\N%Zp = Z Zhings N Ne;, (2.6)

1<i <...<in<N

where Zi-n = Z1-% are the Pliicker coordinates denoted in eq. (2.2) by Z; and

2

Z denotes the matrix (Zia)lgign;lgagN-

2.2 Let ((+,-)) be the application D,,(K) x D,(K) — C defined by the Cauchy
formula

(7. 2)) = ((2),u2)) , (2.7)

where (-, -) is the hermitian scalar product in K x K. The name of equation (2.7)
is justified by the Cauchy identity (see eq. (6) p. 10 in [30]) contained in

Remark 1 The following relation is true:

(L(Z/), L(Z)) = ((le VAP Z/n, Z1 /N ... N\ Zn)) = det[(z;, Zj)]lgi,jgn . (28)
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Proof: In fact

det[(z;, Zj)]lgz‘,jgn = det(Z'Z+), (29&)

det[(z;, Zj)]lgz‘,jgn = det(ZZ’+), (29b)

depending respectively on the convention of the hermitian scalar product (-, ) :
Kx K— C

(a, Ab) = \(a, b), (2.10.a)

(a,\b) = A(a, b). (2.10.b)
This corresponds respectively, to

W2 uz) = >z g (2.11.2)

1< <. <in <N

WZ),u2)= Y zmizhe (2.11.b)

1< <. <in <N

Eq. (2.8) is a consequence of eqgs. (2.9), (2.11) and of the Binet-Cauchy formula: if
A, B, C are matrices with m x n, n xm, respectively m x m elements and C' = AB,
then (eq. (15) p. 9 in [30])

det C' = > Ay Bitokm (2.12)

1<ki1<...<km<n
[ ]

So, eqs. (2.7)-(2.9) justify the usual[4] definition of the hermitian scalar product
of two pure n—wvectors (n—planes of the Grassmannian), or, more precisely, of the
hermatian scalar product in the holomorphic line bundle Det*:

((Z',2)) = det|(z;, 2))l1<ij<n - (2.13)
The infinite dimensional case can be found in Prop. 7.1 of [25]; see also eq. 2.10 in
[29].

231f Z, 7' € G,(K), let 8 be the angle defined by the hermitian scalar product
of two planes

o (2 2))]
cosO(Z', 7)) = ZTIZ] (2.14)

Remark that 6 in equation (2.14) is not the angle between the two n-planes,
because 6 is not invariant under the motion group on the Grassmann manifold. The
quantities which are invariant under the group action are the n stationary angles
61,...,0, of Jordan[2] related to 6 by the relation (5.10). The only situation in
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which the angle 6 in relation (2.14) is the angle of the two n—planes occurs when
the Grassmann manifold has rank 1, i.e. 7 = min(m,n) = 1.
Eq. (2.7) implies

@), u2))
s 2) =z 2] (2.15)

and the r.h.s. of eq. (2.15) defines[31, 32] the (intrinsic) distance on the geodesics
joining L(Z"), «(Z) in the projective space PL in which the Grassmann manifold is
embedded,

: _ 2), d2))|
cosd.(1(Z),u(2)) = Wz (2.16)

The elliptic hermitian distance, here called the Cayley distance,[31] is

(W, w)]

d.([w'], [w]) = arccos T

(2.17)

The infinite dimensional case was treated by Kobayashi.[33]
Now, it follows that

Remark 2 (Rosenfel’d[11]) The angle 0 defined in eq. (2.14) it is related to the
Cayley distance d. by the relation

02", 2) = d.(u(2),u(2)) . (2.18)

Proof: The Remark results from eq. (2.15) and eq. (2.16). ]

Some authors (e.g. Study[34]) prefer instead of the definition (2.17) of the dis-
tance d. the definition

de([w'], [w]) = 2arccos % , (2.19)

which lead, instead of (2.18) to
1
(7', 72) = idc(L(Z/),L(Z)) : (2.20)

With the definition (2.17), ((2.19)) the elliptic hermitian distance of two points on
the Riemann sphere is one half the arc (respectively, the arc) of the great circle
connecting the corresponding points of the Riemann sphere[32] (resp.[34]) (see also
§8). d. in eq. (2.17) is equal to the minimum angle between the real lines belonging
to the complex lines (real 2-planes) in K represented by [w], [w'] € PK.

The Cauchy formula (2.7) is still true[23, 24] for projectively induced[36] analytic
line bundles over homogeneous Kéhler manifolds.
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2.4 Now we briefly discuss the case of the noncompact manifold X,.
Firstly, let us denote by

CP" ' = SU(n,1)/S(U(n) x U(1)) (2.21)

the hermitian hyperbolic space dual to CP"'. Then the noncompact analogue of
the distance (2.17) is the hyperbolic hermitian Cayley distance

d.([w'], [w]) = arccosh % , (2.22)

where the hermitian form on CV, antilinear in the second entry (convention (2.10.a)),
in the orthonormal basis, is

(W, W)y = wiw) — szwz. (2.23)

The noncompact manifold X,, (1.2) admits the embedding ¢’ : X,, < CPNM™~11
Eq. (2.7) becomes

(2, 2))n = (/(2), 4 (Z))n (2.24)

and the Remark 1 with the r.h.s. in formula (2.8) replaced by det|(z}, z;)n]1<i j<n 1S
also true in the case of the noncompact manifold X,,.
The equation corresponding to eq. (2.14) ((2.15)) is

) gy = W2 2))l
cosh0(Z',Z) = 12120 (2.25)
(respectively)
cosh(Z', Z) = (A2, v(Z))nl (2.26)

1 (Z) [Inlle'(Z) []n
So, Remark 2 is also true in the noncompact case, with eq. (2.14) replaced by
(2.25) and eq. (2.17) replaced by (2.22).
3 Pontrjagin’s coordinatization, polar divisor and cells
3.1 Let us consider 7, € G,(K), where
Zoy=e1N...Ney . (3.1)
Then we have the orthogonal decomposition
K=<Zy>®<Zy>, (3.2)

where Z3- is the m—plane (completely) orthogonal to Z, defined by the m vectors
(3.22). Any x € K admits the decomposition
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X=udv, ue< Zy >, ve< 2y > |

and let ¢ denotes the orthogonal projection u = p(x). More precisely, let us denote
by ¢z,(x) the orthogonal projection u of the vector x € K on the n—plane 7 in
the direction Zj.

Let us consider the (open) neighbourhood of the fixed n—plane 7

Vz, = {Z € G,.(K)| projection ¢ , ¢z,(Z) C Zo is nondegenerate} . (3.3)
For a fixed Z € G,,(K) let

Sz =1{Y € Go(K) | (2,Y)) =0} . (3.4)

Lemma 1 Let Zy, Z € G,(K). Then Z € Vg, iff one of the following equivalent
conditions are fulfilled

(A1) ((Z,Z)) # 0,
(A2)  pz(Zo) =2, or (A2) ¢z,(Z)=Zy ,
(AS) ZQQEZIO, 07“(1437) ZQEZOIO.

Equivalently, Z ¢ Vz, iff one of the following equivalent conditions are fulfilled

(B1)  ((Z,%0)) =0,
(B2)  wz(Z) C Z, pz(Zo) # Z, or (B2') vz,(Z) C Zy, ¢z,(Z) # Zo ,
(B:?) Zo € Xy, or (BS”) Z € EZO,

and
Yz, ={Y € G,(K) | dim(Y NnZ) >1}. (3.5)
The complexr Grassmann manifold can be represented as the disjoint union

Go(K) = Vy, USy, . (3.6)

Proof: To prove (A), observe that the subspaces Z, Z’ are related (cf. Prop. 3.3 Ch.
7 in [8]), while (B) can be obtained using the Remarks of Ch. I §2 in [37], especially
Lemma 1.3. See also Ch. 9 in [4]. For the infinite dimensional Grassmannian see
Ch. 7 of [25], especially Prop. 7.5.4. n

Geometrically, ¥, is the cut locus of Zp, as was firstly observed by Wong[10]
(also cf. Proposition 1 below). The same property is true for a class of spaces which
generalizes the symmetric ones.[23, 24] 3z, can be expressed as a Schubert variety
(cf. Lemma 3).

Y.x is called the polar divisor of X (cf. Wu[37]).

Lemma 1 implies that for any Z € Vy,, there exists the vectors zy,...,z, € cN
such that relation (2.1) holds, ¢z,(Z) = Zy and ¢(z;) = e;,. Then, using the
Pontrjagin[5] coordinates,

N
zZ; = e; + Z Zioa, 1=1,...,n, (3.7)

a=n+1
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and Vyz, is homeomorphic to C"*™. A
Let the vectors z{ be such that Z? € V,,, where

N
Z;T = €,(j) T Z Zg(i)g(a)eg(a) ,t=1,...,n, (38)
a=n+1
which for o identity was already given by eq. (3.7). Then (Z°,V,), o € S(n,N)
fllI'HiSh an atlas Of Gn(K), Where ZJ = (Za(i),a(a)>1§i§n, n+1<a<n-
Let Z7 be the (extended) matrix attached to the n vectors (3.8). If ;Y denotes

the submatrix of Y containing only the columns o (i), i = 1,...,n, then
(27) =1, (3.9)
Vs = {X C G,(C™™)|det ,(X) # 0}. (3.10)
If X is the n x N matrix whose i—th row consists of the coordinates of the
vectors X;, 1 =1,...,n, where X =x; A --- Ax,, then
X = XA°, (3.11)
X7 = (X)X, (3.12)
where

(Aa)ijzéig(j), ’l:l,,N, jzl,...,n

The equations (3.9) and (3.11) imply that on V, NV, # 0 a change of charts is
given by the homographic transformation of the extended matrices

2T =(Z2°AT1Z°, 0,7 € S(n, N). (3.13)

The equations of the n—plane Z7 of CV, generated by the n vectors (3.8), Z7 CV,,
are

To(a) = Zl‘(,( o(i)o(a) a:n—i—l,...,N, (3.14)

where (x1,...,2x) are the local coordinates of CN.

3.2 An ordering of the Schubert symbols is introduced as follows: o proceeds
7 (0 < 7) if the least index i, i € I, for which o(i) # 7(i), has the property
o(i) < (i), where o, 7 € S(n,N).

Let

C,={2° CV,|det(;2) =0, 0 < 7, det(,Z) # 0} , (3.15)
and the matrix Z¢ is brought to the reduced echelon form:|[38, 9]

zL . zfW 0 .0 00 .0 00...0

. AR/t oz"“) 28D 00 0 00...0
Z7=| 72 e T T (3.16)

Z;. : .Z;;<1>—10 Z;;<1>+1. : .Z;;<2>—1b Zg<2>+1. : .Zg<”>—1}nb. 0
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with the elements r; =1, 1 =1,...,n.
Let the notation

wi)=0o(i)—i, i=1,...,n. (3.17)

C, is homeomorphic to an (open) cell of complex dimension

do) = wii) . (3.18)

=1

For the complex Grassmannian the groups of cell chains coincide, due to the
even dimension of the cells, with the groups of cycles, and, the group of frontiers
being trivial, the homology groups are isomorphic with the groups of cell chains.

Normalizing to one the row vectors in eq. (3.16) such that the last element is
positive, the reduced echelon form[9, 38] are reobtained. The open (closed) cells
correspond to r; > 0, (respectively, r; > 0).

In the Theorem below use is made of some notions referring to the coherent
states. The usual notation will be remembered in §6.

Theorem 1 For the Grassmann manifold G, (C™™) we have the equality of the
following numbers:

1. the mazimal number of orthogonal coherent vectors;

2. the number of critical points of the energy function fy associated to a Hamil-
tonian H which is a linear combination with unequal coefficients of the generators
of the Cartan algebra;

3. the minimal dimension N(n) appearing in the Kodaira (here Plicker) embed-
ding v : Gp(CN) — CPN™-1;

4. the Euler-Poincaré characteristic of the manifold, x(G,(CY));

5. the number of Borel-Morse cells which appears in the CW-complex decompo-
sition of the Grassmannian;

6. the number of global sections in the holomorphic line bundle Det*;

7. the dimension of the fundamental representation in the Borel-Weil-Bott the-
orem.

Proof: The theorem is proved with the theorems 1 and 2 in [39] particularized for
the Grassmann manifold and using the Cauchy formula. [

Theorem 1 is a particular case of a theorem true for flag manifolds.[23]
3.3t Z = (Zia)1<i<n<a<n describes a n—plane Z € V), then the extended matrix
Z is

Z=(1,2), (3.19)

and the scalar product in egs. (2.9) can be written down, respectively, as

(Z.2)) = det(1, + Z'Z7) , (3.20.a)

((Z',2)) = det(1, + 2Z'") . (3.20.b)
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The noncompact analogue of eq. (3.20.b) is
((Z', 7))y = det(1,, — ZZ'") . (3.21)

Given the n—plane Z € V, generated by the n vectors in the formula (3.7), then
the m—plane Z+ orthogonal to Z is generated by

zj:ea—zzaei,a:n—i—l,...,n—i—m, (3.22)
i=1
and

(z’i,zi) =0.

Note also the following relations, corresponding to the scalar product (2.10.a)
(respectively (2.10.b))

(2, ZY)) = det(1,, + 2'7 2) (3.23.a)

(Z'*, Z2)) = det(L,, + 27 2) . (3.23.b)
Below we give a technical remark which has a clear geometrical meaning.

Remark 3 If Z, 7' € V, C G, (K), then

(2. 2))=((2+,2")) (3.24)
or, explicitly,
det(1, + Z22'") = det(L,, + 2T 2") . (3.25)
Similarly, for X,
det(1, — Z2Z'") = det(1,, — Z+2') . (3.26)

Proof: We present an algebraic proof of eq. (3.25) for K = C". This equation is a
consequence of the Schur formulas I, IT (cf. [30] p. 46). Let a matrix be partitioned
in 4 blocks, where the matrices A and D are non-singular. Then

det ( é g ) = det(A)det(D — CA™'B) = det(A — BD'C)det(D) . (3.27)

The Remark 3 follows taking the matrices A, B, C, D as , respectively 1,,, Z,

— 7', 1,,. [
The Remark 3 implies, via Remark 2, that

cos0(Z',Z) = cos8(Z'", Z4) . (3.28)

Equation (3.28) follows geometrically from Lemma 4 below and the fact that two
n—planes and their orthogonal complements have the same invariants (cf. §48 p.
110 in [2] ).
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4 Schubert varieties
4.1 A Schubert variety Z(w) associated with the monotone sequence
w={0<w(l) <...<w(n) <m}, (4.1)
is the subset of the Grassmannian
Z(w) = {X € Gu(C™™)|dim(X NC°W) > i} (4.2)

where the sequences o and w are related through the relation (3.17) (see Pontrjagin|[5]).

Usually (cf. Ch. XIV p. 316 in [7] and [4]), a nested sequence of planes V;
of dimension o(i), ¢ = 1,...,n is attached to the sequence (4.1), and these are
the planes considered in the definition (4.2) instead of C°®. However, because the
definition of the Schubert variety is independent of the concrete sequence of planes
V; modulo a congruence, it is enough to take V; = C°® (cf. Pontrjagin[5]). This
definition is also adopted by Milnor and Stasheff.[9]

Instead of considering the sequence (4.2), it is enough to consider the sequence
of 7jumps”[5, 9]

I,={0=ip<iy<...<ip1<iy=n}, (4.3)
where
w(in) < wling1), w(i) =wlin_1), i1 <i<ip, h=1,...,1. (4.4)
Then
Z(w) = {X € Gu(C™™™)|dim(X N C7)) > iy, i) € L} . (4.5)

Let us consider the set of elements in “general position”[5] in Z(w) (in fact, the
subset of generic elements in the sense of algebraic geometry[7]):

7'(w) = {X € Gu(C™™)| dim(X N C7) =iy, iy € L} (4.6)

The element Z € G,(CY), Z € Vo N Z(w) C Z'(w), iff the coordinates in eq.
(3.7) verify the condition:[5, 3]

Zi;=0, j>w(i),i=1,...,n (4.7)

Note that Z’(w) defined by eq. (4.6) corresponds to the open cell defined by eq.
(8.15) in Chern’s book,[4] and its complex dimension is given by equation (3.18).
So, any Z € Z'(w) is locally characterized in Vy by a matrix Z of the type

Ziy w(ir) 05, m—w(in)

Ziz—h,w(iz) Oig—il,m—w(ig)

Z = (4.8)

Zil—il—1,w(il) Oil—il—hm—w(il)

and this representation makes very transparent the Chern[4] proof of the cell de-
composition of the Grassmann manifold. In the formula above Z, , denotes the p x ¢
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matrix and O is the matrix with all elements 0. The extended matrix (3.16) of the
matrix (4.8) is obtained using the relations (3.8).
4.2 Now the subset of the Grassmann manifold

VP ={Z e G,(C")|dim(Z N C?) > 1}, (4.9)

will be expressed as a Schubert variety, where 1 < p < n 4+ m. Sometimes another
fixed p—plane of CV, say P,, will be considered in eq. (4.9) instead of CP. This
situation will occur when the Theorem 2 will be reformulated in the notation of
Wong,[14] where P, = O and P,, = O+.

Let also the notation

WP =VP -Vt ={Z e G,(C"™)|dim(ZNnC?) =1} . (4.10)
We shall prove the following structure Lemma of Wong[14, 16]

Lemma 2 Letl>1and 1 <p <n-+m. Then

VP =2(u7) . (4.11)

WP =2Z'(wl) . (4.12)
The following disjoint union is obtained

0 ,ifp<lorl>norp>Il+m,
VP=2 G, (C"™) l=p—m, (4.13)
WPUW/p U - UWrP _JUWPE | max(1,p—m+1) <I<ry=min(n, p).

where

C"Cc G,(C™), if p=n,
WP =4 Gp(CmP) if p<n, (4.14)
Gn(CP) , if p>n.

Proof: The set of jumps (4.3) for Schubert variety (4.9) is
O:z’0<z’1:l<i2:n. (415)

The relation p = i1 + w(i1) = o(i1) obtained forcing eqs. (4.9) and (4.5) to
coincide with the representations (4.7), (4.8) on the generic elements (4.6) imply
that the sequence

P __

w=@p@—1,....,p—=1lm,...,m) (4.16)

l n—I

is responsible for the Schubert variety (4.9). The conditions that the variety (4.9)
to be nonvoid are m > p— 1, n — 1 > 0. The case p — [ = m corresponds to
w = (m,...,m) and then V"' = G, (C"™™).
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Eq. (4.15) implies that the matrix (4.8) characterizing the set (4.9) has in this
case only one submatrix 0; 4, with all elements zero. Then it follows the disjoint
union

VP =WPUVE

P (4.17)

In the representation (4.8) the generic elements are characterized by the fact
that their first neighbours bordering the 0 matrix in equation (4.8) are all nonzero,
ie.

m~+Il—p

l
[IZp: 11 Zivrp1ss #0. (4.18)
i—1 j=0

The structure lemma is proved iterating the splitting (4.17) as far as possible. m

Note that V}” is not a (differentiable) (sub)manifold (of the Grassmannian). In
fact, W} consists of simple points of V;” and V}}, is the singular locus (cf. Ch. X
§14 p. 87 in [7]) of V}.[14, 16] V}” is an (irreducible) algebraic variety of dimension
I(p — 1) + m(n — 1), while W} is an (analytic) submanifold of G, (C") of the same
dimension.

In particular, let Xy be the polar divisor as defined by eq. (3.4) of O € G,,(CY).
Then

Lemma 3 (Wong,[10] Wu[37]) The polar divisor of the point O is given by

Yo=V"=Z(w")=Z(m—1,m,...,m)
= {X C G,(C™™)|dim(X NO*) > 1}. (4.19)

Proof: The polar divisor is expressed as in eq. (3.5). The relation (4.11) implies
the Lemma. -

5 The stationary angles

5.1 Let Z', Z be two n—planes of G,,(C"*™) given as in eq. (2.6). Then the (n)
stationary angles (see Jordan|2] for the real case), of which at most r = min(m,n)
are nonzero, are defined as the stationary angles 6 € [0, /2] between the vectors

a= Zaizg, b= Z biz;, (5.1)

=1 i=1
where
(a,b)|
cosf = (5.2)
||a|[[bl]

We shall prove a Lemma, which is implicitly contained in Jordan[2] :
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Lemma 4 The squares cos® 0; of the stationary angles between the n—planes Z, 7'
with ((Z,2")) # 0 are given as the eigenvalues of the matriz W

W= (22 2222y N2zt , (5.3)

which, for Z, 7' € Vy is
W=(t+2ZN 1+ 22Nu+22 " 1+2'2"). (5.4)
Proof: We adapt the Rosenfel’d’s method (cf. §3.3.15 p. 106 in [12] and [13]) to

the complex Grassmann manifold in the Pontrjagin’s coordinates.
Let us introduce the auxiliary function

U =(a,b)+ Aa,a) + u(b,b) . (5.5)

The calculation below is done with the condition (2.10.a) for the scalar product.
Taking the derivatives of U with respect to a; and b;, it follows that

a;(z;, 2;) + pbi(zi,25) = 0,
which implies
Mi = cos® 0 > 0. (5.7)

Introducing the matrix of coordinates as in eq. (2.5), egs. (5.6) can be written
down in matricial form

270+ 22 a= 0, (5.9)
227G+ @272t = 0, '
where Z, Z' are the extended n x N matrices (3.19) attached to the n—planes Z,

respectively 7', and a, b are n—column vectors.
It results from equations (5.8) that b are the eigenvectors corresponding to the
eigenvalues A\fi of the operator W given by eq. (5.3) when Z' ¢ ¥, i.e. ((Z',2)) # 0.
Similarly, the scalar product with the convention b) leads for the vector b* to the
eigenvalues Az of the operator

W = (ZZOYW(22) = (227" W22y (2 2T\ 22H) 7. (5.9)
The Lemma is proved taking into account eq. (5.7). n

Using the relations (5.6), an algebraic proof of the theorems 1-3 of Wong[10]
follows. A geometrical proof of these theorems in the case of the real Grassmann
manifold is given by Sommerville.[40]

We shall show

Lemma 5 Let 6 be the angle defined by the hermitian scalar product in eqs. (2.14)-
(2.18), d. the Cayley distance and 04, ... ,0, the stationary angles. Then

cosO(Z,7Z") = cosd.(L(Z"),(Z)) = cosby ---cosb, . (5.10)
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Proof. 1t is observed that Lemma 4 implies

|det(1 + Z2')]
[det(1 + ZZ+) /2| det(1L + 2/ ZF)[1/2

det VW =[] cosb; = (5.11)
i=1

But equations (2.13)-(2.18) implies that cos0(Z,Z') = cosd.(«(Z'),1(Z)) has
also the expression (5.11). ]

Another proof of eq. (5.10) can be found in [11] or in more recent papers[41, 42]
which are based on the results of Wong.[10]
Now we attach an index n to the n-plane Z given by eq. (2.6).

Comment 1 Let the n'(n)-plane Z), (resp. Z,) with n’ < n such that Z!, N Z,, =
Zl. Then n' —n" angles of Z!, and Z,, are different from 0 and n” angles are 0.

Proof: Firstly we consider the case n’ = n. Then there are n” common eigen-
values of the matrix W for which a and b are proportional. It follows that 8 = 0,
corresponding to A\x = 1 for n” eigenvalues.

Let now n’ < n. Then there are at most ro = min(n',n,m’, m) angles which are
different from 0, where n’ +m/ = n 4+ m = N. Observing that cosf = 1 iff a, b are
proportional, the considerations in the Comment are still true even in this case. m

The assertion contained in Comment 1 is largely discussed by Sommerville in
Ch. IV p. 47 of [40] for the general case for the real Grassmann manifold and also
by Jordan in [2] §49 at p. 110. Reading the paper of Jordan, caution must be paid
to the fact that a n-plane in C"*" in Jordan’s terminology is in fact a m-plane in
the actual terminology.

5.2 We now briefly discuss the construction presented in this Section in the case
of the noncompact manifold X,,.

If in eq. (5.2) we consider instead of the hermitian scalar product (-,-) the her-
mitian form (-, -), defined by (2.23), then we could look for the stationary “angles”
(see also Wong[43]) defined by the equation

(2, b)n|

coshf = ———~2— |
[al][[bl],

(5.12)

With eq. (3.21), we find the analogue of Lemma 5 in the case of the noncompact
manifold X, cos®0; being substituted with cosh?0; and W = Wle=—1, where

W)= +eZZ) M +e2Z )1+ €221+ e2'2") . (5.13)

The noncompact analogue of eq. (5.11) is

i | det(1L + eZZ'")]
detyW(e) = [l cosh = . (1
e m izl_IICOS |det(l + eZZ+)|1/2|det(1l + eZ'Z')|1/2 ( )
where € = —1, while (5.10) becomes

cosh0(Z,7') = coshd.(/(Z'),/(Z")) = cosh @y - - - cosh 0, . (5.15)
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6 The complex Grassmannian as symmetric space and coher-
ent states

6.1. We remember firstly the algebraic notation used in the construction of
symmetric spaces. The Grassmann manifold is considered as compact hermitian
irreducible Riemannian globally symmetric space of type A III.[44] We shall also
remember the relationship between the compact and noncompact Grassmann man-
ifold. We use the conventions and notation from [45].

X,,: the symmetric space of noncompact type (1.2).

X.: compact dual of X,, (1.1).

o: fixed base point of X,, and X..

K: maximal compact subgroup of G,,, equal to the isotropy group of GG,, and G,
at o.

Gt = Gt = GS = G: complexification of G, and G,,.

o: Cartan involution, 0 = Ad s, s = symmetry at o.

d., 9, 8.t Lie algebras of G,,, G, G., K, respectively.

g, = &£+ m,: sum of +1 and —1 eigenspaces of do.

g = g° = £ +m,: complexification, where m = m¢.

g. =+ m. compact real form of g, where m, = im,,.

t: Cartan algebra in g, and g,.

t®: Cartan subalgebra of g.

A: tC-root system of g, g = t© + Xcn g%

Ay: set of compact roots, i.e. tS-root system of €.

A,: set of noncompact roots, i.e. m-roots.

A*: set of positive and negative roots.

(G., K): compact symmetric pair.

(g, do): orthogonal symmetric algebra of compact type corresponding to (G, K).

a: Cartan subalgebra of (G., K), i.e. maximal commutative subset of m., a C t.

: set of restricted roots, ¥ = A(a; g) = {7 € alg5 # {0}}.

g5 restricted root space, i.e. g5 = {X, € g°|[H, X,] =v(H)X,,VH € a}.

Let 7 : G. — G./K the natural projection and o = m(e), where e is the unity
element in G. Then the subspace m, is naturally identified with the tangent space
(X¢)o by means of the mapping dm. The negative of the Killing form on g, defines
an inner product ) : m, x m, — C:

Q(X,Y) = —%Tr(XY), (6.1)

which is Ad G. and o-invariant. The Riemann structure is defined by restricting
Q@ to m, x m, and translating with G.. The geodesic map vyx : t — ExpytX which
emanates from o with initial direction X in m. is given by Exp,tX = mexptX ,
where exp is the exponential map from the Lie algebra g. to the Lie group G.. A
similar construction works in the case of X,,.

Below we specify the quantities introduced in this Section in the case of G,,(C™*™).
0 is taken as the n-plane O given by eq. (3.1). The groups are G. = SU(n+m), G,, =
SU(n,m), G =SL(n+m,C), K =S(U(n)xU(m)). The symmetry at 0is s = L,
where I, = Iym(—1) and
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el,, O
Lum(€) = ( o 1, ) , (6.2)
where e = 1 (e = —1) for X, (resp. X,,). In fact
Ut Ly (€)U = Lyn(e), (6.3)

where U € G, (G,,) for e =1 (resp. ¢ = —1). We have also

b= {( - ) la* = —a,d* = —d, Tr(a) + Tr(d) = 0} , (6.4)

e {( 3))

where a, d and b are, respectively, n X n, m X m and n X m matrices.
The complex structure of the Grassmann manifold is inherited from his repre-
sentation as flag manifold[46] X. = G®/P, the parabolic group P being

P=J(2 %) detAdet D=1 (6.6)
(o) |

and A (D) is an n X n (resp. m X m) matrix.
The compact roots are

Ap={ei—ej|1<i#j<n,orn<i#j<m+n},

where e;, ¢ = 1,..., N belong to the Cartan-Weyl basis.
The manifold X, and his noncompact dual X,, can be parametrized as

siv BtB

BtB
. 0 (6.7.a)
VBB

_GSIBTBB—F COvV B+tB

_ (% i) ((11 +€%Z+>1/2 . +€§+Z>1/2> (_6112+ g) 0 (6.7.b)

0 7
= exp (0 O) P, (6.7.c)

0 B cov BB+ B
Xne = exp (—eB+ 0) 0=

where co is an abbreviation for the circular cosine cos (resp. the hyperbolic cosine
coh) for X, (resp. X,) and similarly for si. The sign e = + (=) in egs. (6.7.a),
(6.7.b) corresponds to the compact (resp. noncompact) X. In eq. (6.7.c) Z is the
n x m matrix of Pontrjagin coordinates in Vy related to B by the formula

tav BT B
7 =7(B) = B2 (6.8)
BB
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and ta is an abbreviation for the hyperbolic tangent tanh (resp. the circular tangent
tan) for X, (resp. X.) and eq. (6.8) realises the exponential map in V.
The noncompact case is realised under the restriction

Lp— 272 >0. (6.9)

The representation (6.7.c) for the noncompact case is the Harish-Chandra embed-
ding[48] of the noncompact dual X,, of X, in X.. Note that because of (6.7.c) the
complex matrix Z parametrizes the Grassmann manifold.

The invariant metric on G,(C™™) to the group action, firstly studied by
Teleman[47] and Leichtweiss[28], in the Pontrjagin coordinates reads

ds® = kTr[(1 +eZZ ) YdZ(1 + 2 Z) 1 dZ ™). (6.10)
k=1ineq. (6.10) for X, = G,,(C™*™) corresponds to
ds® = 1.ds*|ps (6.11)

where

(W, w)(dw, dw) — (w, dw)(dw, w)

2 2 _
d5?|rs = (], [ + du]) = Lo , (6.12)
and similarly for X,.
The equation of the geodesics for X, is
d*Z dz dz
— 22— Z (1 +eZZT) P =0 6.13
gz g WHezZ2) o =0, (6.13)

where € = 1 (—1) for X, (resp. X,). It is easy to see that Z = Z(¢B) in (6.8) verifies
(6.13) with the initial condition Z(0) = B.
A realization of the algebra a consists of vectors of the form

i=1
where r is the symmetric rank of X, (and X,,) and we use the notation

Dy =FE;; —Ej, i,j=1,...,N. (6.15)

E;; is the matrix with entry 1 on the ¢-th line and j-th column and 0 otherwise. We
shall also need the notation

The following Lemma will be used in order to calculate the tangent conjugate
locus:
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Table 1: Restricted roots for G,(C™*™). The lower indices of the roots vectors
X2, are: forl < j <8: 1 <a#b<mr; for9 <j<12: for every fized
a=1,...,r;b=1,....\m—n| (ifm#n); for1 <j<1d: a=1,....7r. (i=+/-1).

Root space vectors Roots Multiplicity

X;b; Xa5b i(ha — he) 2

ng% ng i(hy — ha) 2

X3 X0 —i(ha + hp) 2

Xﬁb; XSb ’i(ha + hb) 2

X9, XU ihg 2|m — n|

X0 x12 —ihg 2|m — n|
X3 2ih,
X —2ih,

Lemma 6 The restricted roots of (G., K) are given in Table I, while the root space

vectors are presented below.
The first eight eigenvectors X'=8 correspond to the eigenvalues

Aap = €2i(hg +€1hy), € =2 =1, (6.17)
of the equation
[H, X7,] = v X7, VH € a, X € ¢°. (6.18)
With the notation
X0, =D Xo' =547, (6.19)
Jj=7jler,e2) = e1(l + €2/2) +5/2, (6.20)

and if F' is any of the matrices D and S, then

F(EEQ = Fan—l—b + 611;171—}—@1) + i€2<Fn+an+b - 61];1ab>- (621)

Ezxplicitly

Xoi = i(Fap+ Fovants) — Forab + Fano,
X3 = —i(Fa+ Futants) — Favab + Fanto,
Xglf = i(Fap — Furants) + Foras + Fany,
X = —i(Fap — Forants) + Foras + Fanye,

where the first (second) upper index of X corresponds to F' = D (resp. F = 5).
The other vectors are as follows
1

X13 — —X8
a 9 aa’

X14 — 1X7
a 9 aa’
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X9;10 - En+a 2n+b T iE2n+bn+a if n S m,
@ T\ E E if n > m;
n+am—+b T 1 Lam+b orn m;

2 _ Eopiva £1Eomibnta if n <m,
ab T F E if n >
m—+ba T 1 Lmtbnta orn m.

Proof: The simplest proof is to solve the eigenvalue equation (6.18). [

6.2. The manifold M,, . of coherent states[22] (in the sense of Perelomov[21])
corresponding to X, . is introduced in the notation of [45]. The manifold of co-
herent vectors is the holomorphic line bundle associated to the character of the
parabolic subgroup P, with base the manifold of coherent states taken a homoge-
neous Kéhlerian manifold. The coherent states are paramerized by a matrix Z in
front of the noncompact positive roots which appear at the exponent.|[45]

We shall prove the following

Remark 4 The coherent vector |Z,jo >= |Z >, where Z it is an n X m matriz,
corresponds to the n—plane of C"™ parametrized by the Pontrjagin coordinates Z
in Vo leading to Z = (1, 7).

Moreover, we have the equality of the scalar product of coherent vectors < -|- >
and the hermitian scalar product ((-,-)) of the holomorphic line bundle Det*:

< 7', 50| Z,jo >=< Z'|Z >=((Z', Z)) = ((Z*+,2"")) . (6.22)
and similarly for the noncompact manifold X, .

Proof: The scalar product of two coherent vectors is[45]
m-+n o

<7123 >= [T (AR 9 o =00 i 2 j2 2 o+ 2 g, (6.23)
k=1

where A is the matrix

o (M, +ez22')! 0
A= ( 0 (1, +eZ2'72) )~ (6:24)
the sign € = — (4) corresponds to X,, (resp. X.) and the coherent vectors are

considered in the chart V, in the case of X..
Using the particular dominant weight

) =90 =1(1,...,1,0,...,0) 6.25
J Jo (7 sy 4y Yy ; ) ( )

n m

it is found[45] that
< 7' jolZ, jo >=det(1l,, + €ZZ') (6.26)

under the condition (2.10.b) of the scalar product. ]
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Note that in the convention of [45] the coherent vector |Z > corresponds to the
n—plane Z¢ as a consequence of the fact that the fixed base point of the Grassmann
manifold in [45] was chosen

Zozem+1/\.../\en+m

and not Z; given by (3.1). So, using Remark 3, it follows that eq. (6.22) should
corresponds in the conventions of [45] to

< 7' jolZ,jo >=< 212 >= (2", 2") = (2", 2"")) . (6.27)

Finally, we remember that Calabi’s diastasis function[26] D(Z’, Z) has been used
in the context of coherent states,[27] observing that D(Z’, Z) = —2log < Z'|Z >,
where |Z >=< Z|Z >7V% |7 >.

The noncompact Grassmann manifold X,, admits the embedding in an infinite
dimensional projective space ¢, : X, — PK and also the embedding ¢/ : X, —
CPNY™-=1L1 " Let 4, (6,) be the length of the geodesic joining /(Z'),¢(Z) (resp.
tn(Z"),10(Z)). Then we have the

Remark 5 For the noncompact Grassmann manifold, 6,, 6, and D, are related
through the relation

Duj2 |det(2 — Z2Z'")|
o det[(2 — ZZH) (1 — 2/ 7))

cos®, =cosh™ !4, =e (6.28)

Proof: Due to eq. (6.22), the diastasis is related to the geodesic distance 0(Z’, Z)
given by eq. (2.18) by the relation D(Z', Z) = —2log cos(0(Z’, Z)). So, the diastasis
for X, if Z, 7" € Vy is

det[(1 + ZZ 1) (1 + Z2'Z')]

D(Z.7) =1
(7', 2) =log (det(1 1+ 222

(6.29)

and similarly for the noncompact case. [

The equation (6.29) is still valid for the infinite dimensional Grassmann mani-
fold.[29]

7 Cutlocus and conjugate locus

7.1 Preliminaries

We begin remembering some definitions referring to the cut locus and conjugate
locus.

Let V be a compact Riemannian manifold of dimension n, p € V' and let Exp,
be the (geodesic) exponential map at the point p. Let C), denote the set of vectors
X €V, (the tangent space at p € V) for which Exp, X is singular. A point ¢ in
V' (V) is conjugate to p if it is in C, = ExpC, (C,)[44] and C, (C,) is called the
conjugate locus (resp. tangent conjugate locus) of the point p.
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Let ¢ € V. The point ¢ is in the cut locus CL,, of p € V' if it is nearest point to
p € V on the geodesic joining p with ¢, beyond which the geodesic ceases to minimize
its arc length.[15] More precisely, let vx(t) = ExptX be a geodesic emanating from
vx(0) = p € V, where X is a unit vector from the unit sphere S, in V,. X
(resp. ExptoX) is called a tangential cut point (cut point) of p along t — ExptX
(0 <t < s) if the geodesic segment joining vx(0) and yx(¢) is a minimal geodesic
for any s <ty but not for any s > .

Let us define the function i : S, — R*Uoo, u(X) =r, if¢ = ExprX € CL,, and
wu(X) = oo if there is no cut point of p along yx (). Setting I, = {tX, 0 <t < pu(X)},
then I, = Exp I, is called the interior set at p. Then[15]

1) I, NCL, =0, V =1,UCL,, the closure I, = V, and dim CL, <n — 1.

2) I, is a maximal domain containing 0 = 0, € V}, on which Exp, is a diffeomor-

phism and I, is the largest open subset of V' on which a normal coordinate system
around p can be defined.

This theorem will be used below in the proof of Proposition 1.

The importance of the cut loci lies in the fact they inherit topological properties
of the manifold V.

The relative position of CLgy and Cj is given by Theorem 7.1 p. 97 in [15] :

Let the notation 7 = vx(t). Let 7, be the cut point of vy along a geodesic
v =%, 0 <t < oo. Then, at least one (possibly both) of the following statements
holds:

(1) v, is the first conjugate point of 7y along ~;
(2) there exists, at least, two minimising geodesics from vy to ;.

Crittenden[49] has shown that for the case of simply connected symmetric spaces,
the cut locus is identified with the first conjugate locus. This result will be illustrated
on the case of the complex Grassmann manifold. Generally, the situation is more
complicated.[50, 51]

For CP", C'L is the sphere of radius © with centre at the origin of the tangent
space to CP" at the given point, while CL is the hyperplane at infinity CP" .
Except few situations, e. g. the ellipsoid, even for low dimensional manifolds, CL
is not known explicitly. Helgason[44] has shown that the cut locus of a compact
connected Lie group, endowed with a bi-invariant Riemannian metric is stratified,
i.e. it is the disjoint union of smooth submanifolds of V. This situation will be
illustrated on the case of the complex Grassmann manifold. Using a geometrical
method, based on the Jordan’s stationary angles, Wong[10, 14, 16] has studied
conjugate loci and cut loci of the Grassmann manifolds. Calculating the tangent
conjugate locus on the Grassmann manifold, Sakai[17] observed that the results of
Wong[14] referring to conjugate locus in Grassmann manifold are incomplete. This
problem will be largely discussed in the present Section. By refining the results
of Ch. VII, §5 from Helgason’s book,[44] Sakai[17, 52] studied the cut locus on
a general symmetric space and showed that it is determined by the cut locus of
a maximal totally geodesic flat submanifold of V. However, the expression of the
conjugate locus as subset of the Grassmann manifold is not known explicitly. We
give a geometric characterization of the part of the conjugate locus different from
those found by Wong in terms of the stationary angles.
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7.2 Cutlocus

Coming back to egs. (6.7.a)-(6.7.c), it is observed that B are normal coordinates
around Z = 0 on the Grassmann manifold. So we have

<O|y >=0iff (0,Y))=0oriffY €. (7.1)

The following two assertions are particular situations true for symmetric or gen-
eralized symmetric spaces[23, 24]

Proposition 1 (Wong[10]) The cut locus, the polar divisor of O € Vy C G,(K)
and the interior set are related by the relations

CLo = % , (7.2)

Vo = I, (7.3)
and Y is given by Lemma 3.

Remark 6 The solution of the equation
< 0]y >=0, (7.4)

where |t > is a coherent vector, is given by the points on the Grassmann manifold
corresponding to the cut locus CLg = Y.

Proof: The dependence Z(t) = Z(tB) expressed by (6.8) gives geodesics starting
at Z = 0 in the chart Vy and Vy is the mazimal normal neighbourhood. The Propo-
sition follows due to Thm. 7.4 of Kobayashi and Nomizu[15] and the subsequent
remark at p. 102 reproduced earlier. [ ]

7.3 The conjugate locus in the complex Grassmann manifold

Now the conjugate locus of the point Z = 0in G,,(C™*") is calculated. The Jacobian
of the transformation (6.8) has to be computed. We shall prove the following theorem
and remark

Theorem 2 The conjugate locus of O in G, (C™™) is given by the union
Co=Cjuc. (7.5)

CY consists of those points of the Grassmann manifold which have at least one
of the stationary angles with the O plane 0 or w/2. C& consists of those points of
G (C™™) for which at least two of the stationary angles with O are equal, that is
at least two of the eigenvalues of the matriz (5.4) are equal.

The C{ part of the conjugate locus is given by the disjoint union

0 Vimuvy L, n>m,
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where
C]P)m—l -1
V= ’ e (7.7)
wruwgru. W uwr 1 <n,
Gr Cmax(m,n)
W = { { ) n#m. (7.8)
O-, n=m,
Wru...uWw” U0, 1 <
yr = 1SN LS TnE T, (7.9)
07 n = 1’

Remark 7 The cut locus in G,(C™™) is given by those n-planes which have at
least one angle w/2 with the plane O.

Proof: The proof is done in 4 steps. a) Firstly, a diagonalization is performed. b)
After this, the Jacobian of a transformation of complex dimension one is computed.
At ¢) the cut locus is reobtained. d) Finally, the property of the stationary angles
given in Comment 1 is used in order to get the conjugate locus in G, (C"™™").

At b) we argue that the proceeding gives all the conjugate locus. See also the
proof of the Proposition 2, where it is stressed the equivalence of the decomposition
(7.11), (7.12) with the representation given by eq. (7.28).

a) Every n x m matrix Y can be put in the form[53]

Y = UAV, (7.11)
where U (V') is a unitary n X n (resp. m X m) matrix,

(D,0) if n<m,

A= <D> ' (7.12)
0 if n>m,

and D is the r x r diagonal matrix (r = min(m,n)), with diagonal elements \; >
0, ¢ =1,...,r. If the rank of the matrix Y is r1, then A has four block form with
the diagonal elements A\; > 0, ¢ = 1,...,7, the other elements being 0.[54]

We shall apply a decomposition of the type (7.11)-(7.12) taking the diagonal
elements of the matrix D as complex numbers. This implies an overall phase €% for
the matrix A in the decomposition (7.11). This phase can be included in the matrix
U such that the matrix U’ = e U is unitary in the decomposition (7.11).

Applying to the n x m matrix B the diagonalization technique here presented,
the n X m matrix Z = Z(tB) corresponding to eq. (6.8) is also of the same form,
where the diagonal elements are

B;
Z; = |BA|tant|BZ~|, i=1,...,7r. (7.13)
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b) In order to calculate the Jacobian J when B is diagonalized, let us firstly
calculate

0xX  0X
0B, OB

Ar=M(XY)=| 0t (7.14)
OB, 0B,

where Z = X +14Y, B = B, +1B,, and X,Y, B,, B, € R.
With eq. (7.13) we get

t sint|B|

Ay = — .
"7 |B| cos? t| B

(7.15)
Now there are two possibilities. «) Firstly, we consider the case when all the | B;|

in eq. (7.13) are distinct. Then the Jacobian J corresponding to the transformation
(7.11), (7.12) of Z is

r t Sll’lt|BZ|
A= —_— .
[1 | B;| cos® t| B

=1

(7.16)

() Otherwise, at least two of the eigenvalues |B;| in the transformation (7.13)
are equal. Then the Jacobian J is zero and the points are in the tangent conjugate
locus.

c¢) Let us now take in eq. (3.20.b) (and (6.26)) Z’ = 0 and let us introduce Z in
the diagonal form (7.12), (7.13) in eqs. (5.4), (5.11) and (5.10). It results that

cosf; = |cos t|Bil|, i=1,...,7, (7.17)

and then formula (5.10) becomes

r

cosf =[] | cost|Bi]| . (7.18)

i=1
If for some i # j, |B;| and | B;| are identical or

then they correspond to the same stationary angles 6; = 6;, cf. eq. (7.17). In other
words, if at least two of the eigenvalues of the matrix (5.4) are identical, then they
correspond to the same stationary angles 6; = 0;.

If for some i, t|B;| = 7/2 in the Z matrix put in the diagonalized form, we have
to change the chart. As a consequence of the fact that the change of charts has
the homographic form (3.13), a change of those coordinates which are not finite in
one chart has the form Z — 1/Z, the matrix B being diagonalized. So, we have to
calculate instead of eq. (7.14), the Jacobian A} = A(X",Y"), where Z' = 1/7Z =
X' +4Y" X', Y € R. It is easily found out that

A 't cost|B|

= —a . 7.20
' |Blsin’t| B (7.20)
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With equation (7.20) we get that A’ = 0 iff cosd = 0 in eq. (7.18), where A’ is
the expression corresponding to A in the new chart. In fact, cos @ = 0 iff for at least
one i, t|B;| = 7/2, i = 1,...,7, or, equivalently, iff at least one of the angles of O~
with Z is zero, i.e. dim(O+ N Z) > 1. The results of Proposition 1 and Remark 6
for the cut locus are reobtained, i.e. CLy =¥y = V] and the Remark 7 is proved.

From formulas (7.16), (7.18) it follows also that in the tangent space the cut locus
= first conjugate locus, a result true for any symmetric simply connected space[49]
as has been already remarked.

d) Further we look for the other points Z in the conjugate locus Cy but not in
CLy, i.e. we look for the other points where J = 0.

Once the cut locus was gone beyond, the same chart as before the cut locus
has been reached can be used. Then at lest one of the t|B;| is zero (modulo 7),
corresponding to at least one of the angles between O and Z zero.

Let n <m. If Z € G,(C"™) is such that dim(Z N O) =4, i = 1,...n, then i
stationary angles between O and Z are zero (n—i are different from 0) and Z € W
Finally Z € Cy \ CLy iff

ZelJwr=w".

=1

Let now n > m. We look for points for which J = 0 different from the points of
CL, where A = 0. So eq. (7.16) with » = m does not include the n — m stationary
angles which are already zero. Then J = 0 when at least n —m + 1 angles are zero.
In fact, if O and Z are two n—planes such that n —m + i angles are zero (and m — i
angles are not zero), then dim(ONZ)=n—m+1i, i =1,...,m. So, in order that
the equation J = 0 to be satisfied in the points of Cy \ CLy, it is necessary and
sufficient that

Z e U Wg—m—l—i = Vnn—m-l—l :
i=1
The representations (7.7), (7.9), (7.10) follow particularizing the third eq. (4.13)
and the last term is obtained as particular case of eq. (4.14).
To see that the union (7.6) is disjoint, it is observed that V™ = Z(m—1,m, ..., m)

and V" = Z(n — 1,m,...,m). The condition to have nonvoid intersection of the
Schubert varieties Z(w) , Z(w') is that w; +w,,_; > n+m, i=1,...,n (cf. p. 326
in [7]). ]

Wong’s[14] notation is

Vi={Z € G,(C"")|dim(Z N O*Y) > 1}, Vi ={Z € G,(C"™)|dim(Z N O) > 1},

(7.21)
i.e. Vi (V) from Wong corresponds to our V;™ (resp. V;") and
iU 171 n<m
Cy = ~ ’ ’ 7.22
0 {‘/luvn—m-i—l , n>m. ( )
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7.4 The tangent conjugate locus

The tangent conjugate locus Cy for G,,(C™™) in the case n < m was obtained
by Sakai.[17] Sakai has observed that Wong’s result on the conjugate locus in the
manifold is incomplete, i.e. Cff'" C Cqy but Ci" SCqy = exp Cy. The proof of Sakai
consists in solving the eigenvalue equation R(X,Y")X = ¢;Y" which appears when
solving the Jacobi equation, where the curvature for the symmetric space X, =
G./K at o is simply R(X,Y)Z = [[X,Y],Z], X,Y,Z € m.. Then q = Exp,tX is
conjugate to 0 if t = A/ /e;, A € Z* = Z\ {0}. The solution of the same problem in
terms of a(H) is given by Lemma 2.9 at page 288 in [44]. In §7.3 we have calculated
Cy using directly the form (6.8) of the exponential map in Vy. Below we present
another calculation of Cy and compare these results with those proved in Theorem
2 referring to the conjugate locus in G, (C™™).

Proposition 2 The tangent conjugate locus Cy of the point O € G,,(C™™) is given
by

Co= |J adk(t;H) ,i=1,23; 1<p<q<r keK, (7.23)

k,p,q,i

where the vector H € a (eq. 6.14) is normalized,
H=> hiDinyi, hi €R, > hI=1. (7.24)
i=1

The parameters t;, i =1,2,3 in eq. (7.23) are

t AT Itiplicity 2
1 = ——— , multiplicity 2;
|y £ By
AT
ty= —— , multiplicity 1; (7.25)
2|hy|
AT o .
ty = o multiplicity 2|m —n|; A € Z* .
P

The following relations are true

Ci=exp | J Adk(tH) , (7.26)
k.p,q

Cy = exp|JAdk(t.H) , (7.27)
k,p

i.e. exponentiating the vectors of the type t1H we get the points of C} for which at
least two of the stationary angles with O are equal, while the vectors of the type to H
are sent to the points of C}/ for which at least one of the stationary angles with O
is 0 or m/2.

Proof: Any vector X € m, can be put[44] in the form

X =Ad(k)H, ke K, H € a. (7.28)
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So, in order to find out the tangent conjugate locus it is sufficient to solve this
problem for H € a. But then X in eq. (7.28) is conjugate with o iff

a(H) € irZ* (7.29)

for some root o which do not vanishes identically on a (cf. i.e. Prop. 3.1 p. 294 in
the book of Helgason[44]). In fact, what we have to find out is the diagram of the
pair (G, K).

But according to Lemma 6, the space of restricted root vectors consists of three
types of vectors, corresponding respectively to the restricted roots: +i(h,—hy), £ih,
and £2ih,, where 1 < a < b < r, with the vector H of the form (7.24). So,
imposing to the vectors tH the condition (7.29), the values (7.25) are obtained for
the parameters ;.

To compare the results on Cy with those on Cy, let us observe that a diagonal
matrix B as in §7.3 corresponds to the representation (7.24). When expressed in
stationary angles, the "singular value decomposition” (7.11) is nothing else than the
representation (7.28) expressed matricially. In eq. (7.12) A corresponds to B while
D corresponds to H, where B is in m. as in eq. (6.7.a) and H has the form (7.24).
This implies that for the vector

A
tH = hiDiniis \€Z* 7.30
1 |h ih|z +1 € ( )

the pt" (¢") coordinate in the tangent space m. to G,,(C"™*") at ois B, = Amhy|h,=+
hy|™' (resp. B, = Awhylh, £ h,|™"). Consequently, the relation (7.19) is fulfilled.
So, due to eq. (7.17), the corresponding stationary angles are equal, 6, = 6, and eq.
(7.26) is proved.

Similarly, the vector

)\ T
toH = 27|Th P2 Z hiDinyi, \E€L* (7.31)

corresponds for A even (odd) to points on G,,(C™*™) which have at least one of the
stationary angles with O equal to 0 (resp. 7/2). This fact and also the representation
(7.6) can be seen with eq. (6.7.a) with diagonal B-matrix. Then in eq. (6.7.a)

diag(VBB*) = (|h1],. .-, |hal), if n <m | (7.32.a)
diag(VBTB) = (|h1],- ... |hwml|), if n > m |, (7.32.b)

where diag(X) denotes the diagonal elements of the matrix X.
Choosing 0 € G,,(C™*™) to correspond to O given by (3.1), then (cf. eq. (3.7))
a point of O has the coordinates

(x1,...,2n,0,...,0) .
——

m

So, a point of the Grassmann manifold X, is
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hal, ..o 2ncos| |, — e sin|hyl, . . ., — 2w sinlhn,0,...,0),  (7.33.
(x1c08|hql, . .., xpcos|hy| x1|h1|sm| 1] T |hn|sm| | . ) ( a)
hl . hm .
(x1c08|hd|, . . ., X1 COS| A, Tng, - - - xn,—xlm sin|hql, . . .,—:cmm sin|h,|), (7.33.b)
1 m|

where eq. (7.33.a) ((7.33.b)) corresponds to the case n < m (resp. ton >m). =

Note that C{ is not a Schubert variety, because in general C) N O = () and
Cl N O+ = 0. However, the representation (7.30) with h, + h, at the denominator
gives Vo (V3) for A odd (resp. even) cf. eq. (7.33.a) or Sakai.[17] But V4 C V4 (in
fact V5 is the singular locus of V7) and the union in eq. (7.23) is not disjoint even
for the parts which correspond to t;H and t,H.

Comment 2 Co’ contains as subset the mazimal set of mutually isoclinic subspaces
of the Grassmann manifold, which are the isoclinic spheres, with dimension given
by the solution of the Hurwitz problem.

Proof: Wong[19] has found out the locus of isoclines in G,,(R*"), i.e. the maximal
subset B of the Grassmann manifold containing O consisting of points with the
property that every two n-planes of B have all the stationary angles equal. Two
mutually isoclinic n-planes correspond to the situation where the matrix (5.3) is a
multiple of 1. The results of Wong were generalized by Wolf,[55] who has considered
also the complex and quaternionic Grassmann manifolds. The problem of maximal
mutually isoclinic subspaces is related with the Hurwitz problem.[20] Any maximal
set of mutually isoclinic n-planes is analytically homeomorphic to a sphere (cf. Thm
8.1 in Wong[19] and Wolf[55]), the dimension of the isoclinic spheres being given by
the solution to the Hurwitz problem. [
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8 The distance

In this Chapter Z is an n X m matrix characterizing a point in the complex
Grassmann manifold X, (1.1) (resp. the noncompact dual (1.2) X, of X.). In the
case of the compact Grassmann manifold X. the n—plane Z is taken in V,, while in
the case of the noncompact manifold X,,, the matrix Z is restricted by the condition
(6.9). In formulas below € = 1 (-1) and arcta is an abbreviation for the inverse of the
circular tangent function, arctan (hyperbolic function arctanh) for X, (resp. X,)
and analogously for arcco and arcsi.

Let us denote by \;(A), i = 1,...,p the eigenvalues of the p x p matrix A and
let n = /—e¢.

We shall prove the following

Proposition 3 The square of the distance between two points Zy, Zs is given by
the formulas

d*(Zy,Z,) = Tx [arcta (ZZ7T) 1/2} (8.1)

03, (8.2)

n

<

where

Z = (1 +eZ1Z7) YV 2y — Z0) (1 + eZ] Zo) 7M1 + eZ;F Z,) V2,
0; = arcta\;(ZZ)/* = arcco \;(V)'/? = arcsi \;(VZZT)"/?

(
(
1. f+n)\(ZZH)2 1 .
= — =1 ) /2 +\1/2
(
(

o0
ot

)
)
)
V=(+ez2)! )
V = (U+eZ, Z1) V2 (U +€eZ, Z5) (A4 €2 Z ) (U +eZ, Z1) (A +-e 2, ZF) V2 )

The matrices V- and W given by eq. (5.13) have the same eigenvalues.

Proof: The proof is done in three steps. a) Firstly, a homographic transfor-
mation Z' = Z'(Z) for which Z'(Z;) = 0 is obtained. b) Further on, the distance
between Z = 0 and Z, where Z € V, for X, is found. ¢) Finally, the transformation
7' = 7'(Zy) gives eq. (8.3), while (8.4)-(8.5) are obtained as d*(0, Z'(Z,)). The
representation (8.7) of the matrix (8.6) is furnished by a matrix calculation.

a) The transitive action of an element from the group G. = SU(n + m) (G, =
SU(n,m)) on X, (resp. X,,) is given by the linear fractional transformation

7'=7'(Z2)=U-Z=(AZ+B)(CZ+D)™", U= (é g ) €G. (Gy) . (88)

So, we have to find a matrix U € G. (G,,) such that eq. (6.3) is satisfied, i.e.

ATA+eCTC =1,
eBYB+ D™D =1,,, (8.9)
eBTA+ DTC = 0.
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It can be shown that the equations (8.9) also imply the equivalent relations

AA* +eBB* =1,
eCCT + DD = 1,,, (8.10)
eACT + BDT = 0.

Now we find the matrix U with the property Z'(Z;) = 0, i.e.
AZy+B=0.
With the first eq. (8.10), it is obtained
ATA= L+ ez Z7)".
A polar decomposition of the matrix A is used
A=XH,

where H is hermitian and positive definite, while X is unitary.
The matrix U has as subblocks the submatrices

A= X(1+eZZF) 2,
B=—X(1+ ez Z{) 22,
C = eX'(1 + eZf 7))\ 7,
D= X'(1+eZ{ Z,)" 172,

(8.11)

where X (X') is a unitary n x n (resp. m x m) matrix, irrelevant for the calculation
of the distance.

Note that the representation (8.11) of the matrix U coincides with the one given
by eq. (6.7.b), with Z replaced by —Z. This is a consequence of the fact that the rep-
resentation (6.7.b) expresses the transformation 0 — Z. The inverse transformation
is given by equation (8.13) below.

The condition DetU = 1 is verified with the Schur formulas (3.27) and the
representation (8.3) is obtained by Z' = Z'(Z,).

Note also that the linear fractional transformation can also be written down as

7' =(AZ+B)(CZ+ D) ' =(ZBt —eA")" 1 (CT —eZD™M), (8.12)
Z=(A-Z'C)"(Z'D—-B)=(CT+eA*Z\(B*Z' + eD")". (8.13)

With these relations it is easy to show that the homographic transformations
(8.8) leave invariant the equation (6.13) of geodesics. To verify the last assertion,
the following relations are also needed

1 +eZtZ =(Z"B+eD) " (1 +eZ' 2\ (BYZ' +eD*)71,
dZ = —(eZ'C — €A)YdZ'(BTZ' + eDT) ™1, (8.14)
d?Z = (eZ'C — €A) ' [2edZ'C(eZ'C — €A)dZ' — d*Z')(BTZ' +eDT) L.

b) Now the distance between the points Z; = 0, Zy = Z is calculated, where in
the compact case Z € V.
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The starting point is the formula (6.10). Using egs. (8.14) and also the equation
14 eZZY = (2'C— AW +eZ2'27)CTZ'T — AT,

it is easy to verify that the infinitesimal element (6.10) is invariant under the homo-
graphic transformations (8.8).

We fix k = 1in eq. (6.10). The expression (6.8) of the geodesics with B — Bt
implies

(M1 +eZZ) ' =co®(tVBBY); (1+¢eZ7Z)" = co’(tVBTB), (8.15)
and the equation (6.10) can be written down as
ds* = Tr (BYB)dt* =Y _ |By;|*dt’, (8.16)

which shows that indeed B;; € m are normal coordinates.
So, we find eq. (8.1) and the first eq. (8.4):

d*(0, Bt) = Tr (B* B)t = Tr [arcta(ZZ")/*?,

which implies also the other two relations in eqs. (8.4) and (8.5).

c) Finally, the representation (8.7) for the matrix V' is obtained after a tedious
matrix calculation. We only point out the main steps.

If in eq. (8.3) it is substituted

ZQ - Zl = (ﬂ + Glel—’—)Zg - Zl(ﬂ + €Zf—22>’
then it is obtained
Z =1+ eZ1ZN)V2(U + €Z:, 2 Zo(1 + €2 Z0)V? — 7,

(L4 €21 2)7 V2 Z = (L + €22 Z) " Zo(L + €2 25)Y? — (L + €2, 2) V2 2.
(8.17)

The representation (8.17) is introduced in the auxiliary expression

E=+ e ZH) V22251 +e2,Z) 72

It is obtained
E=F+(+e2, 2N 2027,

where, finally, F'is brought to the form
F =14 eZoZ ) el + ZoZ5) (1 + €2, Z5 )™ — ell.
So, E can be written down as
E=(1+eZZ ) Hel + ZoZf )N + €2, Z5) 7 — (1 + €2, Z1) 71,
which implies
1+eZZ7 = (W +eZ1 Z0)VV2 (M4 €2, Z) N+ e 2o Z ) (M + €2, Z5 ) L (N + €2, Z1) V2,

i.e. the representation (8.7). ]
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Now we comment the expressions given by Proposition 3:

Comment 3 The formulas giving the distance on the complex Grassmann manifold
(his noncompact dual) generalize the corresponding ones for the Riemann sphere
(resp., the disk |z| < 1).

Formula (8.2) was used by Rosenfel’d,[11] 6; being the stationary angles here deter-
mined in Lemma 4, while the first expression (8.5) appears in Ch. II §6 p. 69 of
[56] or in [57] in the case of symplectic group. In the last case the factor k£ =4 in
formula (6.10) eliminates the factor 1/2 in the first eq. (8.5).

Now we particularize the formulas in Proposition 3 to the case of the Riemann

sphere.
If Z1, Z, belong to the same chart, then
1 — 7 1+ Z,2,|?
_4H=% | - 2 _ (8.18)
1+ 217, (1+|Z12)(1 + | Z2)?)

and formulas (8.4) become

|Z1 — Zs| 11+ Z1Z,|
d(Z, Zy) = arctan ———=—— = arccos
1, 2) 1+ 2.2, (L[ Z12) 2 + [ 22212
: |2\ — Zs|
= ) 8.19
arcsin A+ 1220 + | 2] ( )
Note that
1 A(Zy, 7.

d(Z1,22) = 421, Z) = 50(Z, Z0) = arcsin% , (8.20)

where 0(Z1, Z5) is the length of the arc of the great circle (the geodesic) joining the
points Z;, Z, € CP', while A(Zy, Z,) is the chord length.
Eq. (8.5) in the case of Riemann sphere (respectively the disk |Z] < 1) (e =
I, p=1i(e=—1, n=1)) reads
1 1+nA |z - 7y

A2y, Z5) = —1 _ T o)

(8.21)

The expression under the logarithm represents the cross-ratio {Z;Z,, MN}. In
the compact (noncompact) case M and N represents the points where the line Z1, Zs
meets the absolute (Laguerre-Cayley-Klein) (resp. the frontier |Z| = 1).[58]

In the case of CP", the second relation in eq. (8.4) is the elliptic hermitian
Cayley distance (2.17) expressed in non-homogeneous coordinates

1+ 274
CF S 2P0+ 5 2P

while in the case of the hermitian hyperbolic space SU(n,1)/S(U(n) x U(1)) the
corresponding distance is the hyperbolic hermitian distance (2.22)

d(Z,2") = d.(Z,Z") = arccos (8.22)

11— 22"

7. 7" = h .
42, Z') = avceosh 7 AL — 3 | ZIP) P

(8.23)
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Finally, let us denote by §, the distance (8.2) on G, (C™"™) and his noncompact
dual (1.2) and by s, the distance (5.10) of the images of the points through the
Pliicker embedding (resp. (5.15)), where both points belong to V, for X.. We
present an elementary inequality which has a simple geometrical meaning in the
following

Comment 4 Let 6, and s, be defined by

Z=0+...+062, (8.24)
co s, =cofy---cob, , 8.25)

where for X, s, 6; € [0,7/2]. Then
G > S . (8.26)

Proof: We indicate the proof on X. = G,(C™""). Geometrically, eq. (8.26)
expresses the fact that the distance on the manifold (here the Grassmannian) is
greater than the distance between the images of the points through the embedding
(here the Pliickerian one). Infinitesimally

dd, = dsp, (8.27)

as can be verified with eq. (8.25) at small stationary angles.

We also indicate an elementary algebraic proof of (8.26). Firstly, eq. (8.26)
is proved for n = 2, i.e. if 62 = 22 + y? and coss = cosxcosy, then § > s for
x,y € [0,7/2]. Indeed, let x = dcosf, y = dsinf and let us consider the function
F(0) = coss. Then the equation dF'/df = 0 has as unique solution in [0, 7/2] the
angle 6 = /4, which is a maximum. But F(0) = F'(7/2) = cos d and the inequality
cosd < cos s follows. Further the mathematical induction on n in egs. (8.24)-(8.26)
is applied. |
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