Regularity of the solutions of elliptic systems in
polyhedral domains

Serge Nicaise

Abstract

The solution of the Dirichlet problem relative to an elliptic system in a
polyhedron has a complex singular behaviour near edges and vertices. Here,
we show that this solution has a global regularity in appropriate weighted
Sobolev spaces. Some useful embeddings of these spaces into classical Sobolev
spaces are also established. As applications, we consider the Lamé, Stokes and
Navier-Stokes systems. The present results will be applied in a forthcoming
work to the constructive treatment of these problems by optimal convergent
finite element method.

1 Preliminaries

Let  C R? be a bounded Lipschitz domain whose boundary T is a straight poly-
hedron. On Q and I, we shall consider the usual Sobolev spaces H*(€2) and H*(T'),
s € R, with respective norms and semi-norms denoted by || - ||s.0 or |- |s.0 and || - [|sr
or | - |sr (see [5] for the precise definition). ﬁIS(Q) is the closure in H*(Q2) of D(Q2),
the space of C'*° functions with compact support in €.

We take as interior operators ADN-elliptic systems of multi-degree m = (myq, - - - ,
my), homogeneous with constant coefficients as explained below, with Dirichlet
boundary conditions.
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For the system L = (LY (D))1<; j<n of partial differential operators, we make the
following assumptions: there exists m = (mq,--- ,my) € N? such that L is ADN-
elliptic of multi-degree (my,--- ,my) and homogeneous with constant coefficients.
This means that LY (D) is a homogeneous operator with constant coefficients of
order m; +m; (obviously, L¥ could be equal to 0) and for all £ € R™\ {0}, we have

1(€) := det(L7())<ijen # 0.

We moreover assume that the system L is properly elliptic [1], i.e., for every pair
of linearly independent vectors &, & € R3, the polynomial [(£ + 7€) in the com-
plex variable 7 has exactly SN, m; roots with positive imaginary parts. For such
operators, the homogeneous Dirichlet conditions are written as

u; Eﬁ[mj(Q)al <J<N,

which are complementing boundary conditions (in the sense of [1]).
Let us now denote by b a vector (by,--- ,by) of RY. Then the natural spaces
associated with the above system are:

b;

(62),

HY(0) = ][ #(0), i (Q) = II 24

(2

with the product norm (resp. semi-norm) denoted by || - |[|b.o (resp. | - |b.a)-
Thus the operator L is continuous from H*™(Q) to H* ™ (), for all s > 0 (from
now on, we make the convention that for any s € R and b = (by,--- ,by) € RV, we

set s+b=(s+0by, - ,s+bn)).
Therefore the boundary value problem we have in mind is the following one:
Given f € H*™(Q), with a fixed k € N, we are interested in u = (uy, - ,uy) €

H (), the variational solution of
Lu="fin Q, (1)

or equivalently,
a(u,v) = f.vde,VveH (), (2)
Q

where the bilinear form a is defined by
a(v,w) = (Lv,w),Vv,we ﬁm(Q) (3)

Since we do not suppose that the form a is strongly coercive on ﬁm(Q), the
existence of a solution to (3) is not guaranteed; therefore as in [3, §7], we assume
that o m

L is a Fredholm operator from H (Q) into H™™(Q). (4)

Let us also notice this condition holds for strongly elliptic systems as stated in [3,
87].

The two examples that we have in mind are the Lamé system and the Stokes
system:
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Example 1.1 The Lamé system in R? is defined by

Lij = _5UA - (1 - 21/)_182

zj71 Szajg'?’a

where v €]0, 1/2[ is the Poisson ratio. It is strongly elliptic with multi-degree (1,1, 1)

and its associated bilinear form is strongly coercive on (ﬁ[ (2))3.

o1l
Example 1.2 If u € (H (Q))? is the velocity and p € L*(Q) the pressure, the
Stokes system is defined by

S(u,p) = (—Au+ Vp, div u)
3
= ((_A’Uz‘ + 0ip)1<i<s, Z &ui) )

i=1

It is a properly elliptic system with multi-degree (1,1, 1,0), but not a strongly ellip-
o1l

tic system, nevertheless it satisfies (4), since it is a isomorphism from (H (Q2))? x

(L*(Q2)/R) into its dual (H~1(Q))® x (L3()) [26, Th.1.2.4], where L3(f2) is the
subspace of L?*(f2) of functions ¢ such that

/Qq(x) dx = 0.

It is well known [8, 16, 17, 18, 3, 5, 4, 7, 23] that a solution u of (1) presents
edge and/or vertex singularities. To describe them we need some notation (cf.
section 7.B of [3]): Firstly, we fix S in the set S(£2) of vertices of Q. Let Cgs be
the infinite polyhedral cone of R? which coincides with € in a neighbourhood of S;
we set Gg = Cgs N S?(9), the intersection of Cs with the unit sphere centred at
S. We denote by (rg,ws) the spherical coordinates in Cs. With respect to these
coordinates, the expression of the operator L¥ is

LY(D,) = g™ ™ L4 (ws, 750rg, Dug)rs 7,

where m = sup; m;. Then for a parameter A\ € C, we introduce the operator
ﬁs()\) = (ﬁisj(wg,)\, Dw5>>1§i,j§N acting from ﬁm(Gs) into H_m(Gs). The ellip—
ticity assumption and (4) insures that L£g(\)™ is meromorphic on C and its poles
generate some vertex singularities [3, §7]. More precisely, denoting by A, the set

o m
of these poles, we associate to any A € A a Jordan chain ¢§"? € H (Gg),v =

L...,MA),qg=1,...,6(\v), of Ls(\) satistying (see [15, 2] for more details)
T P 2
LU _0vi=1,... k(\ ). 5
e () )

The singular functions relative to A are then given by

l -

v A—m+m; lOg’I“S 4 v

o3 rs,ws) = (e 3 BB ) ()
g=1 ( _Q)- 1<j<N
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Since we are working in usual Sobolev spaces, the polynomial resolution [2] may
provide extra singularities e™”, in the particular case when A\ € N. Let us set

SX(CS) = {u = (uk)lngN with
wp = ry " ZQ:(log rs)lui(ws); @ € N and u? € ﬁm(GS)},
q=0
P}Cs) = {uec SNCs): uis a polynomial},
E*Cs,L) = {ue S*Cs) : Lu is a polynomial},
with the convention that p = (p1,--- ,pn) is called a polynomial if each of py is a

polynomial. Then we define {e}"}") a basis of EX(Cy, L)/P*(Cs) (if its dimension
is > 1). From the definition of S*(Cy), the ey"’s have clearly an expansion similar
to (6) and have therefore the same regularity as the o’s. If A7g = {A € N :
dim EA(Cs, L)/ P*(Cs) > 1}, then the set of singular exponents is Ag = Ay U A”g.
Finally, we put

Ro(k) = {\ € Ag : RA €]m — g,k—l—m— g]}.

Regarding the edge-vertex singularities, we proceed as follows. To each edge
Asj, 1 <3 < Jg, adjacent to the vertex S, corresponds a singular point of Gg, still
denoted by Ag ;. In this way, there exists a local chart sending a neighbourhood of
the point Ag; on G into a neighbourhood of 0 in the infinite sector Clg; of R? of
opening wg ; €]0, 27[, which can be written in polar coordinates as

Cs,j = {(es,j,ws,j) : es,j > 0,0 < s < wg,j}.

Notice that for an arbitrary point M € Clg, g ; represents the angle between the
edge Ag; and the vector SM ; while g ; determines the position of M (see Figure
1 of [24]).

We denote by zs;, the cartesian coordinates in C's; and by L(zs,, D. ) the sys-
tem obtained from Lg(ws,0,D,,) via the local chart. We then set

Ls;(D.s,) = pp(L(0, D.)). As previously, writing Lg; in the polar coordinates

(0s.j, ps.j), we obtain in the usual way the operator Lg (), defined from ﬁm(]O, ws,;l)
into H™™(]0, ws ;[), with poles y in the set A% ; and generating singular flinctions
ag:;’l of Lg; similar to those in (6). Given ¢ > 0, the analogues of the set Ag(k) is
(according to Corollary 5.16 of [3], which still holds for systems as explained in §7.D
od [3], the set A”g; is included in A ;)

Asj(t) ={p €Ny, Rp€lm—1,t +m— 1]},

Finally, we shall use two types of cut-off functions: ys = xs(rs) € D(R;) and
Xs; = Xs.i(0s;) € D([0,27]): xs (resp. xs,;) is equal to 1 in a neighbourhood of S
(resp. Ag ;) and has a support concentrated only near the vertex S (resp. the edge
Ag ). Moreover, the support of s ; is chosen sufficiently small so that the functions
s ; and sinfg ; are equivalent on this support.
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The schedule of our paper is the following one: In section 2, we collect the
main results. Sections 3 and 4 are devoted to edge and global regularity results
respectively. In section 5, we establish different continuous embeddings, which are
necessary for our future numerical goals. Finally, the last section deals with the
applications of the former results to the Lamé, Stokes and Navier-Stokes systems.

2 Main results

The functional framework for global regularity results is provided in the next defi-
nition (see definition 2.1 of [14]).

Definition 2.1 For two real numbers «, 3, and two nonnegative integers 1,k such
that k > 0, we set

H P (Q) .= {v e H(Q): r*0°Dve LX), VyeN*: I < |y| < k+1},

where r(x) is the distance from x to the vertices of ) and

0= 3 xsll+ 3 xss(0s)0ss — D]+ (1— 3 xs)6,

SesS(Q) Jj=1 SeS(Q)

0 being the distance to the edges of ). It is a Hilbert space for the norm:

1/2
. :={H'UH?,Q+ 5 Hr“GﬁD%H%@} . ™)
I<|v|<i+k

Further, for a multi-degree 1 € NV, we set

N
Hl,k;a,ﬂ(Q) — HHli’k;a’ﬂ(Q),

=1

with the product norm.

Let us notice that the weight 6 has different behaviours in different parts of the
domain €2: In a sufficiently small neighbourhood of a vertex S, 6 coincides with the
angular distance g ; to the edge Ag; in a neighbourhood of this edge, while § =1
far from the edges. On the contrary, far from the vertices, # behaves like 9, the
distance to the edges. Note also that § ~ r6.

Theorem 2.2 Let k > m and suppose that o, 3 are two real numbers satisfying
(Hy) and (Hg) hereafter:

(HV){ a:O0ra§§N*,a>k—l—m—%—%)\,V)\ej_\g(k),

according as the set Ag(k) is empty or not.

B=0o0r3&N" [ >[€+m—1—3?,u,v,u€/_\5,j(k),
according as the sets Ag j(k) are all empty or not.

o) {

Then the solution u € ﬁm(Q) of (1), with feH"™(Q), belongs to
H™ka8(0)).
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The proof of that theorem is quite similar to the proof of Theorem 2.3 of [14].
The two main steps are edge regularity for elliptic systems in a dihedral cone (§3
hereafter) and global regularity using Mellin transformation (§4). For the sake of
brevity, we do not give the details and simply explained the differences with the
method in [14].

For the treatment of problem (1) with data in weighted Sobolev spaces, we may
refer to [17, 18, 22, 23] leading to similar results than ours (but with smoother data).

Finally, the results about the embeddings that we have in mind are summarized
in the next Theorem.

Theorem 2.3 Let us fix two nonnegative integers l, k such that k > 0. Then for all
v € [0, k[, we have the continuous embedding

HUﬁ%W(Q) o fltk—v—e (Q)’ (8)

for any e €0,k —~] if y ¢ Z and e =0, if v € Z.

3 Edge regularity

Here we analyze the edge behaviour of a solution v of a problem similar to (1) in a
dihedral cone
D=RxC,

where C' is an infinite cone of R?. We then denote by = (y, z) the cartesian
coordinates in D, with y € R and z € D. For our considerations below, we recall
the Hilbert weighted Sobolev space of Kondratiev type:

Definition 3.1 [8] For § € R, and k € N, H5(C) denotes the set of w € D'(C)
satisfying

1/2

_ 2

fulluger = { 2 [ ol asf < oo, )
c
IvI<k
endowed with the natural norm || - HHS(C)' As usual, for a multi-degree 1 € NV | we
set
1 A
Hy,(C) = [] H5(C),
i=1

ol
with, the product norm. Moreover, Hy(C) will be the closure of (D(C))™ in Hy(C),
and H:}i(C’) its dual.

Let L = L(z, Dy, D,) be a properly elliptic system in the sense of Agmon-Douglis-
Nirenberg of multi-degree m with C*°(D) coefficients. Contrary to [14], where the
authors assumed that the principal part

P(Dy, D) = ppL(0,D,,D.)
of L frozen at 0, is strongly elliptic, we here suppose that

ppL(0,0, D,) is an isomorphism from ISIIOn(C') onto Hy™(C). (10)
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Let us remark that for strongly elliptic operators as treated in [14], this condition
holds as a consequence of Theorem 1.1 of [§].

The problem in question is the edge regularity of the solution v € ﬁm(D) of
Lv =g < H" ™(D). (11)

The hypothesis (10) allows to adapt the method of section 16 of [3] in order to
prove that the solution of (11) admits a decomposition into a regular part and a
singular one, the singular functions being generated by the set of poles of £(u)™*
related to ppL(0,0, D.) in the cone C in the usual way. Indeed the technique of
section 16 of [3] consists in applying partial Fourier transform (with respect to y)
leading to the problem

L(z,& D,)v(§) =g(&) in C, for a.e. £ € R, (12)

The hypothesis (10) permits the application of Theorems 12.14 and 7.16 of [3] to the
problem (12) leading to a decomposition into a regular part and a singular one for
v(&). The homogeneousness method of Dauge [3, p.134-136] and again (10) applied
to (ppL)(0,w, D,), with w = +1 yield a decomposition into a regular part and a
singular one for v(§), for large value of £, with a uniform estimate. We conclude by
inverse Fourier transform.

In view to the proof of Theorem 3.6 of [14], we can then obtain a similar result for
systems satisfying (10). More precisely, we show that v belongs to an appropriate
weighted Sobolev space recalled hereafter.

Definition 3.2 [20] For 8 € R, | € N and 6(y, z) = |z| the distance of (y, z) to the
edge of D, W(D) denotes the set of w € D'(D) satisfying

1/2
ooy ={ 3= [ 0ok o} < o (13)

[vI<i

It is a Hilbert space for the natural norm ||- HWé(D)' Again, for a multi-degree 1 € N,
we define

Wj(D) = ]:[1 W5 (D).

(2

We are now ready to state the global edge regularity result whose proof is similar
to those of Theorem 3.6 of [14], taking into account the modifications explained
above.

Theorem 3.3 Let v € ﬁm(D) satisfying
v=0if|z] > 1, (14)

be a solution of
Lv=ge W;™(D), (15)



418 S. Nicaise

with k> 3 > 0. If the condition
(H) 6 ¢ N and L(p) is invertible for Ru=k+m—1—-0
holds, then
v e Wi™(D), (16)

for any B’ such that

B’:ﬁ0rﬁ’§§N*,ﬁ’_>k—l—m—l—%,u,v,uef_\(k—ﬁ), (17>
according as the set A(k — 3) is empty or not.

As a consequence of that Theorem, like in [14, §3], we obtain the local edge

behaviour of the solution of (1) in the framework of the weighted Sobolev spaces
H™ke8(Q).

Theorem 3.4 Let n € D(R?) be a cut-off function such that n =0 in a neighbour-
hood of the vertices of ). Then the solution u € H () of (1) with a datum in
HE"™(Q) satisfies

nu € H™E05(Q), (18)

for any a and any (B satisfying (Hg).

4 Global regularity

The aim of this section is to prove our fundamental Theorem 2.2. In order to control
the edge-vertex singularities, we need again new weighted Sobolev spaces:

Definition 4.1 [14] For o, € R, k € N, and a fized vertex S of Q, Miﬂ(CS) is
the space of v € D'(Cs) such that

0 drs

rs N s vl € PRY, T2V I=0, ok,

Ts

which is a Hilbert space for the norm

0 dr 1/2
—Zk 342 S
HUHM’“ 5(Cs) (Z/ o [(rs 8r >'UHW l(Gs)—> :

s
We define, in the usual way, Mzﬂ(C’S), for a multi-degree k € NV

Remark 4.2 The letter M in M} 5(Cs) expresses the mixed nature of the weights
in this space, since we have a H*-type weight (in rg) in the vertex direction, while
a Wk-type weight (in 6) occurs in the edge direction (see Remark 4.2 of [14]). Note
also that the above space is denoted by V. ﬂ(CS) in [17, 22].

Theorem 4.3 If Ls(\) is invertible, for RA\ = k+m—2, then a solutionu € ﬁm(Q)
of (1) with a datum f € H*™(Q), with k > m admits the decomposition:

Xsu = Uug + xsup + Z u?, (19)
AEA5 (k)
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where ug € H™ (Cg) N H (Q), with Lug € M’g,—ﬂm(cs) for any [ satisfying (Hg),
up is a polynomial and u®* is the vertex singular part relative to S and \; it takes
the form:

o ZM(A ZK](}\V kylo)\ul ZfA%Z
u’ =
SN dy‘ey”, if \€ Z,

where ¢!, dy” € C. If Ls()\) is not invertible, for some X such that RX = k+m

3

2
then the same conclusion holds, but with ug € H™ (Cs) NH (Q) and Lug €
M’:’Em(CS), e > 0 sufficiently small and (5 as above.

Proof: It follows those of Theorem 4.4 of [14], since, as explained in section 12.C
of [3], the condition (4) implies that £()\) satisfies the properties from Proposition
8.4 of [3]. "

This theorem describes explicitly the vertex singularities, while the edge-vertex
singularities are hidden in ug, as explained hereafter.

Theorem 4.4 Let v € ISIITHE(CS) with a compact support be such that
Lv € M’:’Em(CS), with k > m, 3 > 0 satisfying (Hg) and € > 0. Then

v e ME™(Cy). (20)
Proof: We perform the usual change of variable

w(t,ws) = e™v(e', wg),

N
hi(t,wg) = elmH2mi) P (L)) (€' ws),
g=1

where n = —(k+m — 2 —¢). Then w € ﬁm(R x Gg) (cf. Theorem AA.3 in [3]) is
a solution of

ﬁs((ﬂs, — 77[, DWS)W =hin R x GS, (21)

ot
with, as one can show, h € W™ (R x Gg). Since Ls(ws, A, Dug) is a Fredholm

operator (of index 0) from ﬁm(GS) into H™™(Gyg) (see §1), by section 12.C of [3],
we deduce that its prln(:lpal part pp Ls(Asj, A, Dy ) frozen at the vertex Ag; is an

isomorphism from H (Cs;) into Hy™(Cs;). We can then apply Theorem 3.3 to
problem (21), which ylelds, since Ag(k — ) =

w € Wi (R x Gs).

This last inclusion written in the initial coordinates yields the desired regularity
(20). ]

The proof of Theorem 2.2 is now a consequence of Theorems 3.4, 4.3 and 4.4, as
explained, for scalar operators, at the end of section 4 of [14].
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5 Embeddings

The proof of Theorem 2.3 requires the introduction of weighted Sobolev spaces of
Kondratiev type, where the weight is here the distance J to the edges. More precisely,
let us take the

Definition 5.1 For an arbitrary real number o and a nonnegative integer k, let us
define
VEQ) = {v e D(Q): 5o N Dy e L2(Q),V || < k}.

o

It is clearly a Hilbert space for the norm

1/2
V] ksa := { > / |50k DTy |2 d:c} .

[vI<k

The first result that we need concerns the interpolation of those spaces (from now
on, for two Hilbert spaces X,Y with X <— Y (X, Y )2 means the real interpolation
space between X and Y, for 6 € [0, 1], see [12, 27]).

Theorem 5.2 Let us fiz a nonnegative integer k and three real numbers o, 3,y such
that o < v < 3. Then we have the two continuous embeddings:

(VEQ), VE@)o2 = V@) forb=Z—. (22)
VEQ) — (VEQ),VF(Q)e 2, for any 6 €]0,1]. (23)

Proof: To prove the first inclusion, for any n € R, let us introduce the mapping

AVAQ = T Vi (@)
|ul<k

u —  (D"u)jp<-

Since A is a bounded operator, by interpolation (Theorem I.5.1 of [12]), it is also
bounded from (VF(), V5 (2))o.2 into IT<r (Ve gy, () Vi1, (2))o.2- But Theo-
rem 1.18.5 of [27] yields (V2 k+|u|(Q), Vi e (o2 = V.2 11,4 (). In other words,
A is bounded from (VF(Q), VF(€2))g2 into [T}« VY iy (), which simply means
that the embedding (22) holds.

To establish the second embedding, we shall use the K-method of J. Peetre (cf.
27, §1.3]). Let us fix v € V.F(Q). Then we shall estimate the quantity

K(’U,t): 1nfv (H’UOHka—i_tHlekﬁ> Vt>D0.

V=V

We actually distinguish the case t < 1 from the case ¢ > 1. In the first case, we
take v = 0 and v; = v (recall that we have V(Q) — V}(Q) — V5 (Q), due to the
condition o < v < [3). Indeed, we then have

K(v,t) < tfv]ls < Ctlollgn,
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for some positive constant C' (independent upon v). Consequently, we get
L 2 dt LY 2 2
| KRS <o [, < cll,, (24)

because ¢’ < 1.
In the case t > 1, we need more investigations: we introduce a cut-off y € D(R)

such that )
lif0<t<1/2,
X(t)—{ 0ift > 1.

For a parameter s < 1, we define x4(t) = x(t/s) and vs = v - x5(0). Remark that v
coincides with v in a neighbourhood of the edges. We then take

Vo =0V — Vs, V1 = Vg,

with s = to7 (note that v really belongs to V¥ (Q) since it is zero in a neighbourhood
of the edges). By Leibniz’s rule, it follows

loolZ, < CZ/Q|5°‘_’“+|’7|(1—XS((S))D%|2dx

n<k

+ O Y [t DY, (6) D o da

n<k 0<n’<n

< oYy / 52§kl (1 — y (8)) D"o|? dur
)

n<k >s/2

+ CZ Z / |(5°‘_k+|’7|s_|’7/|D’7_’7/'U|2 dz,

n<k 0<n/'<n /2<5<8

taking into account the estimate | D"6| < C'6*~ and the equivalence between § and
s on the set s/2 < 0 < s. As a <+, this finally leads to the estimate

[vollise < Cs* 0]k (25)
Similarly, we show that
lorllis < €™ [0l (26)
The estimates (25), (26) and the choice s = tas yield
K(v,t) < Cta=s ||v||pe, V £ > 1.
Consequently, we get
[T k@S <ol [T a <ol @)

since —20" +25=% < 0.
In conclusion, Definition 1.3.2 of [27] and the estimates (24) and (27) imply that
v belongs to (VF(Q), VE(Q))s 2 and satisfies

10l va@, @), < Cllvllkn:

This proves the embedding (23). ]
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In the remainder of this section, we only need the second embedding given in
the above Theorem. The first one was given to justify the conjecture that V.F(Q) =
(VE(), VE(©))o

The second step is to show that the spaces V;(Q) are embedded into usual
Sobolev spaces.

Theorem 5.3 For v €]0, 1], we have
VIQ) — HY(Q),V 1>60 >n. (28)

v

Proof: The previous theorem shows that
V3 (Q) = (V5 (), V1 ()2, (29)
for 1> 6" > ~. Moreover the definition of the spaces V! () directly leads to

V(@) — H(9),
Vi@ = L¥Q).

By interpolation, and Theorem 4.3.1/2 of [27], we get
(Vo' (), Vi (@)gr2 = (H' (), LA(Q))o2 = H'(Q). (30)
The composition of (29) with (30) yields (28). ]

We are now able to prove Theorem 2.3 in the case £ = 1. The general case will
follow by induction.

Proposition 5.4 For v € [0,1] and a nonnegative integer l, the next embedding
holds:
HY5Y(Q) — HT72(Q), (31)

for any e €]0,1 —~[ ify >0 ande =0 if y = 0.
Proof: The case v = 0 is trivial. Suppose now that v > 0. Define the Hilbert space
le(Q) ={veD(Q):6D e L*(0),V|3] <1},

equipped with its natural norm.
Let u € HY77(Q) be fixed. Then v € HY(2) and satisfies for all |a| = I:

Du € W(9).
But Proposition 5.1 of [14] (based on Hardy’s inequality) implies that
WHQ) = V(@) (32
because v > 0 and ¢ is equivalent to rfl. Therefore, we have
Du eV} (Q),V|al =1
Owing to Theorem 5.3, we conclude that

Due H=Y(Q),V1>60 >~,|a| =1
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Proof of Theorem 2.3: We may suppose that v > 0. We use an iterative
argument on k. The embedding (8) holds for £ = 1 as showed in Proposition 5.4.
Let us then show that if (8) holds for k£ — 1, then it also holds for & > 2. As~y > 0,
Proposition 5.1 of [14] yields

HYP(Q) e HYF57071(Q), (33)
i) If v € [1, k[, then by the induction hypothesis, we have
Hl,k—l;'y—l,’y—l(Q) SN Hl+k—1—('y—1)—e(Q>; (34)

and the composition of (33) with (34) leads to (8).
ii) If 0 < v < 1, then for all & € N3 such that | < |a| <+ k, any u € HY¥77(Q)
clearly fulfils

Du e W;(9).

From (32) and Theorem 5.3, we deduce that
D*u e H™75(Q),VI<|a| <l+k.

This firstly implies that u € H'**~1(Q) (because H777¢(Q) — L?()) and secondly
that u € H'™F=7=¢(Q). That is the conclusion. ]

6 Applications

In this section, we first apply the previous results to the Lamé and Stokes systems.
We secondly give a similar result for the solution of the Navier-Stokes equations.

6.1 The Lamé system

The vertex and edge singular exponents of the Lamé system were largely studied in
(21, 9, 11]. In [21], it was shown that any A € Ay with R\ > —1/2 satisfies

(3 —4v)p

A > ——,
(u+6—4v)

where p > 0 and p(p + 1) is the first eigenvalue of the Laplace-Beltrami operator
on Gg with Dirichlet boundary conditions. Consequently, any A € Ag(k) satisfies
RA > 0. Moreover, from Theorem 7.3 of [9], we know that if Gg < S% (included
and different from the unit half-sphere S%), then the strip ®A € [—1/2,1] has no
element of A, while if S3 < Gg < S?, then the strip R\ € [-1/2, 1] has exactly 3
elements of A’y (counted according to their multiplicity).

On the other hand, for a fixed edge Ag;, the system Lg;(D., ) is

(Lo(u1, ug), —Aus),

where Ly means the 2-dimensional Lamé system. Consequently, the edge singular
exponents p1 € Ag; are either the roots of

sin’ (uws, ;) = K7 sin?(ws ;) 112, (35)
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where k = (3—4v) ™! or Ir/ws; with [ € Z. By a careful study of the equation (35),
we readily check that the exponent of smaller real part &; is real and solution of

sin(§ws,j) = k| sin(wg;)|€.

It satisfies 1 < & < m/wg,; if ws; < 7 and & < 7/wg; if wg; > m; in both cases,

fl >1 / 2.
All these considerations lead to the following regularity result:

ol

Theorem 6.1 Let f € (H*1(Q))?, k € N,k > 1, then the solution u € (H (Q2))*
of

~Au—(1-20)"'VV . u=f,
belongs to (H5%P(Q))3, with 0 < o < k—1/2 satisfying (Hy) and 0 < < k—1/2
satisfying (Hg) (the sets As and Ag; being defined above). In particular, if Q is
convexr and k =1, then o, 3 can be chosen equal to 0.

6.2 The Stokes system

The vertex eigenvalues were studied in [21, 4, 10, 11], where it is proved that any
A € Ny with RA > —1/2 satisfies

W
(n+4)

with p as above, which yields that any A € Ag(k) satisfies RA > 0. From Theorem 6
of [10], we also know that if G5 < 5%, then the strip R\ € [—1/2,1] has no element
of Ay, A =1 being a simple eigenvalue.

Further for a fixed edge Ag;, the system Lg;(D., ) satisfies

LSJ(DZS,]'><U17 Uz, Ug,p) = (fh f27 f37 g)7

A >

if and only if
82(u17u27p) = (f17f2ag) and — AUB = f37

where Sy denotes the 2-dimensional Stokes system. Consequently, the edge singular
exponents p1 € Ag; are either the roots of

sin®(pws,j) = sin®(wg,;)1*, (36)

(corresponding to (35) with v = 1/2) or Ir/ws; with [ € Z. The roots of (36) have
been studied in [25, 13, 4], from which we deduce that the exponent of smaller real
part & is real and is solution of

sin(éws ;) = — sin(ws;)E,

if wg; > mand § = 7w/wg; if ws; < w. In the first case, it moreover satisfies
sup(1/2, w1 /ws;) < & < w/wgj, where wy ~ 0.8128257 (see [4] for its exact def-
inition). As for the Lamé system, this leads to the estimate & > 1/2, in both
cases.

As a consequence, the following regularity result holds.
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Theorem 6.2 Let (f,g) € H*™(Q), with k € Nk > 1, m = (1,1,1,0), then a
o m o1l
solution (u,p) e H () = (H (Q))® x L*(Q) of the Stokes system
—Au+Vp=fdivu=yg,

belongs to (HV*P(Q))3 x HOR0(Q), with 0 < o < k — 1/2 satisfying (Hy) and
0 < B < k—1/2 satisfying (Hg) (with the sets As and Ag; defined above). If,
moreover, §) is conver and k =1, then o, 3 can be chosen equal to 0.

Corollary 6.3 Under the assumption of Theorem 6.2, the solution (u,p) of the
Stokes system belongs to (H3/**(Q))? x HY?*(Q), for some &€ > 0 small enough.

Proof: For «, § from Theorem 6.2 with £ = 1 and setting v = max(«, [3), we clearly
have

HYEP(Q) s HY(Q), 1 =0, 1.
Moreover, by Theorem 2.3, the embedding

Hl,l;'y,'y s Hl—l—l—'y—e (Q)

Y

holds, for any € > 0. The conclusion follows from the composition of both embed-
dings and remarking that v < 1/2. ]

6.3 The Navier-Stokes system

ol
Here we investigate the regularity of a solution (u,p) in (H (2))? x L*(Q) of the
stationary incompressible Navier-Stokes system:

{ —Au+Vp+u-Vu=finQ,

divu=0in €, (37)

where f € (L*())?. The unknowns represent the velocity u and the pressure p. For
the proof of the existence of a solution, we refer to [26, Th.I1.1.2].

To study the regularity of the solution of (37), as usual, we send the nonlinearity
in the right-hand side and consider (u,p) as solution of the Stokes system with
right-hand side (F,0), with F = f —u- Vu, i.e.

{ —Au+Vp=Fin Q,

divu=0in Q. (38)

As each u; belongs to H'(Q2) and g2 belongs to (L*(€2))?, Theorem 1.4.4.2 of [5]

implies that the product ui% belongs to H1/27¢(QQ), for all 4,5 = 1,2,3. Accord-
ingly, for f € (L?(2))3, F satisfies

F c (HY?75(Q))* Ve >0.

By Theorem 3.6 of [4] applied to the Stokes system (38) and the properties of the
singular exponents of the Stokes system given in the previous subsection, we conclude
that (u, p) belongs to (H*275(Q))3 x HY/27¢(Q). We now reiterate the process: with
the help of Theorem 1.4.4.2 of [5], the product of a function in H3/275(Q) with a
element of H'/27¢(Q2) belongs to L%(Q2). This leads to the regularity F € (L?(Q2))3.
Therefore Theorem 6.2 applied to (38) yields the
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Theorem 6.4 Let f € (L*(0Q))3, then a solution (u,p) € (ﬁII(Q))3 x L2(Q2) of the
Navier-Stokes system (37) belongs to (HV148(Q))3 x HOLH(Q), with 0 < o < 1/2
satisfying (Hy) and 0 < B < 1/2 satisfying (Hg) (with the sets Ag and Ag; defined
in subsection 6.2). In particular, if Q is convex, then u € (H*(Q))? and p € H'(Q).

The first assertion of that theorem is also proved in Theorem 10.3 of [18], where
a slightly different argument is used. The second assertion is stated in section 1.2 of
[11]. We shall now improve these results for smoother data. Namely, we prove the

Theorem 6.5 Let f € (H"1(Q))3, with k € N,k > 1. Suppose that the sets

As(k —1) and Ag;(k—1) are empty, for all vertices S and all j =1,--- , Js. Then
o1l
the solution (u,p) € (H (2))3 x L*(Q) of the Navier-Stokes system (37) belongs to

(H%(Q))3 x H*1(Q) as well as to (HV**8(Q))3 x HO&*B(Q), with0 < o < k—1/2
satisfying (Hy) and 0 < 8 < k —1/2 satisfying (Hg).

Proof: We use an iterative argument. The case k = 1 was treated in Theorem 6.4
(remark that the assumptions on Ag(0) and Ag;(0) always hold due to the properties
of the singular exponents given in subsection 6.2). It remains to show that if the
conclusion holds for k — 1, then it also holds for k > 2. Since the set Ag(k — 2) is
included in Ag(k—1) (and similarly for Ag ;j(k —2)), the induction hypothesis yields
the regularity

(w,p) € (H*(Q)) x H*2(). (39)

This regularity for u and Theorem 1.4.4.2 imply that the product w; - g—?}i belongs

to H*2(Q), if k > 3. The case k = 2 needs a special treatment: in that case, we
remark that Theorem 6.4 and Corollary 6.3 yield the regularity

(u,p) € (H**(Q))* x H'/**(Q),

for some € > 0 small enough (which is better than (39) with k£ = 2). This permits
the use of Theorem 1.4.4.2 and to conclude that the product wu; - % belongs to
L*(2). In other words, we have shown that
O
wi - S e {gR2(Q), W1 < 4,5 < 3, (40)
81}
which implies that F belongs to (H*2(2))>.
Applying now Theorem 6.2 to the Stokes system (38) with & — 1 instead of k,

we get the regularity
(u,p) € (H*(Q))? x H*1(Q), (41)

because the sets Ag(k — 1) and Ag;(k — 1) are empty by assumption. This is the
first part of the conclusion. To establish the second part, we need to reiterate the
process. Indeed this new regularity (41) and Theorem 1.4.4.2 lead to

O

wi - S e gFYQ), Y1 < i, < 3.

81}
As before, we arrive at the property F € (H*!(Q))3. It then remains to apply
Theorem 6.2 to the system (38). n
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Corollary 6.6 Let f € (H*'(Q))?, with k € N,k > 1. Suppose that the sets
As(k) and Agj(k) are empty, for all vertices S and all j = 1,---,Js. Then the

o1l
solution (u,p) € (H () x L3(Q) of the Navier-Stokes system (37) belongs to
(H*HQ))? x H5(Q).

Proof: We simply remark that then a and # may be chosen equal to 0. [
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