Slant lightlike submanifolds of indefinite
Hermitian manifolds

Bayram Sahin

Abstract. In this paper, we introduce a new class, called slant
lightlike submanifolds, of an indefinite Hermitian manifold. We provide
a non-trivial example and obtain necessary and sufficient conditions for
the existence of a slant lightlike submanifold. As well, we give an example
of minimal slant lightlike submanifolds of R5 and prove some characteri-
zation theorems.
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1. Introduction

A 2k-dimensional semi-Riemannian manifold (M,g,J) of constant index g,
0 < g < 2k, is called an indefinite almost Hermitian manifold if there exists a tensor
filed J of type (1,1) on M such that J? = —I and

(0.1) 9(X,Y)=g(JX,JY) VXY € I(TM),

where I denotes the identity transformation of 7, pM - Moreover, M is called an indef-
inite Kaehler manifold if .J is parallel with respect to V, i.e, ([1])

(0.2) (VxJJ)Y =0, VX,Y e I(TM),

where V is the Levi-Civita connection on M with respect to g. As a generalization
of complex and totally real submanifolds of almost Hermitian manifolds, Chen [3]
defined a slant submanifold (M, g) of an almost Hermitian manifold (M,g,J) as a
real submanifold such that the angle between JX and T, M is constant for every
vector X € T,M and z € M. In 1996, Duggal-Bejancu presented the theory of
lightlike submanifolds in [5]. However, the concept of slant lightlike submanifolds has
not been studied as yet.

The objective of this paper is to introduce the notion of slant lightlike submanifolds
of an indefinite Hermitian manifolds. We study the existence problem and establish
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an interplay between slant lightlike submanifolds and Cauchy Riemann (CR)-lightlike
submanifolds [5, chapter 6].

Section 2 includes basic information on the lightlike geometry as needed in this
paper. In section 3, we introduce the concept of slant lightlike submanifolds and
give a non-trivial example. We prove a characterization theorem for the existence of
slant lightlike submanifolds and show that co-isotropic CR-lightlike submanifolds are
slant lightlike submanifolds. Finally, in section 4, we consider minimal slant lightlike
submanifolds, give an example and present two characterization theorems.

2. Preliminaries

We follow [5] for the notation and formulas used in this paper. A submanifold
(M™,g) immersed in a semi-Riemannian manifold (M™%, g) is called a lightlike
submanifold if the metric g induced from g is degenerate and the radical distribu-
tion Rad(TM) is of rank r, where 1 < r < m. Let S(T'M) be a screen distribution
which is a semi-Riemannian complementary distribution of Rad(TM) in TM, i.e.,
TM = Rad (TM) L S(TM).

Consider a screen transversal vector bundle S(T'M*), which is a semi-Riemannian
complementary vector bundle of Rad(TM) in TM~. Since, for any local basis {¢;} of
Rad(TM), there exists a local null frame {N;} of sections with values in the orthog-
onal complement of S(TM>) in [S(TM)]* such that g(&;, N;) = &5, it follows that
there exists a lightlike transversal vector bundle ltr(TM) locally spanned by {N,} [5,
page 144]. Let tr(T'M) be complementary (but not orthogonal) vector bundle to T'M
in TM|ps. Then,

tr(TM) = ltr(TM) L S(TM?),
TM|y = S(TM) L [Rad(TM) @ ltr(TM)] L S(TM™ ).

Although S(T'M) is not unique, it is canonically isomorphic to the factor vector
bundle TM/RadTM [8]. Following result is important to this paper.

Proposition 2.1 [5]. The lightlike second fundamental forms of a lightlike sub-
manifold M do not depend on S(TM),S(TM*) and ltr(TM).

Throughout this paper, we will discuss the dependence (or otherwise) of the results
on induced object(s) and refer [5] for their transformation equations.

Following are four subcases of a lightlike submanifold (M, g, S(TM), S(TM™).

Case 1: r-lightlike if r < min{m, n};

Case 2:  Co-isotropic if r = n < m; S(TM*)={0};

Case 3: Isotropic if r = m < n; S(T'M) = {0};

Case 4: Totally lightlike if r = m = n; S(TM) = {0} = S(TM*).

The Gauss and Weingarten formulas are:

(2.1) VxY = VxY +h(X,Y),VX,Y € (TM),
(2.2) VxV Ay X + VLV VX e I(TM),V € T(tr(TM)),
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where {VxY, Ay X} and {h(X,Y),V4V} belong to I'(TM) and T'(ltr(TM)), re-
spectively. V and V! are linear connections on M and on the vector bundle ltr(TM),
respectively. The second fundamental form h is a symmetric F(M)-bilinear form on
I(TM) with values in T'(tr(T'M)) and the shape operator Ay is a linear endomor-
phism of I'(T'M). Then we have

(2.3) VxY = VxY +h(X,Y)+hr(X,Y),
(2.4) VxN = —AxX +V%(N)+ D*(X,N),
(2.5) VxW = —AwX +V5%(W)+DY(X, W), VX,Y €T(TM),

N e I(itr(TM)) and W € T'(S(TM™*)). Denote the projection of TM on S(T'M) by

P. Then, by using (2.1), (2.3)-(2.5) and taking account that V is a metric connection
we obtain

(2.6) g(h*(X,Y), W) + g(Y,D'(X,W)) = g(Aw X,Y),

(2.7) g(D*(X,N),W) = g(N,AwX).

We set

(2.8) VxPY = V%PY +h*(X,PY),

(2.9) Vxé = —AIX + V¢,

for X, Y e I'(T'M) and ¢ € T'(RadT'M). By using above equations we obtain
(2.10) g (X, PY),&) = g(A{X,PY),

(2.11) g(h*(X,PY),N) = g(AnX,PY),

(2.12) g(h'(X,8).6) =0 , Ag=0.

In general, the induced connection V on M is not metric connection. Since V is a
metric connection, by using (2.3) we get

(2.13) (Vxg)(V,2) = g(h'(X,Y), Z) + g(h'(X, 2),Y).
However, it is important to note that V* is a metric connection on S(T'M). From now

on, we briefly denote (M, g, S(TM),S(T'M*)) by M in this paper.

Definition 2.1 [5] Let M be an indefinite Hermitian manifold and M be a real
lightlike submanifold of M. Then M is called CR-lightlike submanifold if the following
conditions are fulfilled:

(A) JRadTM is a distribution on M such that
RadTM N JRadTM = {0}.

(B) There exist vector bundles S(T'M), S(TM*), itr(TM), Dy and D' over M such
that

S(TM) = {JRadTM & D'} L Dy; J(D,) = D,, J(D') = L L Ly

where D, is non-degenerate distribution on M, L; and Lo are vector subbundles
of ltr(TM) and S(TM™).
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3. Slant lightlike submanifolds

We start with the following lemmas which will be useful for later.

Lemma 3.1. Let M be an r— lightlike submanifold of an indefinite Hermitian
manifold M of index 2q. Suppose that JRadT M is a distribution on M such that
RadTM N JRadTM = {0}. Then Jltr(T M) is subbundle of the screen distribution
S(TM) and JRadTM N Jitr(TM) = {0}

Proof. Since by hypothesis .J RadT M is a distribution on M such that JRadT M N
RadTM = {0}, we have JRadTM C S(TM). Now we claim that [tr(T'M) is not
invariant with respect to J. Let us suppose that {tr(T M) is invariant with respect to .J.
Choose ¢ € T'(RadT'M) and N € T'(itr(T'M)) such that g(V,§) = 1. Then from (0.1)
we have 1 = g(&, N) = g(J&, JN) = 0 due to J¢ € T(S(TM)) and JN € T'(ltr(TM)).
This is a contradiction, so ltr(TM) is not invariant with respect to J. Also JN does
not belong to S(T'M~), since S(T M) is orthogonal to S(TM), g(JN, J€¢) must be
zero, but from (0.1) we have g(JN,JE) = g(N,€&) # 0 for some ¢ € T'(RadT M),
this is again a contradiction. Thus we conclude Jitr(TM) is a distribution on M.
Moreover,J N does not belong to RadT M. Indeed, if JN € I'(RadT M), we would have
J2N = —N € T'(JRadT M), but this is impossible. Similarly, JN does not belong to
JRadT M. Thus we conclude that Jitr(TM) C S(TM) and JRadT M N Jitr(TM) =
{0}. O

Remark 1. Lemma 3.1 shows that behavior of the lightlike transversal bundle
ltr(TM) is exactly same as the radical distribution RadT M, Thus, for this case L
has to be ltr(T'M) in the definition 2.1 of a CR-lightlike submanifold.

Lemma 3.2. Under the hypothesis of Lemma 3.1, if = q, then any complemen-
tary distribution to J(RadT M) & Jitr(T M) in S(T M) is Riemannian.

Proof. Let dim(M) = m + n and dim(M) = m. Lemma 3.1 implies that
Jitr(TM) @ JRadTM C S(TM). We denote the complementary distribution to
Jitr(TM) ® JRadTM in S(TM) by D’. Then we have a local quasi orthonormal
field of frames on M along M

{&, Ny, J&, IN;, Xo, Woti€ {1, a€ {3r+1,...,m}, a € {r+1,..,n},

where {¢;} and {N;} are lightlike basis of RadT'M and ltr(T M), respectively and

J&, JN;, {X,} and {W,} are orthonormal basis of S(TM) and S(TM™), respec-

tively. From the basis {&1,....&, J&1, .oy J&, JN1, ooy IN,., Ny, ..., N;.} of ltr(TM) @
RadTM®.JRadT M@ Jltr(T M), we can construct an orthonormal basis {Uy, ..., U, V4, ..., Vo, }
as follows
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U1:$(£1+N1) U2:$(£1_N1)
Us = ﬁ(& + Ns) Uy = ﬁ(& — No)
U2r71 1: %(fr —|__N’l‘) U2r :1%_(57” - {VT)
V1=ﬁ({§1+{N1) %Zﬁ({fl—{]\ﬁ)
Vs=J5(J&+JN2)  Vi= 5(J& — JNs)

%r—lzé(jgr'i"]_Nr) VZT:%(jgr_er)-

Hence, Span{&;, N;, J&, JN;} is a non-degenerate space of constant index 2r. Thus
we conclude that RadTM & JRadT M & ltr(TM) & Jitr(T M) is non-degenerate and
of constant index 27 on M. Since

index(TM) = index(RadTM @ ltr(TM)) + index(JRadTM @ Jltr(TM)
+index(D' L S(TM™4))

we have 2¢ = 2r + index(D’' 1 S(TM%)). Thus, if r = ¢, then D’ L S(TM%') is
Riemannian, i.e., index(D’ L (S(TM)1)) = 0. Hence D’ is Riemannian. O

Remark 2. As mentioned in the introduction, the purpose of this paper is to
introduce the notion of slant lightlike submanifolds. To define this notion, one needs
to consider angle between two vector fields. As we can see from section 2, a lightlike
submanifold has two (radical and screen) distributions:. The radical distribution is to-
tally lightlike and therefore it is not possible to define angle between two vector fields
of radical distribution. On the other hand, the screen distribution is non-degenerate.
Although there are some definitions for angle between two vector fields in Lorentzian
vector space (See: [9], Proposition 30, P:144 ), that is not appropriate for our goal,
because a manifold with metric of Lorentz signature cannot admit an almost Hermi-
tian structure (See: [7], Theorem VIIL.3, P: 184). Thus one way to define slant notion
is choose a Riemannian screen distribution on lightlike submanifold, for which we use
Lemma 3.2.

Definition 3.1 Let M be a g— lightlike submanifold of an indefinite Hermitian
manifold M of index 2¢q. Then we say that M is a slant lightlike submanifold of M if
the following conditions are satisfied:

(A) RadTM is a distribution on M such that
(3.1) JRadTM N RadTM = {0}.

(B) For each non-zero vector field tangent to D at x € U C M, the angle 6(X)
between JX and the vector space D, is constant, that is, it is independent of
the choice of x € U C M and X € D,, where D is complementary distribution
to JRadT M & Jitr(TM) in the screen distribution S(TM).

This constant angle 6(X) is called slant angle of the distribution D. A slant lightlike
submanifold is said to be proper if D # {0} and § # 0, 7.
From the definition 3.1, we have the following decomposition:



112 Bayram Sahin

(3.2) TM = RadTM L S(TM)
(3.3) = RadTM | (JRadTM & Jitr(TM)) L D.

Proposition 3.1. There exist no proper slant totally lightlike or isotropic sub-
manifolds in indefinite Hermitian manifolds.

Proof. We suppose that M is totally lightlike submanifold of M. Then TM =
RadT M, hence D = {0}. The other assertion follows similarly. O

Remark 3. As per Proposition 2.1, Definition 3.1 does not depend on S(TM)
and S(TM+), but, it depends on the transformation equations (2.60) in [5, page 165],
with respect to the screen second fundamental forms h®. However, our conclusions of
this paper do not change with respect to a change of h®.

Example 1. Let M = (RS, ) be a semi-Riemannian manifold, where RS is semi-
Euclidean space of signature (—,—,+,+,+,+,+,+) with respect to the canonical
basis

{61'1,81'2,81'3,81’4,8%575.%6,8.%7,8$8}.
Let M be a submanifold of Rg given by

X(u,v,0,t,s) = (u,v,sinb, cosl,—0 sint, —0 cost, u, s).

Then the tangent bundle T'M is spanned by

Zl = 8I1+6I7 ZQZ(()IQ,
Zs = cosf0x3—sinf0xy — sintdrs — costowg,
Zy = —0Ocostdws+0sintdxrg, Zs=0uxs.

It follows that M is 1— lightlike submanifold of RS with RadTM = span{Z,}.
Moreover we obtain JRadT'M = span{Zs + Zs} and therefore it is a distribution on
M. Choose D = span{Zs, Z4} which is Riemannian. Then M is a slant distribution
with slant angle %, with the screen transversal bundle S(T'M*) spanned by

Wi = —cosec0xy+ sintdxs+ costdxg
Wy = (2sec —cos0)dxs+ sin@Oxy+ sintdxs + costdxg

which is also Riemannian. Finally, ltr(TM) is spanned by
1

Hence we have JN = —Z5 + Z5 € T'(S(T'M) and g(JN, JZ;) = 1. Thus we conclude
that M is a proper slant lightlike submanifold of RS.

Proposition 3.2. Slant lightlike submanifolds do not include invariant and screen
real lightlike submanifolds of an indefinite Hermitian manifold.

Proof. Let M be a invariant or screen real lightlike submanifold of an indefinite
Hermitian manifold M. Then, since JRadT M = RadT M, the first condition of slant
lightlike submanifold is not satisfied which proves our assertion. O
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It is known that CR-lightlike submanifolds also do not include invariant and real
lightlike submanifolds [5]. Thus we may expect some relations between CR-lightlike
submanifold and slant lightlike submanifold. Indeed we have the following.

Proposition 3.3 . Let M be a q— lightlike submanifold of an indefinite Kaehler
manifold M of index 2q. Then any coisotropic CR-lightlike submanifold is a slant
lightlike submanifold with 6 = 0. In particular, a lightlike real hypersurface of an in-
definite Hermitian manifold M of index 2 is a slant lightlike submanifold with 6 = 0.
Moreover, any CR-lightlike submanifold of M with D, = {0} is a slant lightlike sub-
manifold with 0 = 7.

Proof. Let M be a g— lightlike CR-lightlike submanifold of an indefinite Hermitian
manifold M. Then, by definition of CR-lightlike submanifold, JRadT M is a distribu-
tion on M such that RadT M NJRadT M = {0}. If M is coisotropic, then S(TM*) =
{0}, thus Ly = 0 Then the complementary distribution to JRadT M & Jltr(TM) is
D,,. Lemma 3.2 implies that D, is Riemannian. Since D, is invariant with respect to .J,
it follows that & = 0. Our second assertion is clear due to a lightlike real hypersurface
of M is coisotropic. Now, if M is CR-lightlike submanifold with D, = {0}, then the
complementary distribution to JRadT M @ Jltr(TM) is D’. Since D’ is anti-invariant
with respect to J, it follows that 6 = 5+ Thus proof is complete. O

From Proposition 3.3, coisotropic CR-lightlike submanifolds, lightlike real hyper-
surfaces and CR-lightlike submanifolds with D, = {0} are some of the many more
examples of slant lightlike submanifolds.

For any X € I'(T M) we write
(3.4) JX=TX+FX

where T'X is the tangential component of JX and FX is the transversal component
of JX. Similarly, for V € T'(¢tr(TM)) we write

(3.5) JV =BV +CV

where BV is the tangential component of JV and CV is the transversal component
of JV. Given a slant lightlike submanifold, we denote by P, Py, Qi and Qs the
projections on the distributions RadT M, JRadT M, Jitr(TM) and D, respectively.
Then we can write

(3.6) X=PX+PX+hX+QX

for X € T(TM). By applying J to (3.6) we obtain

(3.7) JX = JPIX +JP,X +TQX + FQ 1 X + FQ2X
for X € I'(TM). By direct calculations we have

(38)  JPX € (JRadTM) , JP,X =TP,X € T(RadTM)
(3.9) FPX=0FP,X=0 , TQyX c(D),FQ:X € T(itr(TM)).
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Moreover, (3.7), (3.8) and (3.9) imply
(3.10) TX = TP X + TP,X +TQX.

Now we prove two characterization theorems for slant lightlike submanifolds.

Theorem 3.1. Let M be a q— lightlike submanifold of an indefinite Hermitian
manifold M of index 2q. Then M is slant lightlike submanifold if and only if the
following conditions are satisfied:

(1) Jlitr(TM) is a distribution onM.
(2) There exists a constant A € [—1,0] such that

(3.11) (Q2T)*X = \X, VX eT(TM).

Moreover, in such case, A\ = —cos26.

Proof. Let M be a g— lightlike submanifold of an indefinite Hermitian manifold M
of index 2q. If M is slant lightlike submanifold of M, then JRadT M is a distribution
on S(TM), thus from Lemma 3.1, it follows that Jitr(TM) is also a distribution on
M and Jitr(TM) C S(TM). Thus (1) is satisfied. Moreover, the angle between JQ2 X
and D, is constant. Hence we have

9(JQ2X,TQ2X)  —g(Q2X,JTQ2X)

cost X = =
(@X) = TJQX 17X |~ QX [ TQaX |
| QX [| TQ2X |
On the other hand, we have
| TQ2X |
3.13 cost X)= ————.
(3.13) @)= 75507

Thus from (3.12) and (3.13) we get

Q2X,TQ2TQ2X)
| Q2X |?

Since 6(Q2X) is constant on D, we conclude that

c05?0(Q2X) = 9

(Q2T)*X = AQaX, A€ [~1,0)
Furthermore, in this case A\ = —cos? 0(Q2X).

Conversely, suppose that (1) and (2) are satisfied. Then (1) implies that JRadT M
is a distribution on M. From Lemma 3.2, it follows that the complementary distri-
bution to JRadT M @ Jitr(T'M) is a Riemannian distribution. The rest of proof is
clear. 0

Corollary 3.1. Let M be a slant lightlike submanifold of an indefinite Hermitian
manifold M. Then we have
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(3.14) 9(TQ2X,TQY) = cos*0g(Q2X,Q2Y)
and
(3.15) 9(FQaX, FQY) = sin® 0g(Q2 X, Q2Y), VX,Y € T(TM).

Proof. From (0.1) and (3.4) we have
9(TQ2X,TQ2Y) = —g(Q2X,T?Q.Y), VX,Y € T(TM).

Then from Theorem 3.1, we obtain (3.14) and (3.15) follows from (3.14). O

Theorem 3.2. Let M be a q— lightlike submanifold of an indefinite Hermitian
manifold M of index 2q. Then M is slant lightlike submanifold if and only if the
following conditions are satisfied:

(1) Jitr(TM) is a distribution on M.
(2) There exists a constant p € [—1,0] such that

BFQsX = u@.X, VX € I(TM).

In this case p = —sin?6, where 6 is the slant angle of M and Q2 the projection on D
which is complementary to JRadT' M & Jltr(TM).

Proof. Tt is easy to see that JRadT M NJitr(TM) = {0} and JRad(T M) is a sub-
bundle of S(T'M). Moreover, the complementary distribution to Jitr(TM)®J RadT M
in S(T'M) is Riemannian. Furthermore, from the proof of Lemma 3.2 S(T'M™) is also
Riemannian. Thus condition (A) in the definition of slant lightlike submanifold is
satisfied. On the other hand applying J to (3.7) and using (3.4) and (3.7) we obtain

—X =P X — PoX +T?QyX + FTQyX + JFQ1X + BFQ2X + CFQyX.
Since JFQ1X = —@Q1X € T'(S(TM), taking the tangential parts we have
—X=-P X -P,X+T?Q:X —Q:X + BFQ,X.
Then considering (3.6) we get
(3.16) —Q2X =T?QX + BFQ,X.

Now, if M is slant lightlike then from Theorem 3.1 we have T2Q2X = —cos? 0Q2.X.
hence we derive
BFQyX = —sin? 0 Q2 X.

Conversely, suppose that BFQ2X = u@Q2X, p € [—1,0], then from (3.16) we obtain
T?QoX = —(1 + pu)Q2X.

Put —(1 4 p) = A so that A € [—1,0]. Then proof follows from Theorem 3.1. O
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4. Minimal slant lightlike submanifolds

A general notion of minimal lightlike submanifold M of a semi-Riemannian manifold
M has been introduced by Bejan-Duggal in [2] as follows:

Definition 4.1. We say that a lightlike submanifold (M, g, S(T'M)) isometrically
immersed in a semi-Riemannian manifold (M, ) is minimal if:

(i) h* =0 on Rad(TM) and
(ii) traceh =0, where trace is written w.r.t. g restricted to S(T'M).

In the case 2, the condition (i) is trivial. Moreover, it has been shown in [2] that
above definition is independent of S(T'M) and S(T M=), but it depends on the choice
of the transversal bundle tr(TM). As in the semi-Riemannian case, any lightlike to-
tally geodesic M is minimal.

Example 2. Let M = Rg be a semi-Euclidean space of signature (—, —, +, +,
+,+,+,+) with respect to the canonical basis {0x1, 2o, a3, Oy, O x5, 06,
0x7, Dxg}. Consider a complex structure J; defined by

Jl(zla T2, 3, T4, T5, T, T7, ’IS) = (_I’Qa Ty, —T4, T3, —T7COSQX — Tg SinOZ,

—xgcos a + T5 Sinq, Ty Ccosa + xg Sinq,

T COS QL — X7 SIN Q).

for a € (0,%). Let M be a submanifold of (R}, J;) given by

r1 = uicosh 0, xo = uscoshf, r3 = —us + uy sinh 0, x4 = uy + ugsinh 6
T5 = coSuycoshus, xg = cosuy sinhus, 7 = sinug sinhus
rg = Sinugcoshus

uy € (0,%). Then TM is spanned by

Z1 = cosh00x1+ sinh00x3+ 0xy
Zy = cosh@0xy, Z3=—0x3+ sinhf0xy
Zy = —sinugcoshusdxs — sinuy sinhus Oxg + cosuy sinhus 0ry

+cosuy cosh us 0xg
Zs = oS uy sinhus 0xs + cos ug cosh us Oxg + sin uy cosh us 0xy
+sin uyg sinh us Oxs.
Hence M is 1— lightlike with RadT'M = span{Z;} and Jy(RadT M) spanned by
J1Z1 = Zy + Z3. Thus JyRadT M is a distribution on M. Then it is easy to see that
D = {Z4, Zs} is a slant distribution with respect to J; with slant angle . The screen
transversal bundle S(TM~) is spanned by
W1 = —coshus0xs+ sinhus0xg + tan uy sinh usd x7
—tan uy cosh us 0 xg
Wy = —tanwug sinhusxs + tan ug coshus 0 xg — cosh us 0 x7

+sinhus 0 xs.
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On the other hand, the lightlike transversal bundle itr(T'M) is spanned by
N = tanh 0 sinh 00 x1 + sinh 0 x5 + 0 x4.

Hence J; N = tanh? 0 Zy + Z3. Thus we conclude that M is a slant lightlike submani-
fold of (Rg, J1). Now by direct computations, using Gauss and Weingarten formulas,
we have

R =0,h%(X,Z)) = h*(X, 1 Z1) = 0, h*(X, J1N) = 0,¥X € T(TM),

COS Uy —COS Uy

h*(Zy, Zy) = Wi, h*(Zs, Zs) =

sinh? us + cosh? us sinh? us + cosh? us

Hence, the induced connection is a metric connection and M is not totally geodesic,
but, it is a proper minimal slant lightlike submanifold of (Rg, J1).

Remark 4. We note that the method established in Example 2 can be gener-
alized. Namely, let M be a 1— lightlike submanifold of RS, If an integral manifold
My of the distribution D complementary to the distribution JRadTM & Jitr(TM)
in S(T'M) is an invariant submanifold of M with respect to .J, defined by

Jo(x1, T2, T3, 24) = (—x3, —4,T1, T2).

Then M is a slant lightlike submanifold with respect to J;. Thus, there are many
examples of minimal slant lightlike submanifolds of semi-Euclidean space Rg.

Next, we prove two characterization results for minimal slant lightlike submani-
folds. First we give the following lemma which will be useful later.

Lemma 4.1. Let M be a proper slant lightlike submanifold of an indefinite
Kaehler manifold M such that dim(D) = dim(S(TM>). If {ey,....,en} is a local

orthonormal basis of T'(D), then {csc §Fey, ..., csc 0 Fe,,} is a orthonormal basis of
S(TM™b).
Proof. Since ey, ...., e, is a local orthonormal basis of D and D is Riemannian,

from Corollary 3.1, we obtain
glesc OFe;,csc OFe;) = csc? 0 sin® 0 g(ei, e;) = ij,

which proves the assertion. O

Theorem 4.1. Let M be a proper slant lightlike submanifold of an indefinite
Kaehler manifold M. Then M is minimal if and only if

traceAg, |s(ran= 0, traceAw, |s(ra=0

and
g(DY(X,W),Y) =0,YX,Y € T(RaDTM),

where {£;}7_, is a basis of RadTM and {Wo}7, is a basis of S(TM™).

Proof. From Proposition 3.1 in [2], we have h! = 0 on RadT'M. Thus M is minimal
if and only if
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. m

> h(J&, J&) + Y (TN, TN + Y h(ex, ex) = 0.

i=1 i=1 k=1
Using (2.10) and (2.6) we obtain

T

<

T B _ 1 _ B
DRI T&) = Y =D g(Ag J& J&N;
i=1 i=1 j=1

1 « -

(4.1) > g(Aw, J&, J&) W

Q
—

In similar way we obtain

T B B r 1 T B ~
> (N, JN;) = =D 9(Ag INi, JN)N;
i=1 i=1" j=1
1 & S
4.2 — A JNZ', JNz Wa
(4.2) T az::lg( Wa )
and
m m 1 T .
Zh(ek’ek) = Z;Zg(Aﬁjek’ek)Nj
k=1 k=1 j=1
1 m
4.3 — A W
(4.3) +m;9( W Cks €k)
Thus our assertion follows from (4.1), (4.2) and (4.3). O

Theorem 4.2. Let M be a proper slant lightlike submanifold of an indefinite
Kaehler manifold M such that dim(D) = dim(S(TM~). Then M is minimal if and
only if

traceAg; [s(rar)= 0, traceAp.,

s(ran="0
and
g(D'(X,Fe;),Y) =0,YX,Y € I'(RadT M)

where {e1, ...,en} is a basis of D.

Proof. From Lemma 4.1, {csc Fe,...,csc § Fe,,} is a orthonormal basis of
S(TM+). Thus we can write

h*(X,X) =Y A csc 0Fe;, VX € T(T'M)
i=1
for some functions A;, i € {1,...,m}. Hence we obtain

W (X, X) = csc 0g(Ape, X, X)

i=1

for X € I'(JRadM @ Jitr(TM) L D).
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Then the assertion of theorem comes from Theorem 4.1. O

Concluding remarks. (a). It is known that a proper slant submanifold of a
Kaehler manifold is even dimensional, but this is not true for our definition of slant
lightlike submanifold. For instance, see two examples of this paper.

(b) We notice that the second fundamental forms and their shape operators
of a non-degenerate submanifold are related by means of the metric tensor field.
Contrary to this we see from (2.3)-(2.7) that in case of lightlike submanifolds
there are interrelations between these geometric objects and those of its screen
distributions. Thus, the geometry of lightlike submanifolds depends on the triplet
(S(TM),S(TML),ltr(TM)). However, it is important to highlight that, as per
Proposition 2.1 of this paper, our results are stable with respect to any change in
the above triplet. Moreover, we have verified that the conclusions of all our results
will not change with the change of any induced object on M.
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