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Abstract. In 1999, De Smet, Dillen, Verstraelen and Vrancken conjec-
tured the generalized Wintgen inequality for submanifolds in real space
form. This conjecture is also known as DDVV conjecture. It has been
proved by G. Jianquan and T. Zizhou (2008). Recently, Ion Mihai (2014)
established such inequality for Lagrangian submanifold in complex space
form. In this paper, we obtain the generalized Wintgen inequality for
bi-slant submanifold in Bochner-Kaehler manifold. Further, we discuss
the inequality for semi-slant submanifold, hemi-slant submanifold, CR-
submanifold, invariant submanifold, and anti-invariant submanifold in the
same ambient space. We also obtain B.Y. Chen inequality for totally real
submanifold in Bochner-Kaehler manifold.
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1 Introduction

In 1948, S. Bochner [1] introduced Bochner curvature tensor on a Kachler manifold
as the complex version of the Weyl conformal curvature tensor on a Riemannian
manifold. If the Bochner curvature tensor of a Kaehler metric vanishes, then it is
called Bochner-Kaehler metric. A complex manifold with Bochner-Kaehler metric
is called Bochner-Kaehler manifold. Many geometers obtained various results for
different submanifolds in Bochner-Kaehler manifold [9, 11].

On the other hand, the Wintgen inequality is a sharp geometric inequality for sur-
face in 4-dimensional Euclidean space involving Gauss curvature (intrinsic invariant),
normal curvature, and square mean curvature (extrinsic invariant).

P. Wintgen [13], proved that the gauss curvature X, the normal curvature K+ and
the squared mean curvature |H||? for any surface N2 in E* satisfies the following
inequality:

IH]? > K+ K,
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and the equality holds if and only if the ellipse of curvature N2 in E* is a circle.
Later, it was extended by I. V. Gaudalupe et al. [4] for arbitrary codimension m

in real space forms N e (c) as
[H? + ¢ > K+ K.

They also discussed the equality case of the inequality.

Recently, I. Mihai [8] obtained the DDVV inequality for Lagrangian submanifolds
in complex space forms and investigated some of its applications.

In present article, we obtain the generalized Wintgen inequality for bi-slant sub-
manifold in Bochner-Kaehler manifold. We also investigate such inequality for dif-
ferent slant cases. Further, we discuss the B. Y. Chen inequality for totally real
submanifold in Bochner-Kaehler manifold.

2 Submanifolds in Bochner-Kaehler manifold

Let N be a real p-dimensional submanifold of a Bochner-Kaehler manifold A/ of
complex dimension m. Let V and V be the Levi-Civita connection on N and N
respectively. Let J be the complex structure on /. Then the Gauss and Weingarten
formulas are given respectively by

(2.1) vxyZVXY-i-O'(X,Y),

(2.2) VxN = -SyX + V%Y,

for all X,Y tangent to A and vector field N normal to N'. Where o, V5, Sy denotes
the second fundamental form, normal connection and the shape operator respectively.
The shape operator and the second fundamental form are related by

(2.3) g(c(X,Y),N)=g(SyX,Y).

Let R be the curvature tensor of A and let R be the curvature tensor of A/, then the
Gauss equation is given by [3]

R(X,KZ, W) = R(Xa}/’ Z, W) +g(U(X’ Z)’U(K W))
(2.4) —9(e(X,W),a(Y,2)),

for any vector fields X, Y, Z, W tangent to N. o
The curvature tensor R of a Bochner-Kaehler manifold A is defined as [10]

R(X,Y,Z,W) = L(Y,Z)g(X,W)—L(X, Z)g(Y,W)
+LX, W)g(Y, Z) = LY, W)g(X, Z)
+M(Y, Z)g(JX, W) — M(X, Z)g(JY, W)
FM(X, W)g(JY, Z) — M(Y,W)g(JX, Z)

(2.5) _OM(X, Y)g(JZ, W) — 2M(Z, W)g(J X, Y),
where
(2.6) LY, 7) = 2p1+ (Y. 2) ~ g 5(21) T2,
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(2.7) MY, Z) = —L(Y, ] Z),

(2.8)
where Ric and p are the Ricci tensor and scalar curvature of N.

Let {e1,...,ep} and {ept1,...,€2m} be tangent orthonormal frame and normal
orthonormal frame, respectively, on /. The mean curvature vector field is given by

(2.9) H =

0(61,61‘).

D=
.M“

=1

The norm of the squared mean curvature of the submanifold is defined by

P = pli (Z )

Y=p i=1

Further, we set

(2.10) o> = D glolese),0(eie)-

i,j=1

For any x € N and X € T, NV, we put JX = TX + FX, where TX and FX are the
tangential and normal components of JX, respectively.
We denote by

(2.11) 1P =" g*(Jei e5).

ij=1

Definition 2.1 ([2]). A submanifold A/ of an almost Hermitian manifold N is said
to be a slant submanifold if for any p € N/ and a non zero vector X € T,N, the angle
between JX and T, is constant, i.e., the angle does not depend on the choice of
peN and X € TyN. The angle 6 € [0, 5] is called the slant angle of N in N.

Definition 2.2 ([2]). A submanifold A/ of an almost Hermitian manifold N is said
to be a bi-slant submanifold, if there exist two orthogonal distributions D; and Da,
such that (i) TN admits the orthogonal direct decomposition i.e TA/ = D + Ds. (ii)
For i=1,2, D; is the slant distribution with slant angle ;.

In fact, semi-slant submanifold, hemi-slant submanifold, CR-~submanifold, slant
submanifold can be obtained from bi-slant submanifold in particular. We can see the
case in the following table:
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Table 1: Definition

N N D, Do 01 )

S.N.
(1) | N | bi-slant | slant slant slant angle | slant angle
(2) | N | semi- invariant| slant 0 slant angle

slant
(3) | N | hemi- slant anti- slant angle |

slant invariant
(4) | N | CR invariant| anti- 0 5

invariant

(5) | N | slant either D1 =0 or Dy =0 | either ; =6, =60 or 6 =05 £ 60

Invariant and anti-invariant submanifold (or totally real submanifold) are the slant
submanifolds with slant angle # = 0 and 0 = 7 respectively and when 0 < 6 < 7,
then slant submanifold is called proper slant submanifold.

We may also state the totally real submanifolds as:

Definition 2.3 ([14](pp. 199)). A submanifold N of an almost Hermitian manifold
N is said to be a totally real submanifold, if JT,N C T,N* for each point z € N.

Also, we may state Einstein manifold as:

Definition 2.4 ([15](pp. 5)). An almost Hermitian manifold NV is said to be Einstein

manifold if the Ricci tensor Ric is proportional to the metric tensor g, i.e. Ric(X,Y) =
Ag(X,Y), for some constant .

If \V is a bi-slant submanifold in Bochner Kaehler manifold A, then one can easily
see that

(2.12) | P||? = 2(d1cos®0; + docos?6s),
where dimD; = 2d; and dimDs = 2d>.

3 Generalized Wintgen inequality

We denote by K and R+ the sectional curvature function and the normal curvature
tensor on A, respectively. Then the normalized scalar curvature p is given by [8]

2T 2
(3.1) p= P p— = b= 1) 1S;Sp’C(ei Nej),

where 7 is scalar curvature, and the normalized normal scalar curvature by [8]

P - ST ST T O
p(p—l) 1y Cjy6rySs .

-1
p(p ) 1<i<j<p1<r<s<2m
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Following [14] we put

2m—p
1 2
(3.2) Kn = 1 Z Trace[Sy, Ss]

r,s=1

and called it the scalar normal curvature of /. The normalized scalar normal curva-
ture is given by [8] pn = ﬁ\/lﬁv.

Obviously
Ky = L T S, S,
N = 5 > racelSy, S|
1<r<s<2m—p
(33) = Z Z SMS €. 6])2a

1<r<s<2m—p 1<i<j<p

fori,j€{1,...,p} and r,s € {1,...,2m — p}.
In term of the components of the second fundamental form, we can express Cn by
the formula [8]

(3.4) Kn = Z Z Z%k%k jkazk) :

1<r<s<2m—p1<i<j<p k=1

Now, we shall state and proof the generalized Wintgen inequality for bi-slant
submanifold in Bochner-Kaehler manifold.

Theorem 3.1. Let N be a bi-slant submanifold in Bochner-Kaehler manifold N .
Then
B 3p% + 5p — 6(d1cos?01 + dacos®0s) _

4p(p* = 1)(p +2)

1 ; > Ric(ei,e;)g(ei )

2p(p - P -2) =

5 _
PR E— Ric(ei, Jej)g(ei, Jej).
2p(p—1)(p—2) 15;9 ] ]

pv < IHIP -

(3.5)

Proof. Let N be a submanifold in Bochner-Kaehler manifold A'(c). We choose
{e1,...,ep} and {epi1,. .., 2} as orthonormal frame and orthonormal normal frame
on N respectively. Putting X =W =e¢;, Y = Z =¢;, i # j from (2.5), we have

E(@i,6j7€j,€i) = L(ej,ej)g(ei,ei) — L(eisej)gle;, ei)
+L(ei,ei)g(ej,e5) — L(ej, e5)g(eis ;)
+M(ej,ej)g(Jei, ;) — M(ei,ej)g(Je;, e;)
+M(ei,e;)g(Jej,ej) — Mlej,ei)g(Jes, e;)
(3.6) —2M(e;,e)(Jej, e;) —2M(ej, e;)g(Jei, €5).
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From Gauss equation and (3.6), we get
R(ej ej.e5,e) = Llej ej)gleser) — L(es,e;)g(ej, )
+L(es,ei)g(ej,e5) — L(ej, ei)g(ei, e5)
+M(ej,e5)g(Jeise;) — M(ei ej)g(Jej, e;)
+M(ei,ei)g(Jej, e5) — Mlej, e5)g(Je;, e5)
—2M(ei,e;)(Jej,e;) —2M(ej, e;)g(Jes, e5)
(3.7) +9(o(ej,ej), 0(ei,ei)) — go(ei, e5), (e, €:)).

By taking summation 1 <4 < j < p and using (3.6) in (3.7), we derive

Z R(eivejvejaei)

1<i<j<p

3p? +5p — 3| P||*_
8(p+ 1)(p+2)

Z Ric(e;,e;)g(eq,€5)

1<z<]<p

Z Ric(e;, Jej)g(es, Jej)

1<z<]<p

2m—p

(38) + > D ool — )]

r=p+11<i<j<p

Also, we know that

(39) T = Z R(€i7€j,€j,ei)~

1<i<j<p
Now, using equation (2.12) and (3.9) in (3.8), gives

(3.10)
3p%+5p—6(d 201 +d. 205) — 1 -
T= Sgplff)s(piz) acor bl 2(p+1) Zl<i<j<p Ric(ei, ej)g(eq, €5)

D 2m r T r
+ﬁ Zl§i<j§p Ric(e;, Jej)g(ei, Jej) + 32, _pf1 Zl§i<j§p[0ii0jj - (Jij)z}'

On the other hand, we have

2m—p P
212 2
prIH|" = Z ( E Uii)
r=p+1 i=1
2m—p 2m—p
— 2
(3.11) e iD D D G AL i DI DI 1%
r=p+11<i<j<p r=p+11<i<j<p
Further, from [7]
2m—p 2m—p
r\2
oD (-t Y Y
r=p+11<i<j<p r=p+11<i<j<p

@) zwl Y3 Sk o) 1

p+1<r<s<2m—-p1<i<j<p k=1



Some inequalities for submanifolds in Bochner-Kaehler manifold 7

Combining (3.4), (3.11) and (3.12), we find

2m—p

2p ror T
(3.13) 172||f7‘{||2 _PQPN > Ii Z Z [Uiiajj)Q - (Uij)2]~

r=p+11<i<j<p
Taking into account (3.1), (3.10) and (3.13), we obtain

3 3p? + 5p — 6(dycos?01 + dacos?s) _
4p(p* — 1)(p+2)

1 EXE
e Do 2 Relene)glene)

oy < HIP—p

1<i<j<p
3 R
(3.14) +— Ric(e;, Jej)g(eq, Jej).
2p(p—1)(p — 2) 1§;§p ’ !

4 Immediate applications

An immediate consequence of the Theorem 3.1 yields the following.

Corollary 4.1. Let N be a semi-slant submanifold in Bochner-Kaehler manifold N .
Then

3 3p? + 5p — 6(dy + dacos®6s) _
4p(p* — 1)(p +2)

1 X
e Do 7 2 Relne)glene)

pv < HIP-p

1<i<j<p
3 .
(4.1) +— Ric(e;, Jej)g(ei, Je;).
2p(p—1)(p —2) 1§;§p ! !

Corollary 4.2. Let N be a hemi-slant submanifold in Bochner-Kaehler manifold N .
Then

3p? + 5p — 6d1cos?0; _

< |IH|I?-p -
1 __
- Ric(e;,ej)gle;, e;
o= =), 2 T elenes)
3 I
(4.2 e Ric(e;, Jej)gle;, Jes).
) 2p(p _ 1)(p _ 2) 1§;§p ( ]) ( ])

Corollary 4.3. Let N be a CR-submanifold in Bochner-Kaehler manifold N'. Then

3p2+5p—6d1 _
< HIP=p -
PN [H[" = p -1 19)"
1 __
4.3 - Ric(e;,ei)gle;,e;).

1<i<j<p
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Corollary 4.4. Let N be a slant submanifold in Bochner-Kaehler manifold N'. Then

B 3p? +5p — 3pcoszﬁp
Ap(p* = 1)(p +2)

1 X
e Do 7 2 Relne)glene)

1<i<j<p

pv < IHIP-p

3

(4.4) o D)

Z Ric(e;, Jej)g(es, Jej).

1<i<j<p

Corollary 4.5. Let N be a invariant submanifold in Bochner-Kaehler manifold N .
Then

D

3p+2

< JHIP=-p— e ——

1 .
o Ric(e, e5)g(ei, e5)
2p(p—1)(p—2) 13%97 S
5 .
(45) 3 Ric(es, Jej)gleir Jes).
2p(p —1)(p—2) 13%87 S

Corollary 4.6. Let N be a anti-invariant submanifold in Bochner-Kaehler manifold
N. Then

3p? +5p
< IHIZ—p—
py < ||H| P 4p(p2—1)(p+2)p
1 .
I Ric(e;, e5)g(ei, e5)
2p(p—1)(p—2) 1§;j§p ] ]
5 .
4.6 to o fuietes Jehates Jes)
(4.6) 2p(p —1)(p — 2) 1529 ( o ’

Corollary 4.7. Let N be a bi-slant submanifold in Einstein Bochner-Kachler mani-
fold N'. Then

B 3p? + 5p — 6(dy + dacos®Bs) _
4p(p* — ) (p+2)
3AIP|?
p-D-2 plp-1p-2)

pn < IHIP -0

(4.7) -

Corollary 4.8. Let N be a semi-slant submanifold in Einstein Bochner-Kaehler man-

ifold N'. Then

3p? + 5p — 6(dy + docos®Bs) _
- ap(p® —1)(p +2)
3AIP?
(p—Dp—-2 plp-Dp-2)

py < HIP —p

(4.8) -
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Corollary 4.9. Let N be a hemi-slant submanifold in Einstein Bochner-Kaehler
manifold N'. Then
3p? + 5p — 6dqcos?6, _
py < HIP =P P
I e D+ 2)
B A 3M| P
P-1r-2 pe-1)FE-2)
Corollary 4.10. Let N be a CR-submanifold in Einstein Bochner-Kaehler manifold
N. Then

(4.9)

3 +5p—6d1 _ A
- Dp+2)" r-DE-2)

Corollary 4.11. Let N be a slant submanifold in Einstein Bochner-Kaehler manifold
N. Then

(410) v < [HIP—»p

3p? + 5p — 3pcos?6 _
< |HIP-p-
B A 3\ P|?
p—=D—-2) plp-Dp-2)

Corollary 4.12. Let N be a invariant submanifold in Einstein Bochner-Kaehler
manifold N'. Then

(4.11)

3p+2 _
< HIPP-p—- — " =
A 3\|| P2

(4.12)

T (p-D-2) pp-1Dp-2)

Corollary 4.13. Let N be a anti-invariant submanifold in Einstein Bochner-Kachler
manifold N'. Then

3p*+5p _
< JHIP=p—
A 3\|| P2

) G-De-2 W Dep-2

Remark 4.1. The proof of the Corollary 4.1 - Corollary 4.6 is similar to the Theorem
3.1. We obtain the proof of the Corollary 4.1 - Corollary 4.4 with the help of Table
1 and Theorem 3.1. The Corollary 4.5 and Corollary 4.6 is obtain by putting § = 0
and 6 = 7 in Corollary 4.4 respectively. Proof of Corollary 4.7 to Corollary 4.13 is
similar to the proof of Corollary 4.1 - Corollary 4.6 and using Definition 2.4.

5 B. Y. Chen inequality for totally real submani-
folds in Bochner-Kaehler manifold

In 1993, B. Y. Chen [3] has obtained a sharp inequality for the sectional curvature
of a submanifold in a real space forms in term of the scalar curvature and squared
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mean curvature. Afterward, several geometers obtained similar inequality for different
submanifolds in different ambient spaces [12].

In this section, we derive B. Y. Chen inequality for totally real submanifold in
Bochner-Kaehler manifold. Before that, we recall the following lemma.

Lemma 5.1 ([3]). Let by,bo,...,by, 1 be p+ 1 real numbers for p > 2 such that

P 2 P
(Zm) =(p-— 1)<Zb$ +z).
i=1 i=1
Then, 2b1ba > 1 and the equality holds if and only if by 4+ by = bg = --- = bp.

Now, we state and proof the following.

Theorem 5.2. Let N be a totally real submanifold in Bochner-Kaehler manifold N .
Then for each point x € N and each plane section m € T,N, we have

3p2 —13p—6 _ 1 —
(5.1) +p2((;_12))||%|2-

Equality holds if and only if there exists an orthonormal basis {e1,... ey} of TuN
and orthonormal basis {ept1,...,€2m} of TN such that the shape operators takes
the following forms

s 0 0 0
0 v O 0
(5.2) Spt1 = 00 ¢ 0 , c+v=E¢E.
0 0 O &
oy o5 0 0
0y 059 0 0
(5.3) S, = 0 0 0 ... 0 , r=p+2,...,2m.
0 0 0O ... 0

Proof. Combining equations (2.4) and (2.5), we get

Rei,ej,ej,€i) = Llej,ej)g(ei,e;) — L(ei,ej)g(e;s, i)
+L(eise:)g(ej,ej) — L(ej, ei)g(ei, e5)
+g(o(ej,e5),0(eisei)) — glo(eirej),o(ej,ei)).

(5.4)
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Now, taking summation over 1 < i,j < p,i # j and using (2.6) and (5.4), we find

3p% +5p B
i+ )p+2)" pt2

(5.5) 27 = Ric(ei,e;)g(ei,e5) +p* | H|* — [lo]]*.

Further, we put

O = T D T praiidene)ylene)
2
P*(P—2) 1,12
5.6 - IH".
(5.6) »-1 IH]]

Using equation (5.5) and (5.6), we obtain
(5.7) PAIHI? = (p = D+ |lo]?).
In the view of chosen orthomormal basis above equation can be written as
P
(o) = o n[ St e 3 St
i=1 i£j r=p+1i,j=1
(5.8)

Now, with the help of Lemma 5.1 and (5.8), we derive

(59) 2 P+1 P+1 >Z P+1 Z Z Zj

i#£] r=p+1i,5=1
On the other hand, we have
(5.10) K(m) = R(e1, e, e2,€1),
which implies
K(’]T) = R(el,eg,eg,el) +g(0’(€2,62),0'(€1,0'1)) - 9(0(61,62)70(62,01))
m 2m
4p+3 p+1 _p+1 ro_r r \2
= T oves T P T O O t Z 011922 — Z (012)".
(2p+2)(2p+4) ropta reptl
(5.11)
Taking into account (5.9) and (5.11), we obtain
1 +1
K(m) = 33 (o] Z > (o)
i#E] r=p+1i,j=1
2m
1 dp+ 3 _ 2
+5 5+— + Z 011053 — Z (o12)
2 (2p+2)(2p+4) ropta i1

1 ap+3
o4 P

o R il

Y
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Equations (5.7) and (5.12) gives

3p?—13p—6 _ 1 —
T = K(’]T) 8(p+ 1)(p+ 2)/) - 2(p+ 2) Rlc(eivej)g(ehej)
(5.13) +p2((;__12))ll?il2

and the equality holds if the shape operator takes the above stated forms. Further, if
the equality holds in the inequality (5.1), then we have

o; =0,Vi#ji,j=3,...,p,r=p+1....2m,

p+1 _ _p+1 _ _p+1 _ ; ;
(5.14) oy =0y =0 =0,i#j>2,
0{5_?—052 iO, Vr=p+2,...,2m,
oy +oby = =aftt=0.
Now, if we take ey, ea such that 0?3 ' = 0 and putting ¢ = o}, v = 05y, & = by " =
-+» = g2+l Then, it follows that the shape operator have the desired forms. ]

Corollary 5.3. Let N be a totally real submanifold in FEinstein Bochner-Kaehler
manifold N. Then for each point x € N and each plane section w € T,N', we have

3p* = 13p— 6 _ Ap P’(p—2)
(5.15) T—-K(r) < 8(p+1)(p+2)pf 200 +2) + 2p—1) |2

Equality holds if and only if there exists an orthonormal basis {e1, ..., ey} of TuN and
orthonormal basis {epy1,...,eam} of TLN such that the shape operators take forms
(5.2) and (5.3).

References

[1] S. Bochner, Curvature and Betti numbers II, Annals. of Math., 50 (1949), 77-93.

[2] B. Y. Chen, Geometry of Slant submanifolds, Katholieke Universiteit Leuven,
1990.

[3] B.Y. Chen, Some pinching and classification theorems for minimal submanifolds,
Arch. Math., 60 (1993), 568-578.

[4] I. V. Guadalupe, L. Rodriguez, Normal curvature of surfaces in space forms,
Pacific J. Math., 106 (1983), 95-103.

[5] S.Haesen , L. Verstraelen, Natural Intrinsic Geometrical Symmetries, Symmetry,
Integrability and Geometry: Methods and Applications 5, Paper 086 (2009), 15.

[6] C. S. Houh, Totally real submanifolds in a Bochner-Kaehler manifold, Tensor
N.S., 32 (1978), 293-296.

[7] Z.Lu, Normal scalar curvature conjecture and its applications, J. Fucnt. Analysis,
261 (2011), 1284-1308.

[8] I. Mihai, On the generalized Wintgen inequality for lagrangian submanifolds in
complex space form, Nonlinear Analysis, 95 (2014), 714-720.

[9] M. H. Shahid, Totally umbilical CR-submanifolds of a Bochner Kaehler manifold,
Tensor N. S., 61 (1999), 126-130.



Some inequalities for submanifolds in Bochner-Kaehler manifold 13

[10] M. H. Shahid, S.I. Husain, CR-submanifolds of Bochner-Kaehler manifold, Indian
J. Pure and Applied Math., 18 (1978), 605-610.

[11] G. E. Vilcu, Some submersions of extrinsic hyperspheres of a Bochner-Kahler
manifold, Rendiconti Del Circolo Matematico Di Palermo Serie II, Tomo LIV,
(2005), 343-351.

[12] G. E. Vilcu, B.-Y. Chen inequalities for slant submanifolds in quaternionic space
forms, Turk. J. Math., 34 (2010), 115-128.

[13] P. Wintgen, Sur l'inegalite de Chen-Wilmore, C. R. Acad. Sci. Paris, Ser. A-B
288 (1979), A993-A995.

[14] K. Yano, M. Kon, Anti-invariant submanifolds, M. Dekker, New York, 1976.

[15] K. Yano, M. Kon, CR-submanifolds of Kaehlerian and Sasakian Manifolds,
Birkhauser, USA, 1983.

Author’s address:

Mohd. Aquib

Department of Mathematics, Faculty of Natural Sciences,
Jamia Millia Islamia, New Delhi - 110025, India.

E-mail: aquib80@gmail.com



