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Abstract. In this paper, we describe the group Spin”(n) and give some
properties of this group. We construct Spin” spinor bundle S by means
of the spinor representation of the group Spin”(n) and define covari-
ant derivative operator and Dirac operator on S. Finally, Schrodinger-
Lichnerowicz type formula is derived by using these operators.
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1 Introduction

Spin and Spin® structures is effective tool to study the geometry and topology of
manifolds, especially in dimension four. Spin and Spin® manifolds have been studied
extensively in [1, 2, 3, 4]. For any compact Lie group G the Spin® structure have
been studied in [5, 6]. However, the spinor representation is replaced by a hyperkahler
manifold, also called target manifold. In this paper, we define the Lie group Spin® (n)
as a quotient group. The groups Spin(n) and Spin¢(n) are the subset of Spin”(n).
We define Spin”' structure on any Riemannian manifold. The spinor representation of
Spin?'(n) is defined by the help of the spinor representation of Spin(n). By using the
spinor representation of Spin'(n) we construct the Spin” spinor bundle S. Finally,
we give Schrodinger-Lichnerowicz type formula by using covariant derivative operator
and Dirac operator on S.

This paper is organized as follows. We begin with a section introducing the group
Spin?'(n). The following section is dedicated to the construction of the spinor bundle
S, the study the Dirac operator associated to Levi-Civita connection V. In the final
section we obtain Schrédinger-Lichnerowicz type formula.
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2 The group Spin’(n)
Definition 2.1. The group SpinT (n) is defined as
Spin® (n) := (Spin(n) x S* x S')/{£1}.

The elements of Spin? (n) are thus classes [g, 21, 2] of pairs (g, 21, z2) € Spin(n) x
St x ST under the equivalence relation

(9721722) ~ (_gv —Z1, _ZQ)'

We can define the following homomorphisms:

a. The map AT : Spin® (n) — SO(n) is given by AT ([g, 21, 22]) = A(g) where the
map A : Spin(n) — SO(n) is the two-fold covering map given by A(g)(v) =
-1
gvg

b. i: Spin(n) — SpinT (n) is the natural inclusion map i(g) = [g, 1, 1].

c. j: 8 x 8 — SpinT(n) is the inclusion map j(z1,20) = [1, 21, 22].

[N

. 1: SpinT(n) — St x St is given by I([g, 21, 22]) = (23, 21 22).

@

- p: SpinT(n) — SO(n) x §* x §1is given by p(lg, 21, 22]) = (A(g), 22, 2122).
Hence, p = AT x I. Here p is a 2-fold covering.

Thus, we obtain the following commutative diagram where the row and the column
are exact.

1 —— Spin(n) —'> Spin

\ \T

SO(n)

1

Moreover, we have the following exact sequence:
1 — Zy — SpinT(n) £ SO(n) x ST x ST — 1.

Theorem 2.1. The group Spin” (n) is isomorphic to Spin®(n) x St.
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Proof. We define the map ¢ in the following way:

Spin(n) x S* x S* 5% Spin®(n) x S
(9,21, 22) = ([g,21], 2122)

It can be easily shown that ¢ is a surjective homomorphism and the kernel of ¢ is
{(1,1,1),(=1,—1,—1)}. Thus, the group Spin’(n) is isomorphic to Spin¢(n) x S*. O

Since Spin(n) is contained in the complex Clifford algebra Cl,,, the spin represen-
tation  of the group Spin(n) extends to a Spin” (n)-representation. For an element
[g, 21, 22] from Spin?(n) and any spinor ¢ € A, the spinor representation x? of
Spin?'(n) is given by

”T[g, 21, 22 = 2%225(9)(1/1)-
Proposition 2.2. If n = 2k + 1 is odd, then k” is irreducible.
Proof. Assume that {0} # W # Ay is a Spin? invariant subspace. Thus, we have
kT(g, 21, 22)(W) C W. That is, 2229k(g)(W) C W. In this case, for every w € W
1
there exists a w’ € W such that 2222k(g)(w) = w'. As k(g)(w) = Ew’ € W and
172

the representation k of Spin(n) is irreducible if n is odd, this is a contradiction. The
representation 7 of Spin?(n) has to be irreducible for n = 2k + 1.
]

Proposition 2.3. If n = 2k is even, then the spinor space Asgy decomposes into two
subspaces Aoy, = A;k DA,

Proof. We know that the Spin(n) representation Ay decomposes into two subspaces
A, and Aj,. Thus, we obtain 27z0r(g)(A3,) C AJ, and 2720k(g)(A5;,) € A,
Namely, £7'[g, 21, 22](A4,) € AL, and k7 [g, 21, 22](Ay;,) € Aj;. Hence, the Spin” (2k)
representation Aoy decomposes into two subspaces A; . and Ag, . It can be easily seen
that the Spin? (2k) representation Afk is irreducible. O

The Lie algebra of the group Spin”'(n) is described by
spin’ (n) = spin(n) @ iR @ iR.
The differential p, : spin” (n) — so(n) @ iR @ iR is defined by
pi(eaep, Ai, i) = (2Eq8, 2M0, (A + p)i)

where A and p are any real numbers and E,g is the n x n matrix with entries
(Eap)ap = —1, (Eap)sa = 1 and all others are equal to zero. The inverse of the
differential p, is given by

1

1 1
—1 . N\ - - . _ - .
Py (Bap, Al i) = (26a65, 2)\27 (1 2/\)z).
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3 Spin’ structure, Spinor bundle and Dirac
operator

Definition 3.1. A Spin” structure on an oriented Riemannian manifold (M", g) is
a Spin?'(n) principal bundle Pgpint(n) together with a smooth map
At Pspint(n) = Pso(n) such that the following diagram commutes:

PSpinT(n) X SplnT(n) - PSpinT(n)

iAw lA

PSO(n) X SO(TL) PSO(n)

From above definition we can construct a two-fold covering map
II: PSpinT(n) — PSO(n) X PSIXSI.

Given a Spin” structure (PspinT(n); A), the map AT SpinT(n) — SO(n) induces
an isomorphism
Pspint(n)/S" X S' 2= Psom)-

In similar way, SpinT(n)/Spm(n) =~ S x S' implies the isomorphism
Psme(n)/Spin(n) = PSl xS1.

Note that on account of the inclusion map i : Spin(n) — SpinT(n), every spin
structure on M induces a Spin” structure. Similarly, since there exists a inclusion
map Spin®(n) — Spin’ (n), every Spin® structure on M induces a Spin’ structure.

Let (M™, g) be an oriented connected Riemannian manifold and Pgo(,) — M the
SO(n)—principal bundle of positively oriented orthonormal frames. The Levi-Civita
connection V on Pso(y) determines a connection 1—form w on the principal bundle
Pso(ny with values in so(n), locally given by

w® =" g(Vei, e;)Ey

i<j
where e = {ei,...,e,} is a local section of Pgp(,y and Ejj is the n x n matrix with
entries (E;;)i; = —1, (Ei;)j; = 1 and all others are equal to zero.

We fix a connection
(A,B) : Tpslxsl — ZR@ZR
on the principal bundle Pg14g:. The connections w and (A, B) induce a connection
w X (A,B) : T(PSO(n) X Pslxsl) — 50(7’1) D iR @ZR

on the fibre product bundle Pgo(y,) X Ps1xs1. Now we can define a connection 1—form

w x (A, B) on the principal bundle Pg,;,r ) such that the following diagram com-
mutes:

w /;XTB
T Pspint (n) xR spin’ (n) = spin(n) @ iR @ iR

ln* l
wx (A,B)

T(Pso(n) X Ps1xg1) ————s0(n) @ iR & iR



32 S. Bulut, A.K. Erkoca

That is, the equality

—_~

prow X (A, B) = (wx (A, B)) oIl
holds.

Definition 3.2. The spinor bundle of a Spin” manifold is defined as the associated
vector bundle

S = PSpinT(n) XgT Ay,
where xT : SpinT (n) — GL(A,) is the spinor representation of Spin®(n). In case of
n = 2k the spinor bundle splits into the sum of two subbundles ST and S~ such that

S:S+@S_, Si :PSpinT(n) X1+ Af

Any spinor field 1 can be identified with the map v : Pg,;nr(n) — A, satisfying
the transformation rule ¥(pg) = k¥ (g~ 1) (p). The absolute differential of a section

—_~—

¥ with respect to w x (A, B) determines a covariant derivative
V:I(S) = I(T*M®S)

given by o
Vi = dip + K1y (w x (A, B))y

where £7, : spin” (n) — End(A,,) is the derivative of & at the identity
1 € Spin®(n). It can be also shown that

w1 (eaep, Niy i) = K(eqes) + (2N + pi)Id

where A and p are any real numbers and k is the spin representation of the group
Spin(n).

Now we give the local formulas for connections. Fix a section s : U — Pgiy g1 of
the principal bundle Pgi14g1. Then, we obtain the local connection form

(A*, B*) : TU — iR & iR

where A%, B® : TU — iR. e X s : U = Pso(n) X Psi1xs1 is a local section of the fiber

product bundle Pson) X Psixst- e x s is a lift of this section to the two-fold covering
(exs)

IT: Pspintny = Pso) X Psixst. The local connection form w x (A, B) on the
principal bundle Pg,;,7(,) is given by the formula

—— (ex3) 1 1 1
w X (A,B) = §Zg(Vei,ej)eiej,§As,Bs — iAS
i<j

Hence, this connection form induces a connection V on the spinor bundle S. We can
locally describe V by

~ 1 1
(3.1) Vit =dp(X) + 5 ; 9(Vixer ej)eieji) + 5 A + B

where ¢ : U — A, is a section of the spinor bundle S.
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Definition 3.3. The first order differential operator

Diap) =poV:T(S) > T(T*M®S) 5 I(S)
where p denotes Clifford multiplication, is called the Dirac operator.
The Dirac operator D4 p) is locally given by
(3.2) Dap =Y ei-Veib
i=1

where {ej,...,e,} is a local orthonormal frame on the manifold M.
The Dirac operator has the following property:

Theorem 3.1. Let f be a smooth function and ¥ € I'(S) be a spinor field. Then,
Da,p)(f -¥) = (gradf - ) + fD(a,p).

Proof. By using the definition of the Dirac operator D 4 gy we can compute D4 p)(f-
) as follows:

NE
D
<A
Q
-y
=

Dapy(f-1) =

N
Il
-

e (ei(f) v+ fVe,)

4(f)ei~w+f;ilei~%eq,¢
gradf) -+ D,y

I

@
Il
—

|
M=
D

|
©
Il
S

Now we can define the Laplace operator on the spinor bundle S.

Definition 3.4. Let ¢ € I'(S) be a spinor field. The Laplace operator A on spinors
is defined by

n

(3.3) Ap=-3" (%ﬁeﬂp + dw(ei)?eiw) .

i=1

4 Schrodinger-Lichnerowicz type formula

The square D(2 '+ gy of the Dirac operator and the Laplace operator A are second
order differential operators. We derive Schrédinger-Lichnerowicz type formula by
computing their difference D(2 AB) ~ A.

The curvature RS of the spinor covariant derivative V is an End(S) valued 2—form
by
RY(X,Y)p = VxVyt) — VyVxtp — Vix y)¥
where ¢ € T'(S) and X,Y € T'(TM). Now we want to describe R® in terms of the
curvature tensor R.
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Let Q¥ : TPso(n) X TPson) —+ s0(n) be the curvature form of the Levi-Civita
connection with the components

= QB
1<J

where Q;; : TPson) X TPso(n) — R. The commutative diagram defining the con-

nection w x (A4, B) implies that the curvature form of w x (A, B) is

Qex(4.B) ZH* ij)eie; @ H*(dA) ® 11" (dB).

2<J

Hence the 2—form R® with values in the spinor bundle S is obtained by the following
formula:

1 1
RS(, ) = 5Zsz,»jeiej W+ SdA b+ dB -y,
i<j
Let {e1,...,e,} be orthonormal frame field, Q;;(X,Y) = g(R(X,Y)e;, e;) the
components of the curvature form of the Levi-Civita connection,

X = Z XFep and Y = ZYlel be vector fields on the Riemannian manifold M. Then
k=1 =1

we have
Qij(X, Y) = g(R(X, Y)ei,ej)

1
_ ky/l
= > Ru XY
k=1
n

= > Rue"(X)e(Y)
k,i=1

1 n
3 > Ruij(e® neh)(X,Y).

k=1

where {e!,... e} is the frame dual to {e1,...,e,}. Thus, we obtain the following
local formula for the curvature form

Q“’X(AB) ZZRM” e Aelese; + dA—I—dB
z<jkl 1
and the 2-form RS(.,.) is calculated as follows:
I 1
S — (e* A eees - ZdA - .
RS(., ) = Z;g;}zkm(e neheiej -+ SdA -y +dB - .

By using the above properties of the curvature form RS on spinor bundle S we
deduce the following result:

Proposition 4.1. Let Ric be the Ricci tensor. Then, the following relation holds:

(4.1) Zea Xeaw:—%Ric( )+ = (XJdA) ¢+ (X 2dB) -1
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Proof. In [1] it is proved the following relation:

(4.2) ZZ Z Rigij(e® A eDeqeie; - = —2Ric(X) -4

a=1i<jk,l=1

It can be easily seen the following two relations:

(4.3) Zn:ea-dA(X,ea)~¢=(X_ndA)-z/)
a=1
and
(4.4) iea~dB(X,ea)-¢:(X4dB)~w.
=1
Then, using (4.2), (4.3) aand (4.4), we obtain the claimed equivalence. O

Now, we derive Schrodinger-Lichnerowicz-type formula in the following way:

Proposition 4.2. Let s be scalar curvature of the Riemannian manifold and let
dA = Q4 and dB = QF be the imaginary-valued 2—forms of the connections (A, B)
in the (S* x SY)—bundle associated with Spin® structure. Then, we have the following
formula:

s 1
D(ZAVB)¢:Aw+1¢+5dA~z/z+dB~w.

Proof.
DYy gt = Y ei-Velej- Ve, )
g
= 267 Ve, €5+ Vejw + e;e;j VﬁVp]z/}
(4.5) b - -
= Z 9(Veej,ep)eier - Ve, v + Z eiej - Ve, Ve,
.5,k 4,3
= M+ Y g(Vees,er)eer Veh+ Y eiej Ve, Ve,
Jri#k i#j

Now we can calculate the following sum:

> 9(Veejen)eier = =Y gle, Ve,ex)eien
itk ik

= - Zg(eja Ve,ex — Ve, €i)eiey,
i<k
= Zg(€j7 lex, ei])eier
i<k

From (4.5) we get

D(2A,B)w = AY+ Z g(ej, [eks ei])eiekﬁeﬁ/} + Z eej - (6616(?7/17& - ﬁejﬁeiw)
i<k 7'<J
Ay + Zelej Velve]'l/J veJ veldj v[e7 e;] QZ})
1<J
1
= AY+ 5 Z eie; RS (es, ;)1

4,3



36 S. Bulut, A.K. Erkoca

Using the identity (4.1) and multiplying by e; we deduce that

1 1 1
D pp = AwaZeiRic(ei)~1/J+ZZei~(ei JdA)~z/J+§Zei~(ei 2dB) -

‘1
- A¢+Z¢+§dA~w+dB.¢.
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