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Abstract. In this paper we introduce pointwise hemi 3-slant submanifolds
of almost contact metric 3-structures. We characterize these submani-
folds and give non-trivial examples of such submanifolds. In addition, we
prove that the distribution spanned by the structure vector fields is to-
tally geodesic and integrable. Moreover, we investigate the integrability
conditions for other distributions.
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1 Introduction

As a generalization of slant submanifolds, F. Etayo [5] and B.-Y. Chen and O.J.
Garay [4] introduced and characterized pointwise (quasi) slant submanifolds of Her-
mitian manifolds. After that, many authors have studied pointwise slant submanifolds
in various structures [6, 11, 13].

On the other hand, hemi-slant submanifolds are the special case of bi-slant sub-
manifolds [1, 3, 8, 9]. In this paper, we have extended that concept to the pointwise
hemi-slant submanifolds of almost metric contact 3-structures. In fact, these sub-
manifolds are the generalizations of invariant, anti-invariant, semi-invariant, slant
and pointwise slant submanifolds of almost contact and almost contact 3-structure
manifolds.

Let (N,g) be a submanifold of a Riemannian manifold (M,g). We denote the
Levi-Civita connection of M and N by V and V, respectively. If 71N is the normal
bundle of N, then for all X,Y € TN and U € T+ N, the Gauss and Weingarten
formulas imply

(1.1) VxY =VxY +0(X,Y), VyU = DxU — ApX,

where o is the second fundamental form of the submanifold, Ay is the shape operator
in the direction of U and D denotes covariant differentiation with respect to the
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normal connection. Moreover, it is well-known that the second fundamental form o
and shape operator Ay satisfy in the following relation

(12) g(U(X7Y)7U) :g(AUXaY)a
and if they be equal to zero on N, then N is said to be totally geodesic.

Let (M, g) be an odd dimensional Riemannian manifold with a vector field &, a
1-form 1 and a (1,1)-tensor field ¢ such that for all X, Y € TM

(1.3) n(€) =1, *(Y)=-Y +nY)g,

(1.4) (X, pY) = g(X,Y) = n(X)n(Y).

Then (M, g,&,7,¥) is an almost contact metric manifold [2].

Let M admits three almost contact metric structures (&, 9., ), 7 = 1,2,3, sat-
isfying in the following equations:

(1'5) Ur(fs) =0, @r(gs) = _905<£r) = ftv T]T(()OS) = —ﬂs(%) =M,
(1.6) Prows —Ns Q& = —ps0pr + 1M @ Es =
(17) g(SOTX7 QOTY) :g(va) _nr(X)T/T(Y)a

in which (r, s,t) is a cyclic permutation of (1,2,3) and X, Y € TM. Then M has an
almost contact metric 3-structure (&,7,, ¢r)ref1,2,3) [14]. By using Equation (1.7),
one can easily prove that ¢, is skew symmetric with respect to the metric g, i.e.

(1.8) g(er X,Y) = —g(X, ¢,Y).

In the present paper, we first define a pointwise hemi 3-slant submanifold of an al-
most contact manifold with 3-structures and give some examples to show the existence
of such submanifolds in Section 2. In addition, we characterize these submanifolds. In
Section 3, we study pointwise hemi 3-slant submanifold of 3-cosymplectic manifolds
and show that the distribution which is spanned by {1, &2, &3} is totally geodesic and
integrable. Finally, the integrability of other distributions of a pointwise hemi 3-slant
submanifold of 3-cosymplectic manifolds is investigated.

2 Pointwise hemi-slant submanifolds

Let N be a submanifold of an almost contact metric 3-structure manifold (M, g, &, 0y,
gor)re{17273}. Then for any Y € TN, we put ¢,.Y = F,.Y + P.Y where I, is tangential
projection of ¢, on TN and P, is normal projection of ¢, on T+N.

Moreover, if W € T+N, we write ¢,W = f.W + p,W in which f. and p, are
tangential and normal projection of ¢,., respectively.
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By using Equation (1.8), for any X,Y € TN and V,W € T+N, we can describe
the behavior of maps Fi., P, f, and p, with respect to the metric g as following:

(21) g(FTX7 Y) = _g(X7 FT'Y)7 g(pr‘/a W) = _g(VapTW)a

(22) g(PT‘X7V) = 7g(X7 frV)7 g(frv7 Y) = 79(‘/7er)'

Definition 2.1. [7] A submanifold N of an almost contact 3-structure (M, g,&,,
Ny, ©r) 18 said to be a pointwise 3-slant submanifold if at any point 2 € N the angle be-
tween ¢, (Y,) and T, N is independent of choice of Y, for any non-zero Y,, € T, N\{¢&,,}
and r =1,2,3.

Definition 2.2. Let N be a submanifold of an almost contact 3-manifold (M, g,
&, Mryor). Then, N is called a pointwise hemi 3-slant submanifold if there exist three
orthogonal distributions Dy, D+ and = on N such that

(a) TN = Dy & D* & E, where = = Span{&;, &, &}

(b) D+ is anti-invariant with respect to ¢, Vr = 1,2,3, i.e. ¢.(D+) C T+N;

(¢) Dy is a pointwise 3-slant distribution. That means for any Y € Dy the angle
between ¢,.(Y') and Dy is independent of the choice of Y.

It should be noted that if dim(D+) = 0, then N is a pointwise 3-slant submanifold
and if dim(Dy @ Z) = 0, then N is an anti-invariant submanifold. In this paper the
dimensions of all the three distributions are non-zero and in this case the submanifold
is called a proper pointwise hemi 3-slant submanifold.

Now, we give two examples of proper pointwise hemi 3-slant submanifolds of al-
most contact metric 3-manifolds.

Example 2.3. Let the (1,1)-tensor fields ¢1, 2,3 are defined on M = RS and
g =315 dr' ® da' as following

©1(04k41) = Oakt2, 1 (0akt2) = —Oait1,91(0ak+3) = Oakta, P1(0ak4a) = —Oap+3,

©1(013) = 014, 91(014) = —013,91(015) = 0,
©2(Oak+1) = Oak+3, P2(Oakt2) = —Oakta, P2(0ak+3) = —Oant1, P2(0ak+4) = Oupyo2,
©2(013) = 015, 92(015) = —013,92(014) =0,

for k =0,1,2. Moreover, & = 015,& = 014,83 = 013 and n,.’s be the dual of &,’s for
r=1,2,3 and 3 = 1002 — N2 @ &1, (M, 9,& M, r)refi,2,3) 18 an almost contact
metric 3-structure manifold.

Now, let f,h € C>°(R). Then we define a 6-dimensional submanifold N given
by the immersion

w(tlatQﬂt37t4vt5vt6) = (tlfa tQha tQha tQha t3; anvovtlhv 07 Oa 07t47t57t6)~

By taking Dy = Span{X; = fd; + hdg,Xs = h(02 + 95 + 04)}, D+ = Span{X3 =
05} and 2 = Span{Xy = 013,X5 = 014,Xg = O15}. Then it is clear that Dy is a
. . » - . 3 . _ 1 h 1 s
pointwise 3-slant distribution by slant function © = cos (7\/3 \/W) and D+ is an
anti-invariant distribution. Therefore, N is a pointwise hemi 3-slant submanifold of

RS,
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Example 2.4. Let N be a pointwise 3-slant submanifold of a 3-structure manifold
(M, g, §r,nr,<pr)T€{1’2’3}. For instance, it can be the structure in the Example 2
of [7], i.e. (M,g) = (R, 3L d2* @ dz') and N = (vsin £,0,0,0, kusin f, kusin f,
kusin f,vcos f,0,0,0).

Now, let N’ = (y,0,0,0,) be a submanifold of a 4m-dimensional hyper-Kaehler
manifold (M’ = R*™ ¢’ I, J, K) which is introduced in a example of [10]. It is obvious
that I(TN') ¢ TAN', J(TN') € T*N', K(TN') C T+N'.

_ By using the above notations, we suppose that (M,§) = (M x M',g® ¢') and
N = N x N'. Therefore, M is a (4m + 11)-dimensional almost contact 3-structure
manifold. We take Dg @ Z = T'N and D+ = TN’. Thus N is a pointwise hemi 3-slant
submanifold of M. The slant function of slant distribution Dy is © = cos™ (<L),

. N kV3
where k € Rt and f € C°°(M) is the smooth extension of the function f.

Theorem 2.1. [7] Let N be a submanifold of an almost contact metric 3-structure
manifold (M, g,&., 1., ¢r) such that &.’s are normal to N for r = 1,2,3. Then, N
is a pointwise 3-slant submanifold if and only if there exists a real function © on N
such that

(2.3) F.E,Y = —cos? Y, VY € TN, Vr,s € {1,2,3}.
By using Theorem 2.1, it is easy to prove the following corollary.

Corollary 2.2. Let D be a distribution on a submanifold of an almost contact metric
3-structure manifold (M, g, &, nr, ©r) such that D is orthogonal to the distribution
< &1,&,83 >. Then D is a pointwise 3-slant distribution if and only if there exists
a function p € [—1,0) such that for all Y € D, F,F,Y = pY,Vr;s € {1,2,3}.
Furthermore, if © is the slant function, then p = — cos? ©.

Theorem 2.3. Let N be a submanifold of an almost contact metric 3-structure mani-
fold (M, g,&,, 1, ) which &, s are tangent to N forr =1,2,3. Then N is a pointwise
hemi 3-slant submanifold if and only if there exists a real-valued function p € [—1,0)
such that for all r,s € {1,2,3}, the following conditions hold:

(a) D={Y € TN\ < &1,&2,&3 > |F.F,Y = pY'} is a distribution on N;

(b) YY € TN orthogonal to distribution D& < &1,£2,&5 >, F.Y = 0. Moreover, in
this case if © is the slant function, then p = — cos? ©.

Proof. Let N be a pointwise hemi 3-slant submanifold and TN = Dy @D+ @ Z. From
Corollary 2.2, for all Y € Dy, we have F.F,Y = pY. By taking D = Dy, since D~ is
anti-invariant, VZ € D+, F.Z = 0.

Conversely, from (a) and Corollary 2.2, we get D is a pointwise 3-slant distribution.
On the other hand, (b) implies that there exists an anti-invariant distribution on N
and since Z C TN and does not satisfies both the conditions; we conclude that N is
a pointwise hemi 3-slant submanifold. O
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3 Pointwise hemi 3-slant submanifolds of 3-cosymplectic

manifolds

An almost contact metric 3-structure manifold (M, g, .., 1., @) is called a 3-cosymplectic
manifold if B
(Vxo )W =0, VX, WeTM,

for r = 1,2,3. It is well known that [12] in 3-cosymplectic manifolds the following
equation holds:

(3.1) Vwé =0, VIV e TM.

For any X, W € TN, the covariant derivative of the maps F;. and P, are defined
by

(3.2) (VwF)X =VwF.X — F,Vy X,

(3.3) (DwP)X = DwP.X — P,V X.

Let N be a submanifold of a 3-cosymplectic manifold (M, g, &, 0y, pr). Then from
(3.2), (3.3) and Gauss and Weingarten formulas, we get

(3.4) (VwE)X = Ap xW + fro(X, W),

(3.5) (DwP,)X = Poo(X,W) — o(W, F,X).

Remark 3.1. In Example 2.3, according to the definition of M and g, the connection
V is flat. So, we have Vi, = 0 and the 3-structure manifold (M, g,&, 0y, ©r) is 3-
cosymplectic.

Theorem 3.1. Let N be a pointwise hemi 3-slant submanifold of a 3-cosymplectic
manifold (M, g,&,mr, ©r). Then the distribution Z is integrable and totally geodesic.

Proof. Since M is a 3-cosymplectic manifold and the connection V is symmetric, thus
we have

[grags] = @Esgr - @Erfsa

and (3.1) implies that [¢.,{s] = 0 € Z. Hence, = is an integrable distribution.
Moreover, from Gauss and Weingarten formulas, we get 0 = V¢ & = V¢ & +
o(&s,&-). This means that o(&s, &) = 0 and therefore E is totally geodesic. (|

Theorem 3.2. The distribution Dy ® D+ of a pointwise hemi 3-slant submanifold of
a 3-cosymplectic manifold (M, g, &, n-, @r) is integrable.

Proof. Since V is symmetric and compatible with respect to g, VY, Z € Dy & D+ and
r=1,2,3, we have

(36) g(&"ﬂ [Y7 Z]) = g(gru @ZY - ﬁYZ) = _g(Y7 @Zgr) + g(Z7 @Ygr)'

Using (3.1) and (3.6), we find that g(&,,[Y, Z]) = 0, thus [V, Z] € Dy @ D+, which
means that the distribution Dy @ D+ is integrable. |
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Lemma 3.3. Let N be a pointwise hemi 3-slant submanifold of 3-cosymplectic man-
ifold (M, g, &1, 0r). Then for any Y, W € D+ the shape operator satisfies

(3.7) ApyW = Ap wY,
where P, is the normal projection of ¢,..

Proof. Let (M, g,&.,mr, ;) be a 3-cosymplectic manifold and Y, W € D+. Then, for
any X € TN, we have

(3.8) 9(Ap,y W, X) = g(o(X, W), . Y).
Using Gauss formula, we derive
9(Apy W, X) = —g(£, VXW,Y) + g(Vx W, 0,Y).

Since D+ is anti-invariant, then ¢,.Y € T+ M and hence the last term in the right and
side of above relation is identically zero. Then, by using cosymplectic characteristic
equation we find

9(Agy W, X) = —g(Vxp,W,Y) = g(Ag, wX,Y).
Since A is symmetric, so we get
9(Ap y W, X) = g(ApwY, X),
and the proof is complete. (Il

Theorem 3.4. The anti-invariant distribution D~ of a pointwise hemi 3-slant sub-
manifold of 3-cosymplectic manifold (M, g, &, 1y, @r) is always integrable.

Proof. Let Y,Z € D*. Then for r = 1,2, 3, we have
oY, Z) = F.|Y,Z|+ P.Y,Z] = F,VzY — F,.NyZ + P.[Y, Z].

On the other hand, since (M, g, &, 1, @) is a 3-cosymplectic manifold and F,.Z =
0, then we have R
(VyF.)Z =FNyZ—Ap 7Y =0.

So, pr|Y,Z] = —Ap,zY + Ap,y Z + P,[Y, Z]. From Lemma 3.3, we obtain
QOT[K Z] = PT[K Z],

thus [Y, Z] € D+. O
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