Some notes on Riemannian extensions

F. Ocak

Abstract. In the present paper we study paraholomorphy property of
the Riemannian extension by using almost paracomplex structure on the
cotangent bundle. Then we investigate locally decomposable Golden struc-
ture on the cotangent bundle which related to this almost paracomplex
structure.
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1 Introduction

Let M be an n-dimensional C'°°- manifold with torsion free connection V, T*M be
its cotangent bundle and 7 the bundle projection T*M — M. Let F' (M) (F(T*M))
be the ring of real-valued C*° functions on M (T*M). Then, we denote by 7 (M)
(3% (T*M)) be the module over F' (M) (F(T*M)) of C* tensor fields of type (r,s) on
M(T*M).

The local coordinates (U, a:’) ,¢ = 1,...,m on M introduces on T*M a system
of local coordinates (7‘(71 (U),xt, 2" = pl-) , i =mn+1,..2n, where 2 = p; are the
components of the covector p in each cotangent space T M,x € U with respect to
the natural coframe {dxl} i=1,..,n.

The vector and covector (1-form) field Y € ¢ (M) and v € 39 (M) have the
local expressions Y = Y22 and v = v;dz® in U C M, respectively. Then the
complete and horizontal lifts CY, 7Y € S} (T*M) of Y € 3} (M) and the vertical lift
Ve S (T M) of v € Y (M) are given, respectively, by
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%a oz [
Levi-Civita connection V, on M (see [25] for more details).

The Riemannian extension 2V € 39 (7% M) which is a pseudo-Riemannian metric
is defined by

with respect to the natural frame { 0 } where F?j are the components of the

AV (°X,°Y) = =7 (VxY + Vy X)

for any X,Y € S§ (M), where v (VxY + VyX) = p,, (XIV,;Y™ +YIV,;X™)(see
[25, p. 268]). The components of the Riemannian extension is given by the form

Ro _ (R ~( —2pTE 6
V—(Vu)—( (S;j O)

8z i
The Riemannian extension #V € 39 (T* M) is completely determined by its action
of 7Y and Vv on T*M. Then the Riemann extension #V is given by

with respect to the natural frame { o 0 }, where 53 denote the Kronecker delta.

(1.4) BV (Vv,Yw) =V (P X, 7Y) =0,
’ AV (v, Y) =Y (v (V) =v(Y)om
for any X,Y € S} (M) and v,w € SY(M)[25].
The Riemannian extensions were defined by Patterson and Walker [19] and inten-
sively studied for the cotangent bundle [1, 2, 3, 4, 5, 6, 9, 11, 16, 20, 22].

2 The paraholomorphy properties of the Rieman-
nian extensions

An almost product structure F' € 31 (M?™) is defined by F? = I . The pair (M?™, F)
is called an almost product manifold . An almost paracomplex manifold is an almost
product manifold (M?™, F), such that the two eigenbundles T+M?™ and T~ M*™
associated to the two eigenvalues +1 and -1 of F, respectively, have the same rank.
Note that the dimension of an almost paracomplex manifold is necessarily even. Con-
sidering the paracomplex structure F', we obtain the set {I, F'} on M, which is an
isomorphic representation of the algebra of order 2, which is called the algebra of
paracomplex (or double) numbers and is denoted by R (j),j% =1 [8].

A tensor field 9 € %2 (M 27”) is called pure with respect to the paracomplex struc-
ture F if

O (FY1,Ys, .., Yy) =0 (Y1, FYy, ... Yy) = ... =9 (Y, Ya, ..., FY,)

for any Y1,Ys, ..., Y, € S§ (M?™) [24].
Using the paracomplex structure F' and the pure tensor field 9, the operator ¢p
defined by

(0r0) (Y, 2y, ... Zg) = (FY) (0 (21, -, Zy))
(2.1) — Y (O (FZ1, Z2, s Zq)) + 0 (L2, F)Y, Zs, ..., Zg)
oo+ 9 (21, Z2, ..., (L2, F)Y),
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where Ly denotes the Lie derivative with respect to Y and ¢pd € S0, (M>™) [24].
If ¢ = 0, then ¢ is said to be an almost paraholomorphic with respect to the
paracomplex algebra R (j) ( see [17], [23]).
An almost para-Norden manifold (M 2m R, g) is given a real differentiable manifold
M?™ endowed with an almost paracomplex structure F and a pseudo-Riemannian
metric g € 39 (M 2m) satisfying the Nordenian property (or purity condition)

(2.2) g(FY,Z)=g(Y,FZ)

for any Y, Z € S} (M 2m). The almost para-Norden manifold (M 2m B g) is called a
paraholomorphic Norden manifold (or para-Kéhler-Norden manifold) such that VF =
0, where V is Levi-Civita connection of g. We know that VI = 0 is equivalent to
¢rg =0 [23].

Salimov and Agca presented in [21] an almost paracomplex structure on T*M by

FHY =Vy,

2.3 { vy n,

for any Y € S} (M) and v € SV (M) , where Y = goY € SV (M), # =g lov €
We put o o o
W (X,Y)="V(FX,Y) -V (X,FY).

tw (X', 7) = 0 for all vector fields X and Y which are of the form Vv, Vwor # X, 7Y,
then W = 0. From (1.2)-(1.4) and (2.3)

w (VU, Vw) =Ry (FVV7 Vw) —Ry (Vy, Fvw)

—RY (Hy,V

7, w) =RV (Yo, o) =V (w (7)) =V (v (@)) =0,
w (HY, VV) =-W (Vl/, HY) =Ry (FHY, Vl/) —ky (HX, FVV)
=Ry (VY Vv) —Bv (HX, HI/) =0,
W (HX, 2y) =BV (FEX 1Y) -8V (B X, FHPY)
=y (VEHY) RV (XYY ) =V (R (0) =V (V%) =0
i.e. BV is pure with respect to the almost paracomplex structure F. Hence we have
the following theorem.

Theorem 2.1. The triple (T*M,RV,F) is an almost para-Nordenian manifold.

In [25, p.238 and p.277], the Lie bracket operation for horizontal and vertical lifts
of vector fields on the cotangent bundle is given by the following
Ty 1zl =Y, Z)+vR(Y,Z2) = " [Y, Z] +V (pR (Y, Z)),
Ty Vvl =V (Vyv),
V’% VV]] =0
for all Y, Z € S} (M) and v,v € Y (M).
Now we give the condition for the Riemannian extension to be para-holomorphic
with respect to the almost paracomplex structure F'. From (2.1), (2.3), (2.4) and by
using the fact that VvV f =0 and #YV f =V (Y f), where f € S§ (M), we get

(679) ("X, 1, Vo) = (F1X) (79 (1Y, V2)) = "X (¥ (F7Y,Vv)
+ BV (Lay F) X, Vv) + BV (7Y, (Lv, F) 7 X)

==V ("n " (g7 o pR (Y. X))))

=" (v(g'opR(V,X))) ==V (97" PR(Y.X),v))

=" (pR(X.Y) 7).
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Same calculation we find

(or"V) (Yw, Y, HZ) =V (pR(Y,®) Z + pR(Z,0)Y),
(0r®V) (X, Yw,7Y) =Y (pR(X,Y)®)

and the others are zero. Therefore, we have

Theorem 2.2. The almost para-Norden manifold (T*M,RV, F) is para-holomorphic
if and only if M is flat.

3 Locally Decomposable Golden Structures

Golden structure as a polynomial structure [13] on a Riemannian manifold was created
by M.Crasmareanu and C. Hretcanu [7, 14, 15]. Let ¢ be a (1,1)-tensor field on M.
If the polynomial 22 — x — 1 is the minimal polynomial for a structure v satisfying
¥? — 1) — 1 = 0, then ¥ is defined a Golden structure on M and (M,1)) is a Golden
manifold.

A Golden Riemannian manifold can be defined as a triple (M, 1, g) which consist
of a Riemannian manifold (M, g) endowed with a Golden structure ¢ such that

gy, Z) =g (Y, 9Z)

for any Y, Z € 3¢ (M) [7].
Suppose that (M, g) be a pseudo-Riemannian manifold endowed with the Golden
structure v such that 1) satisfies the condition

(3.1) g (WY, 2) =g(Y,9Z)

for all Y, Z € 3} (M). Hence we say that (M,,g) is a Golden pseudo-Riemannian
manifold. Some applications are given in [18].
Gezer et. al. presented in [12] a Golden structure on T*M by

WY = 3 (1Y + V5VY)
W =1 (Yv+v5HD)
for any Y € 3 (M) and v € 9 (M), where Y = goY € S9 (M), v = g~ tov € S} (M).

Then we see that this structure related to F' defined by (2.3) . Using (1.2)-(1.4), (3.1),
(3.2), we calculate

(3.2)

A(Y,2) =RV (4, 2) -% (V,02)
for any Y, Z € S} (T* M), then we have A ()7, Z) = 0. Hence *V is pure with respect
to ¥ and we have the following theorem.

Theorem 3.1. The triple (T*M,RV,Q/)) is a Golden pseudo-Riemannian manifold.

In [12], a Golden Riemannian manifold (M, 1, g) is a locally decomposable Golden
Riemannian manifold if and only if ¢rg = 0 (or equivalently ¢yg = 0 ) where F is
the corresponding almost product structure. We put

(¢07V) (X,Y,Z) = (¢X) ("V (Y, Z)) = X (*V (4Y, Z))

+ 7V (Lyy) X, Z) + BV (Y, (Lz¢) X)



Some notes on Riemannian extensions 49

forany X,Y,Z €S M). Then we have

3 (T*
(6p"V) (Yw, Y, H Z) = ~fV@Rocwz+pRczwnw,
(wﬁVMHXV HY) = BV (pR(X,Y) @),
(60 7V) (X, 1Y, Vw) = 2V (pR(X,Y) @)

and the others are zero. Therefore, we have

Theorem 3.2. . The triple (T*M,Rv,w) 1s a locally decomposable Golden pseudo-
Riemannian manifold if and only if M is flat.

Remark 3.1. The horizontal lift 7 € $1 (T*M) is given by

Yy = H (oY)
TV =V (o)

for any Y € S} (M) and v € SV (M). Also the followings hold

2
(3.3) Hr—, (Hga) :H(<p2)...
where I is the unit tensor field of type (1,1) [25].

From (3.3), p? — ¢ — I = 0 implies (Hcp)2 —Hy T =0. Hence, one can say that if ¢
is a Golden structure on M, then ¢ is also a Golden structure on T*M [10]. In [1],
we know that Riemannian extension #V is pure with respect to (. Then we obtain

Theorem 3.3. The triple (T*M,RV7 ng) is a Golden pseudo-Riemannian manifold.
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