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On the local properties of factored Fourier series ∗

Mehmet Ali Sarigöl

Abstract

In this paper we have improved the result of Bor [Bull. Math. Anal.
Appl.1, (2009), 15-21] on local property of

�
�N, pn, θn

�
�
k

summability of
factored Fourier series by proving under weaker conditions.

1 Introduction

Let
∑

anbe a given series with partial sums (sn), and let (pn) be a sequence of
positive numbers such that Pn = p0 + p1 + · · · + pn → ∞ as n → ∞. The
sequence- to- sequence transformation

Tn =
1

Pn

n∑
v=0

pvsv

defines the sequence (Tn) of the
(
N, pn

)
means of the sequence (sn), generated

by the sequence coefficients (pn). The series
∑

an is summable
∣∣N, pn, θn

∣∣
k

summability, k ≥ 1, if (see [4])

∞∑
n=1

θk−1
n |Tn − Tn−1|k < ∞. (1.1)

Let f be a function with period 2π, integrable (L) over (−π, π) . Without any
loss of generality we may assume that the constant term in the Fourier series of
is zero, so that

π∫
−π

f(t)dt = 0

and

f(t) ∼
∞∑

n=1

(an cos nt + bn sinnt) ≡
∞∑

n=1

Cn(t). (1.2)

It is well known [5] that convergence of a Fourier series at any point t = x is a
local property of f, i.e., for arbitrarily small δ > 0, the behaviour of (sn(t)), the
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n-th partial sum of the series (1.2), depends only the natura of f in the interval
(x− δ, x + δ) and is not affected by the values it takes outside the interval.A
sequence (λn) is said to be convex if ∆2λn ≥ 0 for every positive integers n,
where ∆2λn = ∆ (∆λn) and ∆λn = λn − λn+1.

Lemma 1 ([3]). If the sequence (pn) satisfies the conditions

Pn = O (npn) (1.3)

and
Pn∆pn = O (pnpn+1) , (1.4)

then
∆ (Pn/npn) = O(1/n). (1.5)

Lemma 2 ([2]). If (λn) is a convex sequence such that
∑

n−1λn is convergent,
then (λn) is non-negative and decreasing, and n∆λn → 0 as n →∞.

2 Known result

Theorem A. Let k ≥ 1 and (pn) be a sequence such that the conditions (1.3)
and (1.4) are satisfied. Let (λn) is a convex sequence such that

∑
n−1λn is

convergent. If (θn) is any sequence of positive constants such that

∞∑
v=1

(
θvpv

Pv

)k−1 1
v

λk
n < ∞ (2.1)

∞∑
v=1

(
θvpv

Pv

)k−1

∆λv < ∞ (2.2)

∞∑
v=1

(
θvpv

Pv

)k−1 1
v

λk
v+1 < ∞ (2.3)

and
∞∑

n=v+1

(
θnpn

Pn

)k−1
pn

PnPn−1
= O

((
θvpv

Pv

)k−1 1
Pv

)
(2.4)

then the summability of
∣∣N, pn, θn

∣∣
k

of the series

∞∑
n=1

Cn (t) λnPn/npn (2.5)

at a point can be ensured by local property of f.
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3 The main result

The purpose of this paper is to improve Theorem A by proving under weaker
conditions. Now, we give the following theorem.

Theorem. Let k ≥ 1 and (pn) be a sequence such that the condition (1.5) is
satisfied. Also let (λn) is a convex sequence such that

∑
n−1λn is convergent.

If (θn) is any sequence of positive constants such that

∞∑
v=1

θk−1
v

(
λv

v

)k

< ∞ (3.1)

∞∑
v=1

θk−1
v

Pv

vkpv
∆λv < ∞ (3.2)

and
∞∑

n=v+1

(
θnpn

Pn

)k−1
pn

PnPn−1
= O

{(
θvpv

Pv

)k−1 1
Pv

}
(3.3)

then the summability of
∣∣N, pn, θn

∣∣
k

of the series

∞∑
n=1

Cn (t)λnPn/npn (3.4)

at a point can be ensured by local property of f.

It may be remarked that (1.3) and (1.4) ⇒ (1.5) by Lemma 1. It is obvious that
(1.3) and (2.1) ⇒(3.1), and also (1.3) and (2.2) ⇒ (3.2). Furthermore, since
(λn) monotonic decreasing, the conditions (2.1) and (2.3) are the same.

Proof of the Theorem. As mentioned in the beginning, the convergence
of Fourier series at a point is a local property. Therefore in order to prove
the theorem it is sufficient to prove that if (sn) is bounded, then under the
conditions of our theorem, the series

∑
λnanPn/n pn is summable

∣∣N, pn; θn

∣∣
k
.

Now, let (Tn) denote the
(
N, pn

)
means of this series. Then we have

Tn − Tn−1 =
pn

PnPn−1

n∑
v=1

Pv−1Xvλvav, Xn = Pn/npn

Applying Abel’s transformation to this sum we get

Tn − Tn−1 =
pn

PnPn−1

n∑
v=1

sn∆ (Pv−1Xvλv)+
pnsnPn−1Xnλn

PnPn−1

=
pn

PnPn−1

n∑
v=1

svλv+1∆ (Pv−1Xv) +
pn

PnPn−1

n∑
v=1

svPv−1Xv∆λv+
snλn

n

= T1 + T2 + T3, say.
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For the proof of the lemma, by Minkowski’s inequality, it suffices to show that

∞∑
n=1

θk−1
n |Tr|k < ∞, r = 1, 2, 3..

Now, since sn = O(1), It follows that

m+1∑
n=2

θk−1
n |T1|k = O(1)

m+1∑
n=2

θk−1
n

(
pn

PnPn−1

)k
{

n−1∑
v=1

λv+1 |∆ (Pv−1Xv)|

}k

.

On the other hand, in view of

∆ (Pv−1Xv) = −pvXv + Pv∆Xv = −Pv

v
+ Pv∆Xv = Pv

(
−1

v
+ ∆Xv

)
,

it is clear that the condition ∆Xv = O(1/v) is equivalent to ∆ (Pv−1Xv) =
O
(

Pv

v

)
. Therefore, making use of Hölder’s inequality and lemma 2, we get

m+1∑
n=2

θk−1
n |T1|k = O(1)

m+1∑
n=2

θk−1
n

(
pn

PnPn−1

)k
{

n−1∑
v=1

λv+1
Pv

v

}k

= O(1)
m+1∑
n=2

θk−1
n

(
pn

PnPn−1

)k
{

n−1∑
v=1

λvXvpv

}k

= O(1)
m+1∑
n=2

θk−1
n

(
pn

PnPn−1

)k
{

n−1∑
v=1

λk
vXk

v pv

}{
n−1∑
v=1

pv

}k−1

= O(1)
m∑

v=1

λk
vXk

v pv

m+1∑
n=v+1

(
θnpn

Pn

)k−1
pn

PnPn−1

= O(1)
m∑

v=1

Xk
v |λv|kpv

(
θvpv

Pv

)k−1 1
Pv

= O(1)
m∑

v=1

θk−1
v

(
λv

v

)k

= O(1), as m →∞,

by virtue of (3.1). Again, since
n−1∑
v=1

Pv−1∆λv ≤ Pn−1

n−1∑
v=1

∆λv = O(Pn−1) by

lemma 2, we get
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m+1∑
n=2

θk−1
n |T2|k = O(1)

m+1∑
n=2

θk−1
n

(
pn

PnPn−1

)k
{

n−1∑
v=1

Pv−1 Xv∆λv

}k

= O(1)
m+1∑
n=2

θk−1
n

(
pn

PnPn−1

)k n−1∑
v=1

Pv−1X
k
v ∆λv

{
n−1∑
v=1

Pv−1∆λv

}k−1

.

= O(1)
m+1∑
n=2

θk−1
n

(
pn

Pn

)k 1
Pn−1

n−1∑
v=1

Pv−1X
k
v ∆λv

= O(1)
m∑

v=1

Pv−1X
k
v ∆λv

m+1∑
n=v+1

(
θnpn

Pn

)k−1
pn

PnPn−1

= O(1)
m∑

v=1

θk−1
v

Pv∆λv

vkpv
= O(1), asm →∞,

by virtue of (3.2).

Finally, it is clear that
m∑

n=1

θk−1
n |T3|k = O(1)

m∑
n=1

θk−1
n

(
λn

n

)k

= O(1) as m →∞,

by virtue of (3.1). This completes the proof.
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