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ORDER-THEORETIC COMMON FIXED POINT RESULTS FOR
F-CONTRACTIONS

R. GUBRAN, M. IMDAD, I. A. KHAN AND W. M. ALFAQIEH

ABSTRACT. By relaxing the conditions assumed on the auxiliary function F
utilized in [Wardowski, Fixed Point theory and Appl., 94 (2012)], we establish
order-theoretic results on coincidence and common fixed points. Our results
generalize and extend many relevant results of the existing literature.

1. INTRODUCTION AND PRELIMINARIES

Even after more than nine decades of the appearance of Banach contraction
principle, researchers still find novel ways to continue research on and around this
principle. Recently, literature witnessed one such instants when Wardowski [26]
coined the idea of F-contractions to generalize Banach contraction principle in a
different but novel way.

The following definition of F-contraction is essentially due to Wardowski [26].

Definition 1.1. Let F be the family of all functions F : (0,00) = R satisfying the
following conditions:

F1 : the function F is strictly increasing,
F2 : for all sequences {s,} in (0,00), lim s, =0 if and only if lim F(s,) = —oo,
n—oo n—oo

F38 : there exists k € (0,1) such that h%l+ skF(s) = 0.
5

A self-mapping S on a metric space (M,d) is said to be an F-contraction if there
exists T > 0 and F € F such that (for all u,v € M)

d(Su, Sv) > 0= 7+ F(d(Su, Sv)) < F(d(u,v)). (1.1)

Utilizing above type of auxiliary functions, Wardowski [26] proved that every
F-contraction mapping on a complete metric space possesses a unique fixed point.
Moreover, on varying the elements of F suitably, a variety of known contractions
can be deduced. Some elements of F and their corresponding contractions can be
found in [26] and subsequent researches thereafter.
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In recent years, the concept of F-contractions has attracted the attention of
several researchers. By now, there exists a considerable literature in enriching this
idea (e.g. [14121/24,[27]). Out of all efforts attempted to investigate the possibil-
ity of weakening the conditions F'1 — F'3, we recall the following three: Piri and
Kumam [19] replaced the condition F'3 by the continuity of F' which is essentially
motivated by the fact that most of the utilized functions in the existing literature
are continuous. In another effort, Vetro [25] widened the class F by replacing 7
with a function whose infinitum is greater than zero. Recently, Secelean and War-
dowski [22] noticed that it is enough to define the function F on (o,v) where v is
grater than the diameter of the the underlying set.

On the other hand, proving fixed point results in the setting of ordered met-
ric spaces continues to be an active direction of research (e.g., [3,[7H10,/15H18] and
references therein). Our work here is on the same lines wherein we consider F-
contractions on ordered metric spaces. Before chalking out our results, the follow-
ing background materials are needed.

A triplet (M, d, <) is called an ordered metric space if (M, d) is a metric space and
(M, =) is an ordered set. Moreover, two elements u,v € M are called comparable
if either u < v or u > v. Further, M is called totally or linearly ordered if every
two elements of M are comparable.

Definition 1.2. [§] Let (S,T) be a pair of self-mappings on an ordered set (M, <).
Then, S is said to be T-increasing if Tu <X Tv = Su =< Sv for every u,v € M.

Definition 1.3. [20]. Let (S,T) be a pair of self-mappings on an ordered metric
space (M,d, ). Then, S is said to be T-continuous at u if for any sequence {u,}
in M,

Tuni>Tu:>Sun 4, Su.

Moreover, S is called T-continuous if it is T-continuous at every point of M.

Definition 1.4. [12,15] Let (S,T) be a pair of self-mappings on an ordered metric
space (M,d,=). Then,
(i) the pair (S,T) is said to be weakly compatible if S and T commute at their
coincidence points,
(i) the pair (S,T) is said to be compatible if nh—{%o d(TSuy, STuy,) = 0, whenever

{un} is a sequence in M such that lim Tu, = lim Su,.
n—oo n— o0

Remark 1.1. Every compatible pair of mappings is weakly compatible.

Lemma 1.1. [9] Let (S,T) be a pair of self-mappings defined on an ordered set
(M, =). If S is T-monotone and Tu = Tv, then Su = Sv.

Lemma 1.2. [9] Let (S,T) be a pair of self-mappings defined on an ordered metric
space (M, =<,d). If the pair is weakly compatible, then every point of coincidence of
the pair is also a coincidence point.

The aim of this paper is to establish the existence of coincidence and common
fixed point (of two self-mappings) on an ordered metric space. We relax conditions
F1 and F3 and merely exercise one way implication of the condition F'2 besides
restricting F' on its effective domain. Our results generalize, extend and improve
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some core results, especially those contained in [1/6/11}/14,/27] and some others.
Some examples are also given to support the usability of newly proved results.

2. MAIN RESULTS

In the sequel, S denotes the set of all the functions o : (0,00) — (0,00) with
liminfo(t) > 0 for all s > 0. As the effective domain of the function F in (1.1)

t—st
depends on the underlying metric space, we reformulate Definition [1.1] as under:

Definition 2.1. Let (S,T) be a pair of self-mappings on an ordered metric space
(M,d, =) and E =: (a,b) where a = inf, -, d(u,v) and b = max, <, d(u,v) where
u,v € M. Consider the mapping F : E — R with the following conditions:

Fy: the function F is strictly increasing,
Fy: for all sequence {sp} in E, lim F(s,) = —oc0 = lim s, =0,
n—oo n—oo

Fs: there exists k € (0,1) such that lim+ skF(s) = 0.
s—0

Let F; be the family of all functions F satisfying condition Fi where i € {1,2,3}.
Then, the mapping S is said to be an Fr-weak contraction for a function F' € Fq
and o € S if

d(Su, Sv) > 0= o(d(Tu,Tv)) + F(d(Su, Sv)) < F(Mgr(u,v)), (2.1)

for all u,v € M such that Tu =< Tv, where

Mg r(u,v) = max {d(Tu, Tv),d(Tu, Su),d(Tv, Sv), d(Tu, Sv) + d(Tv, Su) } .

2

Definition 2.2. Let (S,T) be a pair of self-mappings on an ordered metric space
(M,d,=). Then, M is said to be Sp-regular if for every sequence {Tu,} in M with
Tu, — Tu, there exists a subsequence {Tun, } (of {Tu,}) and a positive integer kg
such that Tu,, = Tu for all k > k.

On choosing T to be the identity mapping, in Definition S will be called
‘F-weak contraction’ while M in Definition (2.2]) will be refereed ‘<-regular’.

Now, we are ready to state and prove our main result as follows.

Theorem 2.1. Let (M, =<,d) be an ordered metric space and S,T : M — M be two
mappings such that S is Fp-weak contraction wherein F is a continuous function.
Suppose that the following conditions hold:

(a) there exists ug € M such that Tug =< Sug,

(b) S is T-increasing,

(¢) S(M) CT(M),

(d) (T(M),d) is complete.

(e) (T(M),d) is 2p-regular.

Then the set C(S,T) = {u € M|Su = Tu} is non-empty. Further, the set C(S,T)
is singleton if and only if it is totally ordered.

Proof. Choose ug € M such that Tug < Sug. Using and , one can define a
sequence {uy} in M with Su,, = Tup41 and Tu,, < Tu,4q for alln € Ng =: NU{0}.
Notice that, if Tu,, = T'up41 for some n € Ny, then u,, € C(S,T) and we are done.
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Otherwise, we assume that such equality does not occur for any n € Ny. On setting
U= up_1 and v = u, in (2.1, we have

o(d(Tun—1,Tuy)) + F(d(Tup, Tunt1)) < F(Mg1(Un—1,un)) (2.2)

where Mg r(up—_1,u,) = maz {d(Tun,h Tuy), d(Ttn, Ttnt1), w}
Obviously, max{d(Tun_l,Tun),d(Tun,Tun+1)}Z %. If it is possible
that d(Tup—1,Tup) < d(Tun, Ttps1) for some n € N, then becomes
F(d(Tun, Tunt1)) < F(d(Tup, Tuny1)) — o(d(Tup—1,Tuy)),
a contradiction. Therefore, for all n € N, we have
F(d(Tun, Tup+1)) < F(d(Tun—1,Tuy) — o(d(Tup—1,Tuy)),
which, by induction on n, gives rise

F(d(Tup, Tuny1)) < F(d(Tug, Tuq) — nlini o(d(Tui—1,Tuy;)). (2.3)

n

On letting n — oo in 1) we get nl;rréo F(d(Tup, Tupy1)) = —o0. Therefore, by
F5, we have
lim d(Tup,Tups1) = 0. (2.4)

n— oo
We assert that {T'u,} is a Cauchy sequence . Let us assume that {T'u,} is not so.
Then there exists e > 0 and two subsequences {Tu,, } and {Tum,, } of {u,} such
that

ng > my >k, d(Tun,, Tum,) > € and d(Tup, —1, Tum, ) < € for all k € N.
Now, we have
€ < d(Tun,, Tum,) < d(Tun,, Tun,—1) +d(TUn,—1, Ttm, ) < d(TUn,, Tn, —1) + €,
so that kli_>nolo AT, , Tum, ) = kli}ngo d(Tun, —1, Tum, ) = €. Again, we have
€ < d(Tun,, Tum,)

< d(Tun,,, Ttumy—1) + AT Uy —1, T, )

< d(Tun,, Tun, —1) + d(Tun,,—1, Ttm,—1) + d(T U, —1, T, )

< d(Tun,, Ttun,—1) + d(Tun, —1, T, ) + 2d(T U, —1, Ttim,,)
which on letting k — oo gives rise

lm d(Tun,, Ttm,—1) = lm d(Tup,—1, TUm,-1) = €.

k—o0 k—o0

It follows that there exists I € N with d(Tun,+1, Ttm,+1) > 0, d(Tun,+1, Ttim,, ) >
0 and d(Ttm,,+1,Tun, ) > 0 for all k& > [. Then for all k¥ > [, we have (on setting

U= Up, and v = Uy, in (2.1))
U(d(TunkflvTumkfl)) +F(d(Tunk’Tumk)) < F(MS,T(unkflvunkfl))(z‘r))

where

Ms1(tn,—1,Um,—1) = max {d(Tunkl7 Tumy—1), d(TUny—1, Tn,, ), A(T U, —1, Tm,),

A(Tun,—1, Tum, ) + d(TUpm,—1, Tun,) }
2
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Letting & — oo in (2.5) and making use of the definition of o together with the
continuity of F', we get

F(e) < likm inf o (d(Tun,, -1, Ttum,—1)) + F(e) < Fle),
—00
a contradiction so that {T'u,} is a Cauchy sequence having a limit Tu € T(M).

Next, we show that u € C(S,T). If Tu, = Su for infinitely many n € N, then
there exists a subsequence of {T'w,, } which converges to Su. Now, the uniqueness of
the limit concludes the proof. Henceforth, we assume that Tu,, # Su for all n € N.
On using the <p-regularity of M, there exists a subsequence {T'uy, } of {Tu,} and
a positive integer ko such that Tu,, < Tu for all ny > ko. Now, for ny > ko, we
can set © = uy, and v =1wu in so that
o(d(Tun,,Tuw)) + F(d(Suy,,Su)) < F(Msr(tn,,u))

= F(maz{d(Tun,, Su),d(Tun,, Ttun,+1),d(Tu, Su)

ST, Su) + (T, Tun, 11)]}).

If d(Tu, Su) > 0, then letting n — oo implies that

liminf  o(d(Tun, Tu)) + F(d(Tu, Su)) < F(d(Tu, Su)),
d(p,Tu)—0+

a contradiction so that v € C(S,T).

Finally, let the set C(S,T) be totally ordered. On a contrary, let v be another
elements of C(S,T) such that d(Su, Sv) > 0. Then, from (2.1, we have

o(d(Tu,Tv)) + F(d(Su, Sv)) < F (mam{d(Tu, Tv),d(Tu, Su),d(Tv, Sv),

d(Tu, Sv) 4+ d(Tw, Su)
)
= F(d(Su, Sv)),

a contradiction so that d(Sw, Sv) = 0. The converse implication is obvious. O

By setting T' = I in Theorem , we deduce the following result for a single
mapping S.

Corollary 2.1. Let (M,=,d) be an ordered metric space, S : M — M be such
that S is F-weak contraction with a continuous function F € Fy and o € S. If the
following conditions hold:

(a) there exists ug € M such that ug < Sug,

(b) S is increasing,

(c) (M,d) is complete.

(d) (M,d) is <-regular.

Then S has a fixed point. Further, this fized point is unique if the set of fized points
of S is totally ordered set.

The following result is another version of Theorem [2.I] where the auxiliary func-
tion F' is not essentially continuous:
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Theorem 2.2. The conclusion of Theorem @ remains true if ' € Fy3 and o is
replaced by a constant T > 0 provided the condition (ED is replaced by any of the
following (besides retaining rest of the hypotheses):

(e1) S is T-continuous.

(e2) Both S and T are continuous mappings and the pair (S,T) is compatible.

Proof. The proof runs on the lines of the proof of Theorem up to (2.4). There-
after, owing to F3, there exists k € (0,1) such that

hg;(d(run;run+1»kﬁxdcrun;run+1» =0. (2.6)

n—s
From , we have
(T, Tty 1)F [F(A(Tup, Ttn 1)) — F(d(Tug, Tuy))] < —nrd(Ttn, Ttipny1)® <0
which on letting n — oo, gives rise (in view of [2.4)), (2.6)))

lim nd(Tun,TunH)k =0.

n— oo

Hence, there exists N € Ny such that nd(Tu,, Tu,+1)* < 1 for all n > N, so that

1
d(Twp, Tupy1) < — for alln > N. (2.7)
nk

We assert that {T'u,} is a Cauchy sequence. Consider ny,no € Ny with ny > ny >
N. Using the triangle inequality and (2.7)), we have

ng—1 e’}

1

d(Tup,, Tuy,) < E d(Tu;, Tuiyq1) < E d(Tu;, Tuiyq) < E Z—%
1=n1 i=ni =n

[e%e} 1 - . .
As Z¢:1 T is convergent series, on letting ni,ny — oo one gets

lim  d(Tup,, Tun,) =0

ni,nz—>0o0
so that the desired assertion is established. Hence, there exists u € T'(M) such that

lim Tu, = lim Su, = Tu.
n— o0 n—oo

In view of condition ( I| hm Tu, = Twu implies that hm Su, = Su which by
the uniqueness of the limit 1mphes Tu = Su. Now, assume that the condition (¢2])
holds. Then, in view of the continuity of T, we have

lim T(Su,) =Tw = lim T(Tuy),

n— oo n—oo

where w € M is such that w = Tu. Also, due to the compatibility, we have,
ILm d(T(Sup), S(Tu,)) =0,

so that
lim S(Tuy) =Tw.

n—oo
Now, the continuity of S implies that
lim S(Tu,)=S(lim Tu,)= Sw.
n—roo n—oo
From the two preceding equations, we get w € C(S,T). Rest of the proof can be
completed on the liens of the proof of Theorem O
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Remark 2.1. Theorems and reveal the fact that if the pair (S,T) has a
common fized point, then it is unique provided the set C(S,T) is totally ordered.

Example 2.1. Consider the set M = {0,1,2,3} equipped with the usual metric
and an order given by: u = v < either u = v or (u < v where u,v € {0,2,3}).
Define S, T : M — M by:

0, foru =20,
and Tu = ¢ 1, foru =3,

u+1, forue{l,2}.
Now, we verify the inequality (2.1) for o(s) = T where T is such that e”™ = 3/4
and F(t) = Int. Due to the symmetricity of the metric, we distinguish the following

cases:
Case I: If u=0,v = 2, then

0, foru=20,

Su:{u—l, foru #0,

d(S0,52) =1 < % - %d(073) - Zd(TO7T2) - ZMS,T(OJ).

Case II: If u=1,v =2, then
3 3 3 3

Hence, in all cases, inequality (2.1) holds for all u,v such that d(Su,Sv) > 0 and
Tu = Tv. Obviously, the other conditions of Theorems and are satisfied
ensuring the existence of a coincidence point of S and T .

Observe That, Theorem is a proper generalization of Theorem 2.2 of [6].
Indeed, Theorem 2.2 of [6] is not applicable to present example as d(S1,52) %
3d(T1,T2).

Example 2.2. Letn be a given natural number and consider the set M,, = {0,1,2,3,4}U
{4+ % ™1 equipped with the usual metric and an order given by: u < v & either
u=wv or (u<wv where u,v € {0,1,2,3,4} ) . Define S: M — M by:

0, foru=4,
Su = )
3, otherwise,

Observe that F(t) = t,t € E = {1,2,3,4} satisfies Fy vacuously. Observe that
there is no sequence {s,} in E such that lim F(s,) = —oo. Now, we verify
n— oo

the inequality [2.1)) for o(s) = 5= where T is the identity mapping on M. As
max,—4,,€0,1,2,3} 0(d(u,v)) = 1/2, it is enough to show that

d(u, Sv) + d(v, Su) }

2

1
3 +3< u:4)vré1§)>7(172’3} {d(u, v), d(u, Su), d(v.Sv),

but this inequality is true as d(4,54) = 4. Other conditions of Theorems and
are satisfied ensuring the existence of a unique fixed point of S.

In the following lines, we highlight the superiority of our results over some core
results of the existing literature:

(a) Theorems and respectively generalize Theorems 3.1 and 3.2 contained
in [11].

(b) Theorems and (with T'= I,;) are ordered-theoretic analogues of Theo-
rem 2.2 of [14] and Theorem 2.4 of [27].
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