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ASYMPTOTIC BEHAVIOR AND OSCILLATION OF SOLUTIONS
OF THIRD ORDER NEUTRAL DYNAMIC EQUATIONS WITH
DISTRIBUTED DEVIATING ARGUMENTS

ORHAN OZDEMIR* AND ERCAN TUNC

ABSTRACT. The authors obtain some new results on the asymptotic proper-
ties of solutions of a third order nonlinear neutral dynamic equation with dis-
tributed deviating arguments on an arbitrary time scale T. Several examples
are provided to illustrate the results.

1. INTRODUCTION

This article deals with the oscillation and asymptotic behavior of solutions of
the third order nonlinear neutral dynamic equation with distributed deviating ar-

guments
a\A az b
0 (@ E0)™)) ]+ [ s @t on ac=o. 1 o,
(1.1)
where T is a time scale unbounded above with tg € T, 2(¢) = z(t) + p(t)z(g(t)),
«; are quotients of positive odd integers for ¢ = 1,2, and a,b € R with 0 < a < b.
Standard notation and terminology for equations on time scales such as that found
in [0, 10] will be used here, and we assume that the following conditions hold
without further mention:

(C1) 7; € Crq ([to, 00)r,RT) and

o0 1
—— At=o00, i=12
/tg (rs(t)) /o

(C2) p € Crq([to,00)T, R) with p(t) > 1, and p(¢t) Z 1 eventually;

(C3) g € Cra([to,o0)r,T) is strictly increasing, g(t) < ¢, and lim;_, o g(t) = o0;

(04) Q(tv f) S Crd ([th OO)T X [CL, b]Ta [Oa OO)), é(t 6) S Crd ([th OO)T X [aa b]Ta T)
is non-increasing with respect to £, and

b i o) — oo
AL i o9 = o0

A
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32 0. OZDEMIR AND E. TUNC

(C5) f e C(R,R) satisfies uf(u) > 0 for u # 0 and there exist constants x > 0
and B = ajay such that f(u)/u® > & for u # 0.

The cases
g(a(t)) > ¢(t,6), €€ la,b], (1.2)
and
9(c(t)) < ¢(t,€), £ €lab], (1.3)

are both considered, respectively.
For notational purposes, we let

(1) = ry(2) [ZA(t)]a1 and 2P (1) := ry(2) [(z[l] (t))A]

By a solution of we mean a nontrivial real valued function z € C}; ([t,, 00), R),
ty € [to, 00)r, which has the properties z € C}, ([t;,00)1 , R), e Cly([tz,00)p, R),
22 € O ([ty, 00), R), and satisfies on [tz,00). Our attention is restricted to
those solutions of which exist on some half line [t,, 0c0); and satisfy sup{|z(t)| :
t € [T1,00)r} > 0 for any T} € [ty,00)r. Moreover, we tacitly assume that
possesses such solutions. Such a solution is said to be oscillatory if it is neither
eventually positive nor eventually negative; otherwise, it is called nonoscillatory.

The oscillation and asymptotic behavior of solutions for different classes of neu-
tral differential equations and neutral dynamic equations on time scales is an active
and important area of research, and we refer the reader to the papers ([1I, [7], [8],
[I1]-[14], [16]-[19], [22]-[26], [29]-[39]) as examples of recent results on this topic.
However, oscillation and asymptotic behavior results for third order neutral dy-
namic equations with distributed deviating arguments are not very prevalent in the
literature, and most of the literature for dynamic equations of type is devoted
to the cases where 0 < p(t) < pg < 1 and/or 0 < p(t) = fabp (t,n) An < pg < 1; see,
e.g., ([12], [I7], [22]) and the references cited therein.

To the best of our knowledge, there are few such results for third order neutral
dynamic equations with distributed deviating arguments of type in the case
where p(t) > 1, see, e.g, ([25], [33]), where the results obtained are for the special
case T = R. Motivated by the papers mentioned above and (see also, [2]-[6],
[15], [21], [27]), we shall establish some new sufficient conditions which guarantee
that any solution z(t) of either oscillates or converges to zero as ¢ — 0o on an
arbitrary time scale T in the case when p(¢) > 1, and moreover, the results obtained
here can easily be extended to more general third order neutral dynamic equations
with distributed deviating arguments. It is therefore hoped that the present paper
will contribute significantly to the growing body of research on third order neutral
dynamic equations with distributed deviating arguments.

a2

2. SOME PRELIMINARY LEMMAS

We begin with the some preliminary lemmas that are essential in the proofs of
our theorems. It will be convenient to employ the following notations:

¢1(t) == (t,a), $2(t) == ¢ (t,0), dy (t) == max (0,d (1)),

1 A
A=2t L R = [ =2 for >0,
1/&2
a2 tr ' (s)



ASYMPTOTIC BEHAVIOR AND OSCILLATION 33

t R ¢ 1/an
Ry (t,t2) :=/ (1(81)) As for t>ty>1.
ta

r1(s)
Throughout this paper, we assume that
1 1
70 = e (1 e 7 2
and
o 1 B 1 Ry (g7t (g7 (1) ,t2)
W“”pm%u»<l P O) Rale (0).ta) )>0 22

for all sufficiently large ¢, where g~! denotes the inverse function of g, and we let

b b
a1 (1) :=/ q(£,€) (01 (6 (1) AL, qa(t) :=/ q(t.€) (2 (¢ (£.€)))" A,
IEIGR if 0<ay<1 R (1)
¢(t){ 52 (). if a2>§ , andé(t)fiRl(U(t),tl).

Lemma 2.1. Let z(t) be an eventually positive solution of (1.1). Then z(t) only
satisfies the following two cases, for t sufficiently large,

(1) 2(t) >0, 22(t) > 0, (21(#)" > 0 and (2(£))" <0,
(IN) 2(t) > 0, 22(t) < 0, (z01(#))" > 0 and (2(1))" < 0.
The proof of the above lemma is standard; we omit its proof.

Lemma 2.2. Assume and let x (t) be an eventually positive solution of
with z (t) satisfying case (II) of Lemmal[2.1] If
1/0(1

/tooo (7"1 1(”) /voo (rz 1(u) /uoo a0 (s) AS) 1/a2 A“) Av = o0, (2.3)

then the solution x (t) converges to zero ast — oo.

Proof. Let x (t) be an eventually positive solution of (1.1)). Then, there exists a
t1 € [to,00)p such that = (¢t) > 0, z (g (¢)) > 0 and x (¢ (¢,€)) > 0 for ¢ > t; and
€ € [a,b]. From the definition of z(¢), we have, (see also (8.6) in [I]),

1 -1 (!
z(t) = CRI0)) (z(g7" (@) (97" 1))
I e O) I U e Q) ) R A U O O)))
p(g=t (1) p(g () p(g~t (g7 (1))
27'®) 2l vt ®)
Z 2T0) P 0 GO @4)
Since g(t) < t and z(t) is decreasing, we have

2o ) =2 (97 (67 (1))
Substituting this into gives
z(t)> 1 (H)z (g7 (1) for t>t. (2.5)

From (C4), we can choose ty > ¢ such that ¢ (¢,£) > t; for all t > t5 and £ € [a, b].
Hence, from (2.5)) we obtain

(6 (t,€) 2 1 (8 (t:€) 2 (97" (9 (t,€))) for t>ta. (2.6)
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Now, from (2.6, conditions (C4)-(C5) and the fact that z(¢) is decreasing, equation
(1.1) can be written as

(4 (t))A +rq ()27 (g7 (61 (1)) <O for t >t (2.7)
Since z (t) > 0 and 22 (t) < 0, there exists a constant L such that
tlggcz(t) =L < o0,
where L > 0. If L > 0 then there exists t3 > to such that g=! (¢1 (t)) > to and
2(t) > L for t>ts.
Integrating two times from ¢ to oo gives,

(g (g Tooa) e

where v > 0 is a constant. An integration of the last inequality from t3 to oo yields

1/aq

e [ (et g [ 0s) ) o

which contradicts (2.3) and so we have L = 0. Thus, lim; ,- 2(t) = 0. From
the fact that 0 < x (t) < 2 (t) on [t1,00)p, we conclude that lim; . z(t) = 0 and
completes the proof. O

Lemma 2.3. Assume and let z(t) be an eventually positive solution of
with z(t) satisfying case (I) of Lemma[2.1 Then z(t) satisfies the following in-
equality

A
(52(6) " + ke (127 (97" (62 (1) <0, (2:8)
for sufficiently large t.
Proof. Let x (t) be an eventually positive solution of (1.1)) such that x(¢) > 0,

x(g(t)) >0, z(¢(t,€)) > 0 and z (t) satisfies case (I) of Lemma fort >t €
[to, 00)r and £ € [a,b]. Proceeding as in the proof of Lemma we again arrive

at (2.4)). Since

t (5120 (g)) /2
A1) = M@y +/ %As (2.9)
oy (s)
and 212 (t) is decreasing, we see that
1oz [t 1
Wy > (22 / LA (2.10)
z > [z s :
( ) t T;/OQ (s)
or
1 2 az
A () > (Z[ ) (t)) Ry (t,t1) (2.11)

for t > t1. Thus,
A

200 (#)
<R1 (t,t1)> =0 21
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Hence there exists a ty € [t1,00) such that
L)\ Ry (s t) | Y
2 (t2) + _— — As
t, \ L1 (s,t1) r1(s)

R2 (t, tg) 1 1/
T (Z[ ] (t)> , (2.13)

z (t)

which implies that

A
(R;(Eft)tz)) <0 for t>t,. (2.14)

From (2.14) and the fact that g=* (t) < g~ (97 (¢)), we obtain

Ry (g7t (g7t (1) . t2) <
Ry (g7 (1), t2)

Using (2.15) in (2.4) gives

gt (t)) >z (g71 (gi1 (t))) . (2.15)

z(t) > (t)z (97" () for t>ts. (2.16)

Since lggogrerﬁnb]gb (t,&) = oo, we can choose a t3 > to such that ¢ (¢,&) > to for all
t > t3, and hence, from we have

(6 (LE) = 92 (6 (1) 2 (g7 (6 (L,€) for ¢ > ts. (2.17)

Substituting into gives and completes the proof. O

Lemma 2.4. [20] If D and E are nonnegative and A > 1, then
ADEA! — DY < (A—1) E?,
where equality holds if and only if D = E.

Lemma 2.5. [0 p. 259, Theorem 6.13] Let a,b € T and a < b. Then for rd-
continuous functions f, g : [a,bly — R, we have

1/q

b b Up s
/If(t)g(t)IAt<</ If(t)pAt> (/ |g<t>|w> ,

where p>1 and 1/p+1/q = 1.

3. MAIN RESULTS

Theorem 3.1. Assume and —. If there exists a positive function
n € Cl, ([to,o0)r, R) such that

ligigp /Tt (Xl (s) — %) As =00 (3.1)

for all sufficiently large t1 € [to, 00), where

Ry (97" (62 (1), t2)

R (o (t),t1)
and T >ty > t1, then any solution of equation is either oscillatory or tends
to zero as t — oo.

x1 (t) = kn (o (1) g2 (t)
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Proof. Let x (t) be a nonoscillatory solution of (1.1). Without loss of generality,
we may assume that there exists ¢4 € [to, 00)p such that x (¢) > 0, z (g (¢)) > 0,

x (¢ (¢,€)) > 0, (2.1)-(2.2) hold and =z (¢) satisfies either case (I) or case (II) of
Lemma for t > t; and & € [a,b]. If case (II) holds, from Lemma we have

limy_ o0 z(t) = 0.
Next, assume that case (I) holds. Proceeding as in the proof of Lemma we
again arrive at (2.8])-(2.14). Define Riccati-type substitution by

(11 (t))a2
Clearly, w(t) > 0, and from (2.8)) and (3.2)) we obtain

By S (6:0) 2 o)
(Z[l] (t))ag 77( (t)) q2 (t) ZB (0_ (t)) (Z[l] (0 (t)))az

(=10 (9))) " 222 o

w(t)=n(t) for t>t;. (3.2)

WwE(t) < ni ()

- (U (t)) (Z[l] (t))a2 (Z[l] (O’ (t)))a2 . (33)
From the conditions (C3), (C4) and (L.2)), we have
9 g2 (1) <o(b),
which together with gives
2 (97 (92 (1)) _ Ra (97" (42 (1)), t2)
@) R0 34
By the virtue of and the fact that ¢ < o (t), we have
(z(0 ()" _ R3(0(t),ta)
G (0) ~ B o 0).0) (35
Using and in , we obtain
A
L2 (1)) 22 (1)
A € 020 g A 3.6)

(@)™ (T (5)™ (&1 (o ()™

From (][9], Theorem 1.90), we have

(= (zt))m>A > { oz (1 (@ (1) (1), i 0<ar <1, (3.7)

a (W) T @)Y, i > 1
If 0 < ap < 1, from and we arrive at
A a AWM ame@®) (P@) M
wr(t) < nE () (z[l] (t))az x (t) r%/az ) (z[l] (t))a2+1 A (o (t))(3.8)
If ap > 1, from and we arrive at
A A @M ame@) Pe) (N @)”
O OGO ey @) G o)

(3.9)
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By the fact that ¢ < o (¢), it follows from (2.12) that
1 (t) S _ftt)

. 3.10
(o (1) ~ Fa(0(0), 1) (3.10)

In view of (3.10)), combining (3.8) and (3.9) yields, for as > 0 and ¢ > t3,

221 (¢ aom (o (t t) (212 (t) A
Wi (1) < nf (t) [1]7()(12 —x1 (1) — 277(1/¢£ Vol ( 22+1 (3.11)

(=1 (1)) r () (M)
From ([2.11)), we have
2] 1

22 () (3.12)

as S -
(210 ()™ = Ry (1)
Hence, from (3.12), z* (¢) > 0 and 2P (t) > 0, inequality (3.11) takes the form

A
A )

t — t —_—. 3.13
G 0 0 0+ (313)

An integration of (3.13) from t3 to ¢ yields

t A
g (s) >

§)— =t NV As<wi(t 3.14
| (oo - (t) (3.14)
which contradicts (3.1)) and completes the proof. O

Theorem 3.2. Assume and —. If there exists a positive function
n € Cl, ([to,o0)T,R) such that

imsu t s) — L ra (s )(Uﬁ (3))“2“ § =00
imsup [ (’“” (@t )" oo™ )~ (3.15)

for all sufficiently large t; € [to, 00), where X1 (t) is as in Theorem and T >
to > tq, then any solution of equation either oscillates or converges to zero as
t — oo.

Proof. Let z (t) be a nonoscillatory solution of . Without loss of generality,
we may assume that there exists ¢; € [tg,00)p such that x () > 0, z (g (¢)) > 0,
z(¢(t,€) > 0, 2.1)-(2-2) hold and =z (¢) satisfies either case (I) or case (II) of
Lemma [2.1] for ¢ > ¢; and £ € [a, b]. If case (II) holds, we have lim;_, 2(t) = 0 by
Lemma 2.2]

Assume that case (I) holds. Proceeding exactly as in the proof of Theorem

we again arrive at (3.11)). In view of (3.2)), inequality (3.11)) takes the form

W (t) < "f(g)w () — x1 (t) — Ww (t). (3.16)
Ui )
If we apply Lemma with

s 1/ 2
oo (o (1)) (O a RO 0] e
D= 1/)\w(t) and E = X )
/7 0 0] 2+ L fagn (o (1) ¥ (£)]* 7(*)
we see that
ne (), o am(@®)v ) L O™
20 e VS e meweor ¢
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Using (3-17) in (3.16) gives
as+1
WA (1) < 1 r2 (t) (nf (1)) _
T (az+ 1) (o (1) v ()]
Integrating the last inequality from t3 to t yields
: L () (8 ()™
x1 (s) — = a0 | As <w(t3),
A ( ) T @) ) =

which contradicts (3.15) and completes the proof. O

Theorem 3.3. Let as > 1 and assume and -. If there exists a
positive function n € C}; ([to, o0)r, R) such that

t 1/&2 A 2
| " () (1 (s) )
lim su 1(s) — p | As =00 3.18
Hsoop/T (X ) S (o () 0 () [ (s, 1 .

for all sufficiently large t; € [to, 00), where X1 (t) is as in Theorem and T >
to > tq1, then any solution of equation either oscillates or converges to zero as
t — oo.

Ry (97 (#2 (1)) 1)

—kn(o(t)) g (t) R (o (¢),t1)

Proof. Let x (t) be a nonoscillatory solution of . Without loss of generality,
we may assume that there exists ¢; € [tg,00); such that x (t) > 0, z (g (¢)) > 0,
z(¢(t,€) > 0, 2I)-(22) hold and z(t) satisfies either case (I) or case (II) of
Lemma [2.1]for ¢ > t1 and £ € [a, b]. If case (II) holds, we again have lim;_,o, z(t) =
0.

Next, suppose that case (I) holds. Proceeding exactly as in the proof of Theorem
we again arrive at which can be written as

AT (@) () )
(1)< “Hpe® —xa ) O ., (319
for ¢t > t3. From and ,
1 L, (2B @)
et = oys O

—
N
L)
—
o~
=
~—

L _
(n ()2 (Ra (t,11))* . (3.20)
Using (3.20) in (3.19)), we conclude that

Q) asn (o (£) ¢ (1) (Ra (t,41)* "
0 (1) n2 (t)ry* (1)
for t > t3. Completing square with respect to w, it follows from (3.21) that
(6% 2
ry/*? (1) (n2 (1))
4o (o (1) ¢ (¢) [Ra (£, 1))

Y

Wi () < w(t) = xa1(t) — w? (£)(3.21)

WA (1) < —x1 () +

(3.22)
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Integrating this inequality from ¢3 to ¢ yields

t 1/042 A 2
5 — ) (77+ (s)) > Ny
/t3 (Xl ( ) 4@277 (O’ (S)) 1/} (5) [Rl (S,tl)]az_l < (tg) ,

which contradicts (3.18)). The proof is complete. O

Next, we present three results for the case when (1.3]) holds.

Theorem 3.4. Assume and —. If there exists a positive function
n € Cl, ([to,o0)r, R) such that

li /t< (s) 1 (5 >A (3.23)
imsu §) — —i—— | As =00 .
e Jr TR (1)
for all sufficiently large t1 € [to, 00)p, where

5 (o

and T > ty > t1, then any solution of either oscillates or tends to zero as
t — oo.

Proof. Let z (t) be a nonoscillatory solution of . Without loss of generality,
we may assume that there exists ¢t € [to,00)y such that x (t) > 0, z (¢g(¢)) > 0,
z (¢ (t,€) > 0, 2.1)-22) hold and z(t) satisfies either case (I) or case (II) of
Lemma [2.1] for ¢ > t; and & € [a, b]. If case (II) holds, we have lim;_,o, (t) = 0 by
Lemma [2.21

Next, assume that case (I) holds. Proceeding as in the proof of Theorem we

again arrive at ( and (| . Since
a(t) <g (d2(1), (3.24)

from 22 (t) > 0 we see that

2 (97" (92 (1))
o 2t (3.25)

Using ([3.25)) and in (3.3)), we obtain
2 1 (G 0" 2 o
(=111 (1)) (200 ()™ (210 (o (£))) ™

The remainder of the proof is similar to that of Theorem [3.1] and so the details are
omitted. (]

Theorem 3.5. Assume and -. If there exists a positive function
n € Cl, ([to,o0)T,R) such that

Y (D S C1C 1 C:C) Rl W
IHJA<““ T STERCICIO)FIO) ) R

for all sufficiently large t1 € [to,00), where x2 (t) is as in Theorem and T >
to > tq, then any solution of equation either oscillates or converges to zero as
t — oo.

The above theorem follows from (3.25) and Theorem so we omit its proof.

W (1) <} (1)

—x2(t) = n (o (1)) (3.26)
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Theorem 3.6. Let s > 1 and assume and —. If there exists a
positive function n € CL, ([to, 00)T, R) such that

+ 1/az A 2
, ry/ 2 (s) (0% (s)) )
lim su 5(s) — 7 | As =00 3.28
thL<X()zmwww»w@Uh@mmz 2

for all sufficiently large t; € [to, 00), where X2 (t) is as in Theorem and T >
ty > t1, then any solution of equation either oscillates or converges to zero as
t — oo.

The above theorem follows from and Theorem so its proof is omitted.

The following sequel gives Philos-type oscillation criteria for equation .
First, we need to introduce the class of functions P which will be used in the
sequel.

Let Dg = {(t,s) € T? : t > s > to}, D = {(t,s) € T? : t > 5 > to} and
H,h € Crq(D,R). The function H € C,4 (D, R) is said to belongs to the class P if

(i) H(t,t) =0 for t >ty and H(¢,s) > 0 on Dy,
(ii) H has a nonpositive rd-continuous A-partial derivative H?¢(t,s) on Dg
with respect to second variable and satisfies

N s n™(s) _ h(t,s) L 1/x s
H () + H 90 00y = ety %)

where the function 7 is as in Theorem
Theorem 3.7. Assume and —, Suppose also that there exist func-

tions n € C; ([to,0)r,RT) and H,h € Crq (D,R) with H belongs to the class P
such that

_ 1 t o ra(s) (Rt )™ _
1ﬂ?mmmAJHw@“@ (0o + D= () (= | 51T

where

(g7 (02 (£)) 1 ta)
R (o (t),t1)

x3(t) = rn (t) g2 (1)

and t, > to >ty for sufficiently large t; € [to,00)T , then any solution of equation
is either oscillatory or converges to zero as t — co.

Proof. Let x (t) be a nonoscillatory solution of . Without loss of generality,
we may assume that there exists ¢ € [tg,00)p such that x (¢) > 0, z(g(¢)) > 0,
z(¢(t,€) > 0, 2.1)-(22) hold and z(t) satisfies either case (I) or case (II) of
Lemma [2.1] for ¢ > ¢1 and £ € [a, b]. If case (II) holds, we have lim;_, z(t) = 0 by
Lemma [2.21

Next, assume that case (I) holds. Then again (2.8), (3.4 and l-
ng

are satlsﬁed Define the function w as in (3.2 ) and usi , and (13.5)), we
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arrive at
(t) A ® \°
U 2 n 2
W) = (2110 (1)) (z[ | (t)) - ((2[1] (t))‘“) e 0)
B RS (97" (62 (1), t2) 1™ (Dw (o (2))
A ORI 1CI0)
A
z[2]( (t) ( (1] (t ))0‘2
- (t) (Z[l] ( ))Otz(( m ( ( ))))a2 for ¢ Z t3. (330)
If 0 < as <1, from and (| we see that
> (tw (o () 22 (0 (1)) (=1 (1)
W () < —xa(t) + ey e @)™ (o () (3.31)
If ap > 1, from and ( we see that
™ (8w (0 (1)) =2 (o (1)) (=1 (1)
w? (1) < —xs(t) + e (t) () (1 (o ) (3.32)

Using the fact that z[!(¢) is increasing and z12/(¢) is decreasing, we get 2[1(t) <

(o (t)) and (20(¢) 2> (=12 (cr(t)))l/‘12 / (r2(£))"/°2, respectively.
Thus, (3.31) and (3.32)) can be written as

Ao 1 De ) am® (P @) )
(1) < =xs (0 + "= 7053 P32 (1) (210 (o (1)) 2T W (o(2) (3.33)

A Ow(o®)  am®) (2 (o) (@)™
t

1T 0 (o) T )

respectively.

Combining (3.33)) and (3.34) and using (3.10)), we obtain, for ay > 0 and ¢ > ¢3,
n® (Hw (o)  am(t)y(t)w (o)

A J—
SOOI Gw T e ey O
and hence, in view of (i) and (ii), for t > T > t3, we have
t t nA (s)
/TH(t,s)Xg,(s)As < f/Hts Aer/H ’17(0'8 (o (s))As
04277 ) (0 (s))
/ H(t 1/a2 n* - (s))As. (3.36)
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Using integrating by parts formula on time scales, (3.36)) yields

/Hts)xg()As<HtT /HA (t,s)w (o (s)) As

o PRl 5 am(sw(s)m (0 ()
R T TH“’) ey P (o)

]1/>\ @2

we obtain,

i (65) x4 9 o (o (5)) - UV |
T Bwe ()~ Ht ) an(9) v (s)

(3.38)

Substituting (3.38) into (3.37) gives

t H(ts 5) — Tz(s)(th(t’S))azH As < H(t,T)w (T)3.
[ o T et T | A S T D (71339

So, for every t > t3, we have

t 72 (5) (s (1, 5)°* !
H(t,s s) — I =
/t3 (t,s) x3(s) (o +1)a2+ (0 () (s)) 2_

which contradicts (3.29). The proof is complete. O
Theorem 3.8. Assume and —. Let H and h be as in Theorem

and suppose that

As < H(t,t3)w (t3),

) ..  H(ts)
< o0. .
0< slgfo {hgggng (tyto)} <o (3.40)

Suppose also that there exist a positive function n € C}, ([to,o00)T,R) and VU (t) €
Crd ([to, 00) ,R) such that

1 @)™
IHOOPHW)/ CIOIA0) (3.41)

t,s))t

| L C nE M
i i s | [H (96 ) = )= () 0 ()

] As > U (T}3.42)
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forT > t., and

o0
/ T n(s) ¥ (s) T (0 (s)) As = oo, (3.43)
/o2 A
te 1y () (0 (s))
where x3 (t) is as in Theorem and t, > to >ty for sufficiently large t € [tg, 00)T.
Then any solution of equation is either oscillatory or converges to zero as
t — o0.

Proof. Let x (t) be a nonoscillatory solution of (L.1). Without loss of generality,
we may assume that there exists €1 € [to, 00)p such that x (¢) > 0, z (g(¢)) > 0,
z(¢(t,€) > 0, 2I)-(22) hold and z(t) satisfies either case (I) or case (II) of
Lemma [2.1] for t > ¢1 and ¢ € [a, b]. If case (II) holds, we have lim;_, z(t) = 0 by
Lemma [2.2]

Assume that case (I) holds and proceeding as in the proof of Theorem [3.7

we again arrive at (3.37) and (3.39). In view of (3.39) and (3.42), we have, for

t>T >ts,

U (T) <w(T) (3.44)
and
1 t
h?iigpm/T H (t,s)x3(s)As >V (T) for T > t3. (3.45)
On the other hand, setting
1 P hy (t,s)
At) = / T HYM ¢, s)w (0 (s) As for t >t
R TSN ATCIO) K :

and

o (s)

)As for t > t3,

1 ! azn (s) P (s)w
B = H (t,t3) /t3 H{t,5) ré/az (s) n (o (s

it follows from (3.37)) that

liminf [B (t) — A(t)] < w(t3)—limsup

/ H (1) xa (5) As

t—o0 t—00 H(t,tg) ts
< w (t3) - v (tg) < 00. (346)
Now, we claim that
= () (s) @ (@)
/153 T;/ch (S) 77)\ (0_ (S)) As < . (347)

To prove it, suppose to the contrary that
0 A
5y 2 (s) M (0 (s))
By (3.40)), there exists a constant £; > 0 such that

. .. H(ts)
Slngo {htrgg)lfH (10) } >e; > 0. (3.49)

Let K1 > 0 be arbitrary number. Then, it follows from (3.48|) that there exists
ty > t3 such that

/t n(s)(s) w? (U(S))As > K for t > t4.

3 T%/M (s) n* (o (s)) Q€1
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Now, we have, for every t > t, > t3,

B0 = iy [ SR
.
s [ ([ e )
- i, [ [P
g, [t o [ ]
. ﬁ /tt s (t,5) Of;} As = 25825

t,ta)
t,to)

From (3.49)), we have litm inng > g1 and so we can choose a t5 > t4 such that
—00

ggi:‘;g > ¢ for every t > t5. Hence, B (t) > K; for all t > t5. Since K is arbitrary,
we have
tlg]goB (t) = oo. (3.50)

Next, we consider a sequence {T),}72; in (t3,00) with lim, . T,, = oo and such
that

lim [B(T,)— A(T,)] = liminf [B (t) — A(t)].

n—00 t—o0

Then, from , there exists a constant K5 such that
B(T,) — A(T,) < Ko, (3.51)
for all sufficiently large integer n. Since ensures that
lim B (T;,) = oo, (3.52)

n—oQ

(3.51) implies that
lim A(T,) = oo. (3.53)

i.e.

for large enough positive integer n, which together with (3.53)) implies that

lim w = lim [A(Tn)
n—oo [B(T,)]"* n—oo | B (T},)

On the other hand, using Lemma [2.5] we obtain

rz A(T,) = oo (3.54)
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_ 1 T by (Tn,8) aga
AT = g ), Sty H e ) a

_ / o {omH(Tn,s)n (s) <s>} E w (o (s))
) 14 ()P (0 5)

h (T, $)HYN(T,, ) (o ()2 TauH(T,, s)n (s) v (s)] /2
8 : H(Tn7t3)2 8 |: 2 H(Tnat3) :| as
/A

r/x

IN

T H(Tsn(8)U(s) oy A
Vtg H (T, t3) 3y (5)n* (0 (s)) o

X [/Tn <h+(Tn73)H1/A(Tn73) (r2 (s))l/(azﬂ))a?*l

H (T, t3)

1
ag+1

arH(Tn,8)n(s) 9 ()™
X( : H (T, t3) ) AS]

0r™ [T (o) (T 1T
H (T, t3) /tg (n(s) (s))™ AS] 7

= BT (3.55)

and accordingly

ATy (T () (e (Ta )™
(B (T.)]" <H<Tn,t3>/t3 CIOrIE)

Now, in view of (3.54), it follows from (3.56) that

. 1 T 1y (5) (hy (T, 5)) 2
W T (T 1) / CIOKID

(3.56)

= o0, (3.57)

from which, we arrive that

t as+1
: ra (s) (h4(t,5))
lim sup / =
twoo H(tt3) Ji;  (n(s)¥(s))
which contradicts (3.41]) and so (3.47) holds. Thus, from (3.44) and (3.47) we get
9] o'} A
/ 1/02 ()% (5) \Ili (o(s))As < / U (18/?1? ()@ (o (S))As < oo (3.58)
ts 15" (s)n* (0 (s)) s 1! ()t (o (s))
which contradicts (3.43]) and completes the proof. O

Theorem 3.9. Assume and —. Let H and h be as in Theorem
and holds. Suppose also that there exist a positive functionn € C}, ([to, o0)r, R)

and ¥ (t) € Crq ([to, 00) ,R) such that and the following conditions hold:

= 00,

N
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and
imin o t s 5) — ra (s) (h+ (2, 8))%“ s
ity (t,T) /T [H (o) (2 + 1) (n ()1 (5)) Bz LS00

for T > t,., where x5 (t) is as in Theorem and t, >ty > t1. Then any solution
of equation is either oscillatory or converges to zero as t — 0.

Proof. Let x (t) be a nonoscillatory solution of . Without loss of generality,
we may assume that there exists ¢t € [to,00)y such that x (t) > 0, z (¢g(¢)) > 0,
z(¢(t,€) > 0, 2.1)-(22) hold and z(t) satisfies either case (I) or case (II) of
Lemma [2.1] for ¢ > ¢1 and £ € [a, b]. If case (II) holds, we have lim;_, (t) = 0 by
Lemma 2.2

Next, assume that case (I) holds and proceeding as in the proof of Theorem [3.7]

we again arrive at (3.37) and (3.39). In view of (3.39) and (3.60), we have

U (T) < w(T) (3.61)

and

htrglor‘}in/ H(t,s)xs3 (s) As > ¥ (T) for T > ts. (3.62)

Define again the functions A(t) and B(t) as in Theorem we see from (3.37))
that

A

limsup [B(t) — A(t)] < w(ts)— hmlnf / H (t,s) x3(s) As

t—oo —00 H 7 3
w(t3) — ¥ (t3) < 0. (3.63)
Next, by using condition ) and (| -, we obtain

IN

. 1 ’ ra (s) (hy(t,5)** "
\\/) (tg) < llgloglfm /t3 [H (t, 3) X3 (8) - (042 T 1)a2+T (77 (S) w (s))azl As
. 1 i
< htrglorgfm . H (t,s) x3(s) As
—limin 1 ! 2 () (hy(t, S))a2+1 s
lt%ofH (t,t3) /t (ay 4+ 1) (5 (s) ¥ (5))™ As. (3.64)

Hence from ([3.59) and ( , we get

. 1 ra (s) (hy(t,5)
lim inf / As < 0. 3.65
BT L 0 e e)" (362)
Therefore, there exists a sequence {75, }52, in (t3,00); with lim, . T,, = co and
such that
1 Ty (8) (hae (T, 9) ™
lim / = As < 0. 3.66
B T (T t) (1 (5) 6 ()™ (36

Following the procedure of the proof of Theorem we see that (3.57) holds, which
contradicts (3.66)). This contradiction proves that (3.48|) fails. The rest of the proof
is similar to that of Theorem 3.8 O
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Theorem 3.10. Assume and — hold and let n, H and h be as in
Theorem [3.7 If

. 1 () (he(ts) ™" _
i s . lH(t’s) R Py T

where

R (0 () 1)

R{* (o (t),t1)

and t. >ty >ty for sufficiently large t1 € [to, 00)T, then any solution of equation
is either oscillatory or converges to zero as t — 0.

x4 (t) = kn (t) g2 ()

Proof. Let x (t) be a nonoscillatory solution of (1.1). Without loss of generality,
we may assume that there exists €1 € [to, 00)p such that x (¢) > 0, z (g(¢)) > 0,

x (¢ (t,€)) > 0, (2.1)-(2.2) hold and =z (¢) satisfies either case (I) or case (II) of
Lemma [2.1] for t > ¢1 and ¢ € [a, b]. If case (II) holds, we have lim;_, z(t) = 0 by

Lemma 2.2
Next, assume that case (I) holds. Then again (2.8)), (3.5), (3.7), (3.10), (3.24)

and (3.25) hold. Define the function w as in and using and
@ , we arrive at
A
_ n(t) 2 A n (t) 2
wh(t) = W (2[ ] (t)) + (W) 2B (o (1))
RY(0(t),t2)  n™(Hw(o(t)
= 0e0 e T e w)
A
2B (o () (=M (1))™
- (t) (( ) ) (3.68)

(200 (£))™ (200 (o (£))) ™

The remainder of the proof is similar to that of Theorem [3.7} and so the details are
omitted. 0

The proof of the the following two theorems follows from Theorems [3.743.10} we
omit the details.

Theorem 3.11. Assume and -. Let n, H and h be as in The-
orem such that (3.40) and (3.41]) holds. If there exists a function ¥ (t) €
Cra ([to, ), R) such that (3.49) holds and

1 ¢ hy(t,s)t

lim supi/ H(t,s)xa(s)— 2 (S)(X(_J( :5) — | As > ¥ (T}3.69)
t—oo H (6, T) Jr (a2 + 1) (n(s) ¥ (s))™

for T > t., where x4 (t) is as in Theorem and t, > to > t1, then any solution

of equation either oscillates or converges to zero as t — oo.

Theorem 3.12. Assume and -. Let H and h be as in Theo-
rem and holds. Suppose also that there exist a positive function n €

Cl, ([to,o0)T,R) and U (t) € Crq ([to,o0)r,R) such that (3.45) and the following
conditions hold:
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litrg(i}olf% /t H(t,s)xa(s) As < o0 (3.70)
and
imin b t s 5) — ra (s) (h+ (2, S))aﬁl s
IHOOfH(taT) /T [H (e (a2 + 1) (1 ()1 (5))™ Bz WIISTY

for T > t., where x4 (t) is as in Theorem and t, >ty > t1. Then any solution
of equation is either oscillatory or converges to zero as t — 0.

Example 3.13. Let T := ¢2={¢" : k € Z,q > 1}U{0} and consider the third order
neutral dynamic equation

b

[((aﬂ(t) + 8x(t/2))AA>3] i + / (82 +€) 2°(t/2 — )AL =0, (3.72)

fort € 2Z with t > to := 2. Here we have oy = 1, ay = 3, g(t) =t/2, q(t,€) =
2+E @) =ra(t) =1, ¢t,8) =t/2 €&, f(u) =u” and p(t) = 8. It is clear that
conditions (C1)-(C5) and hold with k =1, 8 =3 and

¢1(t) =7/64 > 0. (3.73)
Since
1 1 Ro(g~ (97 (t)), t2) _ 2=
plo~t (g7 (1))  Ralg™'(2),t2) 4t -8’
we see that
wa(t) > 6i4 fort >ty =4. (3.74)
In view of and , we see that
b
/ (7 + (A= 0@+ 20, (37
/ 1 1 b
)2 [+ = - a0+ 10 fortzn—1 (70

a
With, , condition becomes
1/0(1

[ (i (i [ o) )

1/3

77 7(7/64)3 (b—a) (52 + b;“) As|  Audw =
2

v u

due to [ (32 + IH'T“) As =00 foru > 2, and so condition holds.

u



ASYMPTOTIC BEHAVIOR AND OSCILLATION 49

With n(t) =t and the fact that (3.76), we see that

t

limsup/xl(s)As > limsup/

t—o0 t—o00 (64)3 3 6s—6

t

2(b —

Zli{gsogp ((384;)/(52(4b+6)s+462+12b+8)3Asoo
4

and
t

A
1
lim sup %As = limsup/ ———5As < o0,
t—o0 7 R1 (S,tl) t—o0 (8—2)

so condition holds. Thus, all conditions of Theorem are satisfied. There-
fore, by Theorem any solution of is either oscillatory or converges to

ZEero.

1

Example 3.14. Consider the neutral differential equation
!/
2
7 +/ (t+&)a’(t —2 - €)de =0,
1

(”22 {x(t) + - 2)] )
(3.77)

fort>2. Here we have T=R, oy =1, as =5, g(t) =t—2, q(t,&) =t+&, r(t) =
(t+2)/2, ra(t) = 1/12, ¢(t, &) =t —2—&, f(u) = v? and p(t) = (10t +11)/(t + 1).
1t is clear that conditions (C1)-(C5) and hold with k =1 and 8 =5. In view
of the fact that

we see that
9
> — . .
p1(t) 2 775 >0 (3.78)
Since
1 Ro(g~' (g (t),t2) _ 1 t+3 _ 3
p(g=Hg71(t)) Ra(g7'(t),t2) ~ 10t—1 7 10
fort >ty =3, we obtain
7
> —. .
Pa(t) > 110 (3.79)
In view of and , we see that
2
0= [(t+ €))% = (135)°(¢+3/2) (3.50)
Qi) = 110’ >~ '110 ’ '
1
/ 7 7
> sty —3 )
wlt) 2 [+ O d = () +3/2) fortzta=3 (38
1

t
(b—a)2s < 9 b+a> <s2—(4b+6)s+4b2+12b+8

3
>As
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By , condition becomes
1/0&1

/: ﬁl(v) /:o (Tzl(u) /:O a1 (s) AS)U% Au Av

1/5

oo o0 o0

2/ UiQ/ 1/25/(9/110)5(8+3/2)d5 du | dv = oo
2 u

With n(t) = t, H(t,s) = (t — s)? and the fact that

(97" (62(5)) b
R (0 (s), 1)

t
7\° 1 ) s2—8s+15)"
> - _ F-ost o _
hgs;gp(llo> (t—4)2/5(t s) (5+3/2)( R ) ds = o0
4

o

due to [ (s+3/2)ds = oo for u>2, and so condition holds.

, it is clear that

)As

. 1 !
lim supit 0 / H (t,s) kn(s) g2 (s)
) Uk Ty

t—o0

and
1 as+1
lim sup / ra (s L(lj_—f( 5)) —As
too H (1) Ji, (ag 4+ 1) (n(s) 9 (s))*2
t
. (t —3s)° 1 (t—s)?
=1 <1 d
lﬁigp 2/66 0(; _ 5)F ds lgsogp(t_@z/ G610 45 < 0
4 1

so condition holds. Hence, by Theorem any solution of either

oscillates or converges to zero.
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