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SET VALUED CONTRACTION OF
SUZUKI-EDELSTEIN-WARDOWSKI TYPE AND BEST
PROXIMITY POINT RESULTS

AZHAR HUSSAIN, MUHAMMAD ADEEL, TANZEELA KANWAL, NAZRA SULTANA

ABSTRACT. The aim of this paper is to show the existence of best proximity
points for multivalued Suzuki-Edelstein-Wardowski type a-proximal contrac-
tions in the setting of complete metric spaces and partially ordered metric
spaces. We give examples to illustrate the main results. Our results improve
and extend the corresponding results in the literature.

1. INTRODUCTION

Let A and B be two nonempty subsets of a metric space (X,d) and F : A —

CB(B). A point * € A is called a best proximity point of F' if
D(z*,Fz*) = inf{d(z",y):y € Fa*} = dist(A, B),
where
dist(A, B) = inf{d(a,b) : a € A,b € B}.

If AN B # ¢, then z* is a fixed point of F. If AN B = ¢, then D(x, Fz) > 0 for all
x € A and F has no fixed point.

Consider the following optimization problem:

min{D(z, Fx) : x € A}. (1.1)

It is then important to study necessary conditions so that the above minimization
problem has at least one solution.

Since
d(A,B) < D(z, Fx) (1.2)
for all x € A. Hence the optimal solution to the problem
min{D(z, Fz) : z € A} (1.3)

for which the value d(A, B) is attained is indeed a best proximity point of multival-
ued mapping F. Many authors has explored the existence and convergence of best
proximity points under different contractive conditions in certain distance spaces
(see e.g. [T 2 [ 5] 03] 14} 19 20) 22] 26, 27, [31], [33] and references therein).
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Recently, Samet et al. [38] introduced the notion of a-t)-contraction and proved
some fixed point theorems for such mappings in the context of complete metric
spaces. Some interesting multivalued generalizations of a-)-contractive type map-
pings are given in [3, [6] [7] [8], [0} 15} 16}, B2} B5].

In 1962, Edelstein [2I] obtained the following result:

Theorem 1.1. Let (X,d) be a compact metric space and T be a mapping on X.
Assume d(Tx,Ty) < d(z,y) for allz,y € X withx #vy. Then T has a unique fized
point.

In 2008, Suzuki [40] introduced a new type of mapping and presented generaliza-
tion of Banach contraction principle in which the completeness can be characterized
by the existence of a fixed point of these mappings.

Theorem 1.2. Let (X,d) be a complete metric space, and let T be a mapping on
X. Define a non-increasing function 6 : [0,1) — (3,1] by

1 4if 0<r<+5-12

o(r) = 1{; z:f \/521*1943%
T+r 'Lf EST<1

Assume that there exists r € [0,1) such that 0(r)d(z, Tz) < d(z,y) implies d(Tz, Ty)
rd(z,y) for all x,y € X. Then there exists a unique fixed point z of T. Moreover,
lim T"z =z for all xz € X.

n—oo

Inspired by Theorem (1.2)), Suzuki [40] proved a generalization of Edelstein’s
fixed point theorem.

Theorem 1.3. [41] Let (X,d) be a compact metric space, and let T be mapping on
X. Assume that (3)d(z,Tz) < d(z,y) implies d(Tz,Ty) < d(z,y) for all z,y € X.
Then T has a unique fized point.

On the other hand, a generalized version of contraction mapping introduced by
Wardowski [43] called F-contraction, i.e. a mapping T': X — X satisfying

7+ F(d(Tz,Ty)) < F(d(z,y))

for all z,y € X with Ta # Ty, where 7 > 0 and F : (0,00) — R satisfy the
following conditions:

(F1) F is strictly increasing;

(F2) for all sequence {a,} C RT, li_>m an = 0 if and only if lim,,_,s F(an) =

n—oo
—0;
(F3) there exist 0 < k < 1 such that lim a*F(a) = 0.

a—0t
It was also proved that every F-contraction on a complete metric space has a unique
fixed point. In 2014, Piri and Kumam [37] combined the concept of F-contraction
with Suzuki as

%d(m,Tm) <d(xz,y) =7+ F(d(Tz,Ty)) < F(d(z,y)).

Gopal et al. [23] introduced the concept of a-type-F-contraction by using function
a:X x X — {—00} U (0,+00) such that for all z,y € X satisfying d(Tz, Ty) > 0,

7+ (e, y) F(d(Tx, Ty)) < F(d(z,y))

<
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and proved some fixed point results. Recently, Turinici in [42] relaxed the condition
(F2) by

/ , + 1 — : _
2 nf = ) n — n) — .
(F3) for all sequence {a,} CR 11_1}11 a, = 0 then lgn F(an) 00

Then the implication

(Fy) Flan) — —oo implies a, — oo
can be derived from (Fi). Recently, Wardowski [44] consider the class of F-
contractions in a generalized way by taking constant 7 as a function ¢ on RT
to itself and defined (¢, F)-contraction (nonlinear contraction) on a metric space
(X, d) satisfying

(H1) F satisfies (F1) and (F3);

(Ho) liminf, .4+ ¢(s) > 0 for all ¢ > 0;

(Hs) ¢(d(z,y))+F(d(Tz,Ty)) < F(d(z,y)) for all ,y € X such that Tz # Ty.
Wardowski [44] proved a fixed point result for such nonlinear contraction by omit-
ting (F3). For more work concerning F-contraction, we refer to [12] [16] 29, [30] and
references therein.

The purpose of this paper is to consider the condition

(H%) for all z,y € A,
QS((D(l'v TZIJ)) - O‘(£7 y)D(Av B) < CY(JL‘, y)d(x, y)

implies
e(d(z,y)) + alz, y) F(D(y, Ty)) < F(M(z,y))
where
Ma) = max{dle,), Dlo. To). Dly. Ty), 202,
D(y,Ty)[l + D(x,Tx)] D(y,Tz)[l+ D(x,Ty)] (1.4)
1+ d(z,y) ’ 1+ d(z,y) ’ ’

where A and B are subsets of X, ¢ : [0,00) — [0,00) a nondecreasing functions
such that nhHH;O P"(t) =0, ¢(t) < tforallt >0[34 and T : A — C(B) and to
prove multivalued and single valued best proximity point results for such nonlinear
contractions omitting (F3) in the framework of complete metric spaces and partially
ordered complete metric spaces. Some fixed point results for such mappings will be
obtained as an applications of our results.

2. Preliminaries

In the sequel, (X,d) a metric space. C(X), CB(X) and K(X) by the families
of all nonempty closed subsets, nonempty closed and bounded subsets, nonempty

compact subsets of (X,d) and ® the set of all functions ¢ respectively. For any
A,B € CB(X) and z € X, define

Ao = {a € A: there exists some b € B such that d(a,b) = D(A, B)}
By = {a € A:there exists some a € A suchthat d(a,b) = D(A, B)}
D(x,A) = inf{d(z,a):aec A}.

We present now the necessary definitions and results which will be useful in the
sequel.
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Definition 2.1. Let A and B be nonempty subsets of a metric space (X,d). A
point x is called a best proximity point of mapping T : A — B if

D(z,Tx) = D(A, B).

Definition 2.2. [B] Let (A, B) be a pair of nonempty subsets of a metric space
(X,d). Then the pair (A, B) is said to have the weak P-property if and only if for
any r1,x2 € A and y1,y2 € B,

d(z1,y1) = D(A,B) S
d(w2,y2) = D(A,B) implies d(w1,72) < d(y1, y2)-

Definition 2.3. [5] Let A and B be two nonempty subsets of a metric space (X, d).
A mapping T : A — C(B) is called a-prozimal admissible if there exists a mapping
a:Ax A—[0,00) such that

a(zy, ) > 1
d(ui,y1) = D(A,B) implies a(uy,ug) > 1,
d(ug,y2) = D(A,B)

where 1,2, U1, us € A, y1 € Ty and yo € Txo.

Definition 2.4. Let A and B be two nonempty subsets of a metric space (X, d). Let
a:AxA—[0,00) and T : A — C(B). We say that T is an a..-continuous mapping
on (X,d), if for given given x € X and sequence {x,} with o(x,,z,41) > 1 for all

n € NU{0} and z € A such that x,, — ©* as n — oo then Tx, Hy oy

3. BEST PROXIMITY POINT RESULTS IN METRIC SPACES

Throughout the paper, we denote § the class of all functions F satisfying (H;),
(Hz) and (H}%). First we introduce the notion of Suzuki-Edelstein-Wardowski type
a-proximal contraction as follows:

Definition 3.1. Suppose A and B are two non-empty subsets of a metric space
(X,d). A multivalued mapping T : A — C(B) is said to be Suzuki-Edelstein-
Wardowski type a-prozimal contraction if there exist functions a: A x A — [0, 00),
¢ € ® along with conditions (H1), (Hz2) and (H}).

Example 3.2. Let X = R with usual metric d. Let A = {1—}—177%1 :p,n€Nyp>1}
and B = {1% :p,n € Nyp > 1} are subsets of R. Then D(A,B) = 1. Define
T:A—C(B) by
1, — 1
T{,C _ { {17 pln} -Zf T = 1j_ pn—l
{07 D Zf Tr = 2a
a:AxA—[0,00) by
pntlif x:1+7pn1_1,y:1+p%
a(z,y)={ pif r=y=1+ 5+

0:f T =2,
¢ : (0,00) = (0,00) by p(t) = %—i—%, ped by¢(t):%fo7“allt and F € § by
F(t) =In(t). Then

1 - _ 1
pTZf m—1+p77(71

D(x’Tx):{ 0if =12
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Nowforx=1+zﬁ,n>1, T:z::{l,}%}. Thusforyzl—k#, we have

1 1 1 1 n+1
o(D(x. Tx)) — a(z,y)D(A, B) = (p) (p) ) = @)
and
n+1 1 .
o, y)d(e.y) = (") (p) - (3.2)
From and we have
$(D(z,Tx)) — a(z,y)D(A, B) < (@, y)d(z,y). (3.3)
Now
Ma) = max{dle,), Dlo. To). Dly. Ty), 22T,
D(y,Ty)[1 + D(z,Tz)] D(y,Tx)[1+ D(x,Ty)]
1+ d(=x,y) ’ 1+d(z,y)
1 1 1 1 1
= {0 =
So

e(d(z,y)) + alz,y) F(D(y, Ty))

1 1
n+1
()7 ()

1 1
n n+1
P +];+p in (p’”l)

< (") =1In (p1n>

= F(M(z,y)).

This implies

e(d(z,y)) + alz,y) F(D(y, Ty)) < F(M(z,y)). (3.4)
Thus T is Suzuki-Edelstein- Wardowski type a-proximal contraction.
Theorem 3.3. Let A and B be two nonempty closed subsets of a complete metric

space (X,d) such that Ag is non-empty and T : A — K(B) be continuous multival-
ued mapping satisfying the following assertions:

(i) T is Suzuki-Edelstein- Wardowski type a-prozimal contraction;

(ii) Tz C By for each x € Ay and (A, B) satisfies the weak P-property;
.

( 11; T is a-prozimal admissible;
(iv) there exists xg,z1 € Ag with a(zg,z1) > 1 and y1 € Tz such that
d(z1,51) = D(A, B).

Then the mapping T has a best proximity point.

Proof. By hypothesis (iv), there exists xg,x1 € Ag and y; € Tz such that
d(z1,y1) = D(A, B), a(xg,z1) > 1. (3.5)

If y; € Tz, we obtain

D(A,B) < D(z1,Tx1) < d(z1,y1) = D(A, B)
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and so x7 is best proximity point of T" and the proof is complete. So we suppose
that y; € Tx1. Since Tz C By for all z € Ay, then there exist zo € Ag and yo € Txy
such that

d(ﬂCQ, yg) = D(A, B) (36)
Now we have
a(xe, 1) > 1
d(z2,92) = D(4,B)
Since T is a-proximal admissible so,
a(zy,z2) > 1.
Thus, we have
d(x2,y2) = D(A, B) and a(z1,22) > 1. (3.8)

If yo € T'zo, we obtain
D(A, B) < D(x9,Tx2) < d(w2,y2) = D(A, B)

and 9 is best proximity point of 7. Thus we suppose that yo & Txo. Again since
Tx C By for all x € Ag, then there exist x3 € Ay and y3 € Tz such that

d(xzs3,y3) = D(A, B). (3.9

Now we have
a(ry, ) > 1
D(z2,y2) = D(A4,
D(z3,y3) = D(A4,

Since T is a-proximal admissible. This implies

B) ). (3.10)
B)

a(zg,x3) > 1.

Thus we have
d(z3,y3) = D(A, B) and a(zq,23) > 1. (3.11)

Continuing this process we construct sequences {z,} C Ay and {y,} C By such
that a(xp, Tpt1) > 1 and @, # Tpy1, Yn € Txp—1 and y, € T2, and

d(xn,yn) = D(A, B). (3.12)
Since (A, B) satisfies weak P-property, we have
d(xn—la xn) S d(yn—h yn) (313)
for all n € N.
Now
(b(D(xnfl,T:L‘nfl)) S D(-'EnflaTxnfl)
S a(l'nflaxn)D(xnflvTxnfl)
S a(gjn—laxn)(d(zn—hxn) + D(In;T'Tn—l))
S a(xn—laxn)(d(xn—lvxn) +D(Aa B)
S a(mn,l,xn)(d(:vn,hxn)) +Oé(£l'n,1,$(}n)D(A,B),

we have

d(D(xn—1,Txn_1)) — (Tpn-1,2n)D(A, B) < a(Tn_1,2p)d(Tn_1,2,). (3.14)
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Since T is Suzuki-Edelstein-Wardowski type a-proximal multivalued contraction,
we get that

o(d(Tn-1,%n)) + (Tn-1,2n) F(D(xn, T2yn)) < F(M(Xpn_1,2y)) (3.15)
where
D(xnfl, Txn) + D(xna Txnfl)

2 b)

D(20, T2)[1 + D(2p—1, Txn_1)] D(@n, Tn_1)[1 + D(2n_1,Tz,)] }

M(l'nflaxn) = max{d(mnlvxn)vD(:En17Txn1);D(xn7Tmn)a

1+ d(xp_1,2n) ’ 1+ d(xp_1,zn)
Since T'x,_1 and Tx,, are compact, we have
d(xnfly anrl) + d(.’L‘n, xn)
2 b)
d(l‘n, xn-l—l)[l + d(xn—lv xn)] d(xnv xn)[l + d(xn—la -Tn-i-l)}
1+d(xn71axn) ’ 1+d(xn71a$n)

M(zp_1,2,) = max{d(xn1,xn)7d(xn17:rn)7d(xn,a:n+1),

d(xnfh anrl)

max {d(xnla an), d(l'»,“ xn+1)7

Since

d(-rnflyanrl) d<xn71axn) + d(-r’ruanrl)
2 2

it follows that

IN

< max{d(a:nfl, :En); d(l’n, xn+1)}>

M(zp—1,2n) < mazx{d(xn,—1,T,),d(Tn, Tpi1)}- (3.16)
Suppose that d(z,_1, ) < d(zp, Zni1), then (3.15) implies that

old(@n_1,2n)) + F(d(Tn,2n11)) < @d(Tn_1,2n)) + a(Tn_1,2) F(d(Tn, Tni1))
< Fld(zn, Tni1)),

a contradiction. Hence M (z,,—1, ) < d(zn—1,x,), therefore (3.15)) implies that
o(d(Tn-1,2n)) + A(xp_1,2p)F(D(xn, Txy)) < F(d(Xp_1,2n))- (3.17)
Since Tz, is compact, we have

‘P(d(xn—laxn)) "’]:(d(mmxn+l)) < ‘P(d(xn—lamn)) +a(xn_1,xn)f(d(xn,xn+1))
< ]:(d(xn—lamn))-

This implies that
P(d(xn—1,2n)) + F(d(xn, Tni1)) < F(d(@n-1,2n))
and hence
Fld(@n, 2pt1)) < F(Yn, Ynt1) < F(d(Tn-1,20)) — o(d(@n-1,2n)) (3.18)

for all n > 1. Let 8, = d(zp—_1,2y) for all n > 0. Without loss of generality we can
assume that 8, > 0 for all n € N. From (3.18)), there exists ¢ > 0, we have

F(Bn+1) < F(Bn) — @(Bp)for all n € N.
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From F; we get that (8,,) is decreasing, and hence, 8,, \ t, t > 0. From (H3) there
exists ¢ > 0 and ng € N such that ¢(5,,) > 0 for all n > ng.
In consequence, we have

FBn) < FBucs) = o(Bar) < F(Br) - Z_j (5)
no—1 n—1
= F(B) = 3 @B = Y0 w(B) < F(B) = (n—no)e, n > ng

Tending with n — oo we get F(8,) — oo and, by (F%), 5, — 0.
To show that (z,,) is the Cauchy sequence. Suppose on contrary that (z,) is not
Cauchy. From (F7) the set V of all discontinuity points of F is at most countable.
There exists v > 0, v € V such that for every & > 0 one can find my,n, € N
satisfying

E <my <ni and d(@m,, Tn, ) > 7. (3.19)
Denote by Ty, the least of my, satisfying (3.19) and by 7, the least of ny such that
my < ng and d(xm,, Tn, ) > . Naturally
Observe that taking kg € N such that 8 < v for all k£ > kg, we have

’y < d(xmk7xﬁk) S d(xmkﬂxﬁk*l) + d(xﬁkfl,xﬁk) S 'Y + ﬁﬁkv for a'll k Z kO'

We have
lim d(xm,, 7)) = - (3.21)

k—o0

For all £ > 0 we observe that
d(xﬁk,l’m) - Bkarl - BﬁkJrl < d(iﬁmk+1,$ﬁk+1)
< Bt + d(@m,, Tay,) + Brg+1-

Again, we have
lim d(.’l?mk+17$ﬁk+1) — . (322)

k—o0
From ([3.18)), we get
@(d(mmk’xﬁk)) < ]:(d(xmkaxﬁk)) - ‘F(d(mmk-‘rlaxﬁk + 1))7 k> 0.
Now, using (3.20)-(3.22) and from above inequality and by the continuity of F at
v we get
liminf p(s) < likm inf o(d(zm,, zm,)) < lUm (F(d(xm,,2q,)))—F (d(xm, +1, Ta,+1)) = 0,
— 00

s—yt k— o0

which is contradiction to (Hz). Therefore (z,) is Cauchy. Similarly, we can show
that {y, } is a Cauchy sequence in B. Since A and B are closed subsets of a complete
metric space (X, d), there exist 2* € A and y* € B such that z,, — «* and y,, — y*
as n — 0o, respectively. Since d(x,,y,) — D(A, B) for all n € N, we conclude that

lim d(xnvyn) = d(x*, y*) = D(Av B)
n— oo

Since T is continuous, we have lim H(Tz,,Tx*) = 0. On the other hand, since
n—oo

Ynt1 € Txz,, we have

D(y*, Tx*) < d(y*, Yns1) + DYns1, T2") < d(y", yns1) + H(Txyn, T™).
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Letting n — oo, we obtain
Dy, Ta) <0,
which leads to y* € Tz*. Furthermore, one has
D(A,B) < D(z*,Tz*)<d(z*,y*) = D(A,B)
which gives
D(A,B) < D(z*,Tz*) < D(A,B).

Hence
D(z*,Tx*) = D(A, B).
Therefore, * is a best proximity point of 7. This completes the proof. O

Example 3.4. Let X = R with usual metric d and let A ={1,3,5,...,2n+ 1} and
B ={0,2,4,...,2n},n > 1 be subsets of R. Then D(A,B) = 1. Define T : A —
K(B),a: Ax A—[0,0), F:R" - R, ¢:(0,00) = (0,00) and ¢ € ® by

_ {0} if x=1
Tx_{{&l&mﬁl}ifxz&

_ )1 difx#y
“(z’y){ 0 ife=y,

F(x) = In(z) + =, o(t) = 1 and ¢(t) = L for all t respectively. Notice that
Ay = A, By = B, and Tx C By for each © € Ay. Also the pair (A, B) satisfies
weak P—property. Let xg,x1 € Ao with a(xg,x1) > 1, then Txg, Tx1 C By.
Consider y; € Txo, yo € Tz, and uy,us € A such that d(ui,y1) = D(A, B)
and d(uz,y2) = D(A, B). Then we have a(ui,ug) > 1. Hence T is a-prozimal
admissible. For xqg =3 € Ag and y, = 2 € Txy C By, we have x1 = 1 € Aqg such
that d(x1,y1) =1 = D(A, B) and a(xg,z1) = 1. Now let x = 2m+1 and y = 2m+3
where 1 < m < n, then Tx = {0,2,4,...,2m} and Ty = {0,2,4,...,2m +2}. So, we
have

$(D(2,Tx)) — alz, y)D(A, B) = 6(1) — 1 = % - _% (3.23)

and
alz,y)d(z,y) = 2. (3.24)

From and we have

¢(D(z,Tz)) — a(z,y)D(A, B) < a(z,y)d(z,y). (3.25)

Now

Ma) = max{de,), Dlo. To). Dly. Ty), 22T,
D(y,Ty)[1 + D(z,Tx)] D(y, Tz)[1 + D(x,Ty)|
14 d(=x,y) ’ 1+d(z,y)

3+1 1(1+1) 3(1+1)
2 7 14+2 7 142

2
= max{2,1,1,2,3,2} =2.

= max{2,1,1,

}
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Thus
e(d(z,y)) + a(z,y) F(D(y, Ty)) = ¢(2)+F(1)
= —+(In(1)+1)

+(0+1)

+1<In(2)+2=F(M(z,y)).

N =N =N =

This implies that
eld(z,y)) + alz, y) F(D(y, Ty)) < F(M(z,y)). (3.26)
Hence T is Suzuki-Edelstein- Wardowski type a-proximal multivalued contraction.

Therefore all conditions of Theorem[3.3 hold. Hence T has a best prozimity point.

Remark. If we remove the condition of continuity of T in Theorem[3.3 and replace
it with a,-continuity of T', then we have following result:

Theorem 3.5. Let A and B be two nonempty closed subsets of a complete metric
space (X, d) such that Ag is non-empty and T : A — K(B) be a multivalued mapping
satisfying the following assertions:

(i) T is Suzuki-Edelstein- Wardowski type a-proximal multivalued contraction;
(ii) Tz C By for each x € Ay and (A, B) satisfies the weak P-property;
(iii) T is a-proximal admissible;
(iv) there exists xg,z1 € Ag and y1 € Txg such that
d(xz1,y1) = D(A, B) and a(xg,x1) > 1;
Then the mapping T has a best proximity point.

Proof. Following the proof of Theorem [3.3] since 7' is a,-continuous, we get that
Tx, By e as n— oo On the other hand, since y,,+1 € Tx,, we have
D(y*,Tz") < d(y", yn+1) + D(Yn+1, T2") < d(y*, ynt1) + H(Txp, Tz").
Letting n — oo, we obtain
D(y*,Tz*) <0

which leads to y* € Tz*. Furthermore, one has

D(A,B) < D(z*,Tz*)<d(z*,y*) = D(A,B)

D(A,B) < D(z*,Tz*) < D(A,B).
This implies

D(z*,Tx*) = D(A, B).
Therefore, * is a best proximity point of 7. This completes the proof. O
Remark. If we replace K(B) by CB(B) in Theorem|3.3, then we have the following
problem:
Does T has a proximity point?

We give answer to this question in following way:
Theorem 3.6. Let A and B be two nonempty closed subsets of a complete met-

ric space (X,d) such that Ay is non-empty and T : A — CB(B) be continuous
multivalued mapping satisfying the following assertions:
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(i) T is Suzuki-Edelstein- Wardoski type a-proximal contraction;
(ii) Tz C By for each x € Ay and (A, B) satisfies the weak P-property;
(iii) T is a-proximal admissible;
(iv) there exists xg,x1 € Ag and y1 € Txg such that
d('xlvyl) = D(A7B) and O[(l‘o, 171) 2 17
(v) F(inf M) = inf F(M) for all M C (0, 00).
Then the mapping T has a best prorimity point.

Proof. Following the proof of Theorem there is a sequence z,, € A, since
Tx € CB(B) for every x € A and F € § with F(inf M) = inf F(M) for all
M C (0,00). Then there exist z,+1 € A and by hypothesis a(z,,z,+1) > 1.
Assume that z,, 11 € Txp41. Since Ta,41 is closed, D(zy41,T2p41) > 0, we have

o(d(zn, Tnt1)) + a(Tn, 1) F(D(@pg1, TTng1)) < F(M(xp, 2ng1))  (3.27)
with
D(zp, Txyy1) + D(wpy1, Ty)

M (2, Tpny1) = max {d(xm Tni1), D(@n, Twy), D(Xng1, TTny1), 5

1 +d(xn7$n+1) ' 1 +d($n,$n+1)

The rest of proof is similar to the proof of Theorem [3.3] by considering the Tz as
closed for all x € A. O

D21, Tons1)[l + D(@n, Tzn)] D(@ns1, Tn)[l + D(zn, Tni1)] }

If we take a(z,y) = 1 in Theorem then we have following result.

Corollary 3.7. Let A and B be two nonempty closed subsets of a complete metric
space (X,d) such that Ag is non-empty and T : A — K(B) be continuous mul-
tivalued mapping and for all x € A with D(x,Tx) > 0, there exist y € A with
D(y,Ty) > 0 satisfying (Hy), (H2) and

¢(D(x, Tx)) < d(z,y) + D(A, B) = ¢(d(z,y)) + F(D(y, Ty)) < F(M(z,y))
where M (x,y) is given in with

(i) Tz C By for each x € Ay and (A, B) satisfies the weak P-property;
(i) there exists xg,x1 € Ag and y1 € Txo such that

d(w1,20) = D(A, B).
Then the mapping T has a best prorimity point.
If we take a(z,y) = 1 in Theorem then we have following result:

Corollary 3.8. Let A and B be two nonempty closed subsets of a complete metric
space (X,d) such that Ag is non-empty and T : A — K(B) be continuous mul-
tivalued mapping and for oll x € A with D(x,Txz) > 0, there exist y € A with
D(y,Ty) > 0 satisfying (H1), (Hz) and

o((D(x,Tx)) — D(A, B) < d(x,y) = ¢(d(z,y)) + F(D(y, Ty)) < F(M(z,y))
where M (x,y) is given in with

(i) Tz C By for each x € Ag and (A, B) satisfies the weak P-property;
(ii) there exists xg,x1 € Ag and y1 € Txo such that

d(z1,70) = D(A, B);
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(i) F(inf M) = inf F(M) for all M C (0,00).
Then the mapping T has a best proximity point.
4. BEST PrROXIMITY POINT RESULTS IN PARTIALLY ORDERED METRIC SPACES

Let (X,d, =) be a partially ordered metric space and T : X — CB(X) be a
multivalued mapping. For A, B € CB(X), A < B implies that a < bforalla € A
and b € B.

Definition 4.1. [25] Let A and B be tow non empty subsets of a partially ordered
metric space (X,d, X). A mapping T : A — B is said to be prozimal nondreasing if

T1 2 T2
d(ui,31) = D(A,B) implies uy < us
d(uz,y2) = D(A,B)

where xg, x1,u1,uz € A and y1 € Txg,ys € Txy.

In this section, we derive some new results in partially ordered metric spaces
from our main results.

Definition 4.2. Suppose A and B are two non-empty subsets of a partially ordered
metric space (X,d, <). A multivalued mapping T : A — C(B) is said to be Suzuki-
Edelstein- Wardowski type a-proximal contraction if for all z,y € A with x < y
there exist functions o : A x A — [0,00), ¢ € ® along with conditions (H1), (Hz)
and (H}).
Theorem 4.3. Let A and B be two nonempty closed subsets of a complete par-
tially ordered metric space (X,d, <) such that Ay is non-empty, T : A — K(B) be
continuous multivalued mapping and for all x € A with D(x,Tx) > 0, there exist
y € A with D(y,Ty) > 0 and x < y satisfying (H1), (H2) and
¢((D(x, Tx)) — D(A, B) < d(x,y)

implies

e(d(z,y)) + F(D(y,Ty)) < F(M(z,y))
where M (x,y) is same as in (1.4), with T satisfying the following assertions:

(i) Ta C By for each x € Ay and (A, B) satisfies the weak P-property;
(ii) T is proximal nondecreasing;
(iii) there exist xo,z1 € A and y1 € A such that d(xz1,11) = D(A, B), and
Zo j xXy.

Then the mapping T has a best prorimity point.
Proof. Consider a function o : A x A — [0, 00) such that

_J L ifa=y
ol@,y) = { 0, otherwise. (4.1)

Now we show that T' is a-proximal admissible. By hypothesis (iii), there exist
o, x1 € A and y; € A such that

d(z1,y1) = D(A, B) and z¢ < z1. (4.2)

Since zp =X x1, we obtain a(xg,x1) > 1. Also by hypothesis (i), we have T'z1 C By
and so there exist xo € Ag such that

d(x2,y2) = D(A, B). (4.3)
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From (4.2) and (4.3), we have

ZTo = X1
d(xhyl) = D(AvB) )
d(xg,yg) = D(A,B)

since T is proximal decreasing, we get x7 =< x5. Thus a(x1,22) > 1. Hence T is
a-proximal admissible. Finally, suppose that

o((D(x, Tx)) — alz,y)D(A, B) < afz, y)d(z, y).
For all z,y € A,z < y, we have a(z,y) > 1 and hence we have

e(d(z,y)) + alz, y) F(D(y, Ty)) < F(M(z,y)).
That is T is Suzuki-Edelstein-Wardowski a-proximal contraction. Thus all the
conditions of Theorem holds and T has a best proximity point. (Il

Corollary 4.4. Let A and B be two nonempty closed subsets of a complete par-
tially ordered metric space (X,d, <) such that Ay is non-empty, T : A — K(B) be
continuous multivalued mapping and for all x € A with D(x,Tx) > 0, there exist
y € A with D(y,Ty) > 0 and x <y satisfying (H1), (H2) and

(b((D(.’L‘, Tx)) - D(A7 B) < d(.%‘, y)
implies
e(d(z,y)) + F(D(y,Ty)) < F(d(z,y))
where M (x,y) is same as in , with T satisfying the following assertions:

(i) Ta C By for each x € Ay and (A, B) satisfies the weak P-property;
(ii) T is proximal nondecreasing;
(iii) there exist xo,z1 € A and y1 € A such that d(xz1,11) = D(A, B), and
i) j Iq.

Then the mapping T has a best prorimity point.
Proof. If we take M (z,y) = d(x,y) in Theorem then we get the proof. a
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