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SOME PROPERTIES OF NEW MODIFIED SZASZ-MIRAKYAN
OPERATORS IN POLYNOMIAL WEIGHT SPACES VIA POWER
SUMMABILITY METHODS

NAIM L. BRAHA

ABSTRACT. In this paper we will prove the Korovkin type theorem for new
modified Szdsz-Mirakyan operators via A— statistical convergence and power
summability method. Also we give the rate of the convergence related to the
summability methods and in the last section we give a kind of Voronovskaya
type theorem for A— statistical convergence and Griiss-Voronovskaya type
theorem.

1. INTRODUCTION

We shall denote the set of all natural numbers by N. The sequence x = (x) is
said to be statistically convergent to L if, for every € > 0, the set K. = {k € N :
|z — L| > €} has natural density zero [I1], i.e. for each € > 0,

1
lim —[{k<n:|zp— Ll 2 €} =0.

n—oo
In this case, we write L = st — limx. Note that every convergent sequence is
statistically convergent but not conversely. In what follows we will use the definition
of the A— statistical convergence. Let A = (a,;) be a summability matrix and
x = (z;) be a sequence. If the series

(Az), = Z T,
J

converges for every n € N, then we say that (Azx), is the A— transform of the
sequence ¢ = (x,). If (Az), converges to a number L, we say that x is A— sum-
mable to L. The summability matrix, A, is regular, whenever lim;z; = L, then
lim,, (Ax), = L.

Let A = (an;) be a nonnegative regular summability matrix. The sequence
x = (z;) is said to be A-statistically convergent, see [12], to real number a if for
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any € > 0

nh—>Holo Z an; = 0.

Jilzj—alze

For this case we write sty — limz = a.

The A— statistical convergence is a generalization of the statistical convergence
and it is proven in the Example given in [§]. The second summability method
which is used in this paper is power summability method. Let (p;) be real sequence
with pg > 0 and pi1,p2,ps3,--- > 0, and such that the corresponding power series
p(t) =372 p;t7 has radius of convergence R with 0 < R < co. If, for all ¢ € (0, R),

f—>R p ijpj o ,

then we say that x = (x;) is convergent in the sense of power series method.
(see [16], [19]) The power series method includes many known summability methods
such as Abel and Borel. Both methods have in common that their definitions are
based on power series and they are not matrix methods (see [2],[5] [2I]). Matrix
methods are more effective than ordinary methods as shown in an example in [20].
Note that the power series method is regular if and only if

pit!

=0
k- p(t)

holds for each j € NU{0}([4]). Throughout the paper we assume that power series
method is regular.

In this paper we will prove the Korovkin type theorem for the new modified
Szasz-Mirakyan operators via A—statistical convergence and power summability
method. In the second part we give the rate of convergence related to the summa-
bility methods and in the last section we give a Voronovskaya type theorem for A—
statistical convergence.

Define the class of new modified Szasz-Mirakyan operators, [23], by

B 1 2. (ndz 4+ 1)k k
Anlfirs ) = e(ndz+1)” Z k! ! <nq(n‘1m + 1)T_1),

k=0

for x € [0,00), r € [2,00), n €N, ¢ > 0.

It is know that, see [23],

Lemma 1.1. The first few moments for the modified Szdsz-Mirakyan operators,
are:

(1) A’n(eOa'ra(bir) =1

(2) An(elaraQ7 ) =x+ =3

nq;

2
(3) An(ez,r,q,2) = (x4 75) [1 + W]
3
() Aulesreq.2) = (o4 )" 1+ ey + Gty |-
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Proof. The first fourth moments are proven in [23]. We will prove it for test function
eq = t*. After some calculation we get that

1 1 1
4 _ 3
A (% rq,x) = (x—l— qu) An (2, 2,q,7)+3 (m + nq> (

ndx + 1)7—1)

3lx+ L ! Atz q,r)+ |+ L L
nd ) (n1(ndz + 1)r—1)2°"7 & nt ) (n4(niz +1)7—1)3"
(]

The theory of Korovkin type theorems has been studied in several function
spaces, and further details reader can be found in the following papers (see [1],[3]
ol 6L 7], [9], [I0], [14], [15], [I1,[18], [20], [21], [22] ).

In what follows we define the following power series for sequence of operators A,

1 o0
lim —— An f,T,q,Jﬂpntn:L fara%xa
tﬁR*p(t); ( ) ( )

and say that the sequence of operators, A,,, converges in the sense of power series,
to L, for every t € (0, R), if this series converges.

2. MAIN RESULTS

In this section we obtain a Korovkin type theorem for the new modified Szasz-
Mirakyan operators and then A— statistical convergence of the new modified Szdsz-
Mirakyan operators to the identity operator.

In what follows we will prove the standard Korovkin type theorem for the new
modified Szédsz-Mirakyan operators. With C),([0,00)) we will denote the space of
all real valued functions f continuous on [0,00) and such that w,f is uniformly
continuous and bounded on [0, 00), where wy,(z) = (1 + 2?)~!, p > 1, and norm in
C, is defined by formula([5]):

Fllp = sup wp(@)[f ()],

z€[0,00)

With B([0, R]) we will denote the space of all bounded functions defined in [0, R].

Theorem 2.1. Let f € Cp([0, R]), for any finite R and A, sequence of positive
linear operators from C,([0, R]) into B([0, R]), such that for every i € {0,1,2}

||An€z — ein = O7 (2.1)
where e; = x*. Then for any f € Cp([0, R])
[Anf = fll, = 0. (2.2)
Proof of the theorem is similar to that given in [§] and for this reason we omit
it.
The Korovkin type theorem for A— statistical convergence was given in [10] as

follows:

Theorem 2.2. Let A = (ay;) be a nonnegative reqular summability matriz and let
(Bj) be a sequence of positive linear operators on C[0,1], such that for i = 0,1, 2,

StA — lim ||Bjel—el|\ =0.
n—00

A, (P, 3, q,7)+
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Then for any function f, f € C|0,1],
sta — lim [|B;f — f|| =0,
n—oo
where || f|| = maxo<e<1 | f(2)]-

Based on this theorem, we give the following result for the new modified Szdsz-
Mirakyan operators.

Theorem 2.3. Let A = (an;) be a nonnegative reqular summability matriz and let
(A) be a sequence of positive linear operators on C|0, R], for any finite R, such
that fori=1,2
stg— lim ||Ane; — e, =0,
n—oo

where e; = x'. Then for any f € C[0, R)
sta — lim ||A,f — f|l, =0.
n— oo

Proof. From Lemma 1.1 we have:

1
[|Aper —e1]] < ‘n‘l‘ —0, as n— oo,

1
1+ ——— ||| =0, — 00.
|G v ) (g ) oo o

From these relations it follows that

and

|[Anes — ea|| < H

StA —limHAneg — €2Hp =0.
[

Following Example 1.1 in [8] we can prove that the following sequence is not
statistically convergent but it is A— statistically convergent.

Example 2.4. Define the operators
Pn(.f7 "4, 33) = (1 + .Tn)An(f, rq, x)a

where the sequence () is given as follows:

ﬁ; k=m?-m,--- ,m?—1
(1) = moeres k=m*me N\ {1} ;
0; otherwise

then the following relations are fulfilled
Pn(e()v "4, SU) = ]-7

1
Pn(elvrafbx) :1‘+§

and
Py W o P
n\€2,7,¢,T) = (X nl (Tlll'+1)r .
By Theorem 2.3 we obtain
sta —lim||Pyf — f|| =0,
n
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but the operators P,(f,r,q,x), do not satisfy Theorem 2.1.

Remark. Consider the case where ¢ = 1, then the sequence (x,,) does not converge
statistically, nor converges. As an example consider the second order Cesdro matriz.

ECESE
A= (ank) = { (n+1)(n+2)° 0<k<n

)

0; k>n
where
0 < lim Z Gnp = lim Z Ak =
kil —al>e k=m?—m,---,m?—1
k:mZ;mEN\{l}
2 2 nn+1)

lim——[1+---+n| <lim . =1.
n (n+1)(n+2)[ I= n (n+1)(n+2) 2

This proves that x = (x,,) is A— statistically convergent and the following relations
are fulfilled
Pn(e()v T, q, (E) = ]-7

1
Pn(elaraqvx) =+ Ea

1\? 1
Pn(ez,m,q,m) = (x+n1> {1+(nl:v+1)’“] :
By Example 2.4 this shows that P, (f,r,q,x), does not satisfy Theorem 2.1.

Now we will prove the Korovkin type theorem for the new modified Szasz-
Mirakyan operators, by power series method. It is known that Korovkin type
theorems are proved by the Abel summability method (see for example [18], [22]).
B0, 00) will denote the space of all bounded functions on the interval [0, c0) and
with C]0,00) we will denote the space of all continuous functions defined in the
interval [0, 00).

Theorem 2.5. Let (A,), be a sequence of positive linear operators from C|[0, R]
into B[0, R], for any finite R, such that for every i € {0,1,2}

1 oo
lim — Ape; —e;)pat™|| = 0, 2.
i o0 nz:%( n€i — €;)pnt 0 (2.3)
where e; = x'. Then for any f € C[0, R)
m —— A, f = Ppat”|| = 0. 2.4
Jm nEZO( f—=Ffp (2.4)

Proof. Tt is obvious that follows relation . Now we will prove the converse,
that relation is valid, and we will prove that relation is valid, too. Let
f € C[0, R] then there exists a constant K > 0 such that |f(¢)| < K for allt € [0, R].
Therefore

[f() = f(x)| <2K,  tel0,R] (2.5)
For every given € > 0 there exist a § > 0 such that
lf(t) = f@)] <€ (2.6)

whenever [t — x| < ¢ for all t € [0, R]. Let ¥ denote v = ¥(t,x) = (t — x)%. If
|t — x| > 0, then we have:
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2K
|f(t) = f(z)] < 52
Now from relations (2.5))-(2.7)), we get

70— F(@)] < e+ 2t o).

Y(t, ). (2.7)

Respectively,

2K 2K
€T ST (t,x) < f(t) = f(z) < 57 (t,z) +e.
Applying the operator A, (1,r,q,z) to this inequality, since A,(1,r,q,z) is mono-
tone and linear, we obtain:

A, (1,7, q,x) <e - 2;;#;) < A,(Lr,q,2) (f(t) — f(x) < An(1,7,q, ) (26[2(1/) + e) =

K K
%An(¢(f)7r7q,x) < Ap(f,2)—f(2)An(1, 1, q, ) < %An(w(t),r,q,w)+eAn(1,r,q’fv)-

7614"(1, r4q, 1')7 5
(2.8)

On the other hand
An(fa Ta(Lx) - f(I) = An(fa T,q,l’) - f(I)An(l,T,q,I) + f(x)[An(l,r,q,x) - 1]

(2.9)
From relations (2.8) and (2.9) we have:
2K
An(f7 T,q,.f) - f(x) < 5721411(7#@)77"7(1@) +€An(17 T, Q7x) +f(.f)[An(1,T,q,$) - 1]
(2.10)

Let us now estimate the following expression:
An(p(t),r,q,x) = An((x—1t)% 7 q,1) = Ap((2* — 22t +t2),7, ¢, 1)
szn(la T, q, l') - 2.’,13An(t, r,q, Z‘) + An(t2a r,q, J))
Now, from the last relation and (2.10)), we obtain

An(f) r,q,x) - f(x) < 2572({1‘2[1471(1,7“,q7$) - 1] - 2$[An(t,’l“, q,x) - J?}

+[An(t23 T q,x) - xQ]} + EATL(17T7QVI) + f(l')[An(l,’/‘, q,x) - 1]
= 6+€[An(1,7“,q,$)—1}+f(l')[An(1,7',q,£L')—1]+

2K
—I—W{xQ[An(l,r,q,x) — 1] = 2z[A,(t, 7, q,2) — 2] + [An (2,7, q,2) — xQ]}
Therefore,
2K R?
Alfras) = F@] < et (e K+ 250 ) AL, 1
4KR 2K
+7|A’n(tu r7q7x) - $| + 5T|An(t27r7 q,fE) - x2|’

Taking into consideration properties of the weight function, w,(x), and the above
relations, we obtain:
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‘A’ﬂ(t27 T, Q7x) - 372‘,

2K R?
wp(@)[An(fir,q,2) = f(@)] < € wp(@) +wp() <€+ K+ 62> |An (1,7, q,2) — 1
4KR 2K
+Wp($)§72|14n(t77"7q755) — x|+ Wp(l")y
which leads to
1 || 2KR?\ 1 ||
LS (An(forgr2) — F()put” §e+(e+K+2) LS (A1 g, 2) — )t
p(t) n—0 J p(t) n=0
4KR 1 || W 2K 1S ) o m
672% nZ::O(An(tﬂﬂv Qaz) - ZE))pnt +572W ;(An(t 7T7Q7a:) -z ))pnt H .
Now we get relation (2.4), from last relation and relation (2.3]). From this we get
(2.4) with use of (2.3) O

3. RATE OF CONVERGENCE

In this section, we study the rate of the A—statistical convergence for the new
modified Szasz-Mirakyan operators and power summability method. We begin by
presenting the following facts:

The modulus of continuity, for a function f(z) € C([0,0)), is defined as follows:

w(f,0) = sup [f(z+h)— f()].

|h| <6

It is known that for any value of the |z — y],

@) - )l < wir.0) (F52 1)) (3.1)

We have the following result:

Theorem 3.1. Let A = (a;;), be a nonnegative regular summability matriz with
f € C[0,00). If (o) is a sequence of positive real numbers such that w(f,d,) =
sta —0 (o), then

[[Anf — fll = sta — 0(an),

2
EN® k 1
5nsup{<<nq) +x ) 721'%1477, <<’I’Lq.’E—i—1>T—17r7q’x>} ’

for any positive integer n € N.

where

Proof. Let f € C[0,00). Taking into consideration the linearity and positivity of
A, f, and relation (3.1)), we have

o0

k

nd(ndz+1)7—1

+

— T

rk
AulFr.0.0) 1 < AT O F @) r0.2) < e S I s gy 14

k!

and, by use of Lemma 1.1, we obtain

11 = (n9z 4 1)k k
A —fl < 1+ -
‘ n(f’ T,q,l‘) f| — OJ(f, 6) + 5 e(nqw+1)r kgo k,] TLq(Tqu + 1)7‘71

— T

|

<

0
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ke
nd(ndx 4+ 1)1

w(f,9) [14—(1;14”( T ,r,q,ac)-.

Applying the Cauchy-Schwarz inequality, to this expression, we get

1

k 2

On the other hand, based on Lemma 1.1, and definition of the operators A, (f,r, q, ),

we have this estimation
2 B ]4} 2 A 1
T4, T - nd n (’I’Lq.’E+ 1>2(T_1)aTaQ7x -

A ( i
%iAn <<1>T_17r7qax) +x2An(1,r,q,x)

8
o

|An(f,r,q,a:)—f\ Sw(fv5) 1+% (An<

— T

ni(ndx + 1)1
nd nix + 1

2
kN, k 1
< — —2r—A, | ———
_sup{((nq) +ac> an n((nqurl)’“l’r’q’x)} ,

for every x € [0,00),7 € [2,00),q > 0,k € N. Taking

2
kN, k 1
On sup{((nq> +x> T n<(nqx+1)rl,r7q,x>},

Therefore, for every € > 0, we get the relation

1 1
o Z anj < 07 Z Q-

" Anf—fl1>e 2.w(f,8n)>¢

we get

From conditions given in the theorem, we have

HAnf - f|| =sta— 0(a71)~
U

In what follows we give the rate of convergence for power summability method.

Theorem 3.2. Let f € C[0,00) and let ¢ be a positive real function defined on
(0, R). If w(f,v) =0(¢), ast — R, then we have

o0
Z A n€i — pntn

ast — R~, where the function ¢ : (0, R) — R is defined by relation

2
Mp{ ()1

=0(9),
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Proof. Let f € C[0,00). For any t € (0, R), x € (0,00) and § > 0, we have

o0

Z [An(f7 T, q,x) - f(l')]pntn

n=0

S Z A”(|f(t) - f($)|77"aq7$)pnt" <
n=0

nd(niz+1)7—1 :17‘

00
ZATL w f7 5 5 7T7q’x p7ltn§
n=0

ZA”<<1+ ])w(f,é),r,q,x) Prt"”
n=0

> (#171 - x)Q -
<w(f,6) Y A, [ 1+ ”(;2 g | pat” S w(f,0) D Anleo(t),r, ¢, x)pat"+
n=0

n=0

k
nd(ndz+1)7—1

0

— T

f) & k ’
ALy 4, <(n<m+1> 1) ’T’q’x>p"tn:p(t)w(f’6>+

w(f,9) k ’ S
52 Sup{An <(nq(nqx—|—1)T—1I) T q, T n:opnt

=pt)w(f,9) + w((J;z, %) sup {An <(n’1(n‘1xk—|—l)” - x) ,Ts q,x> }p(t).

If we take § = v, from last inequality we obtain:

1 o0
0< — D" (Anf = Fpat"|| < 2w(F,0),
p(t) ||=
which proves the theorem. ([

4. VORONOVSKAYA THEOREM

In this section we will prove the Voronovskaya type theorem for new modified
Szész-Mirakyan operators via A— statistical convergence. First we give the follow-
ing, see [23],

Lemma 4.1. The first three central moments, for new Modified Szdsz-Mirakyan
operators are:

(1) An((t - m),r,q,w) = %’
(2) An((t =) 7.0.2) = 77 |1+ s |

(3) An((t — 1')377”7 an) = ﬁ {1 + (nqul)r—2 + (nqz+11)2r—3} )

and we have to find
An((t— a:)4, T q, ).
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Proof. Proof of the central moments till third order are given in [23]. We calculate
the fourth order central moment, and after some calculation, we obtain

1\* 3 1
A 4 = — 1
n((t—=2)% 7, q,7) <f5+ nq) { + (niz + 1)T * (niz + 1)2’“] i

1\3
3 — 1+
<x+nq> nqnqx—i—lTl[ nqm—i—l _+

3(“;q>2<nq<nqxl+1>”> ( * 1)*(“ ><q<nqwil>ﬂ>3‘

O

In [23] Walczak proved the Voronovskaya type theorem for the new modified
Szész-Mirakyan operators which is stated as:

Theorem 4.2. Let f € CV and let r € [2,00) be fived number. Then
lim n?[A,(f,r.q.2) — f(@)] = [ (2),

for every x > 0.

In what follows we will show that the Voronovskaya type theorem can be ex-
tended to A— statistical summability method for the new modified Szdsz-Mirakyan
operators. Let us consider operators P, from Example 2.4. We first prove the
following.

Lemma 4.3. For every xz € [0, R], for any finite R, we have
n?1P, (®*) ~ 8x(sta) on [0,00),
where ®,(y) = (y — x).

Proof. Proof of the Lemma follows directly from Lemma 4.1 and Example 2.4, for
this reason we omit it. (I

Theorem 4.4. Let f € C[0,R], for any finite R, such that f,f" € C[0,R] and
x € [0, R]. Then

n?[Pof = fl ~ f (z)(sta),
on [0, R].

Proof. Let us suppose that f, f" € C[0,R] and z € [0, R]. By Taylor’s expansion
we have:
’ 1 "
F) = f@) + (= 2)f (@) + 50 —2)*f (@) + (y = 2)*0(y — ), (4.1)
where ¢¥(y — z) — 0, as y — ¢ — 0. From Lemma 4.1, we obtain

"

Pu(f1,2) = (L) f(@)+ (1) (@) A=), 70,20 () T2 40 (), 7,0,
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This yields

niP,(f) = ni(14z,) f(2)+n(1+z,) f (z) (nlq>+nq(1+xn)

+nq(1 + xn)An((y - x)Qt/}(y - l’), T4, 1')7
as well as

WIP(Frav) = @) = £ @) < bt + CEm . (14 )+

nd(1+ xn)An((y — 2)*0(y — 2),7,9,2),
(4.2)

where M = ||f||, My = ||f'|| and My = [|f"]].

Now we have to prove that

lim nqAn(<I>2¢(y —x),r,q,z) =0.

n—oo
Applying the Cauchy-Schwarz inequality to n?A,, (92 (y — x),r, q,x) yields
9 A (@2 (y — 2),7,q,7) < [n27A, (2% 7, q,2)] - [An (¥, 7, q,2)]7. (4.3)

Also, by putting 7, (y) = (¢¥(y — x))?, we see that n,(xr) = 0 and 7,(-) € C[0, R].
Clearly it follows that

An(ng) = 0(sta) on [0, R]. (4.4)
Now from relations (4.2)), (4.3)), (4.4) and Lemma 4.3 , we obtain
n?A, (d%Y(y —x),r,q,x) — 0(sta) on [0, R]. (4.5)

From the definition of the sequence (z,,), it follows that
n?z, — 0(sta) on [0, R].

For a given ¢ > 0, we define the following sets:

A = |{n:|prPatraw) - 1@ - £ @) 2 €} (4.6)
€
= : Ind? > — .
Ay {n |n a:n|_3M} , (4.7)
€
A = {n s ntedn((y - )%y - 2).r0,2) = <} (4.8)
€
Ay = |{ni it an(y - 020 - 2) a0l = S} (49)
From these relations we obtain:

A< A+ As + As. (4.10)

The desired result follows from relations (4.2)), (4.6)-(4.9) and (4.10). O

Remark. Since the sequence x = (xy,), given in Example 2.4, is not statistically
convergent we conclude that the operators (Py), defined in Example 2.4, do not
satisfy Voronovskaya type theorem given in Theorem 4.2.
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5. GRUSS-VORONOVSKAYA THEOREMS

In this section we will show some kind of Griiss-Voronovskaya type theorem for
the new modified Szdsz-Mirakyan operators. This kind of Theorem, was first seen
in [I3]. In what follows we give the Theorem in the usual sense and then in A—
statistical sense.

Theorem 5.1. Let f (x),9 (), (fg) (z) € C[0,00). Then

o

lim nq[An(fg,r,q,J;) - An(f7T7Qa‘r) : An(g,r,q,x)] = f g .

n—oo

Proof. By simple calculation we see that
nq{A”(fg7r7 q, ‘T) - An(f7 4, ZE)An(g7’I"7 q, .13)} = nq{An(fg,r,q,x) - fg - (fg),_

g(SL‘)[An(f, rdq, x)_f_f,]_An(fv rdq, m)[An(ga rdq, x)_g_g,]+g/ [f(x)_An(f’ "4, $>]}

The reminder of the Theorem follows from Theorem 4.2. O

Now we will prove this theorem in the sense of A— statistical convergence for
sequence P, (f,r,q,x) defined in the Example 2.4

Theorem 5.2. Let f (z),g (), (fg) () € C[0, R], for any finite R. Then

hm nq[Pn(fg,T7 CI7$) - Pn(f7 7’7(]755) : Pn(g,T, q7$)] ~ f/g/ (StA>

n—oo

Proof. After some calculation we have:

W (Pa(f9: 7.0, 2) = Pa(f7.0,2)-Palg, 7,0 2)] = n* [Pu(fg.7.0.2) = fo() = (fg) ()] -

nig(@) |Pa(f.r,q.0) = f(@) = £ @) =nPu(f7.,2) [Palg.r.q,2) — g(2) — g (@)] +
9 @) [f(@) = Pu(f.r .2
From Theorem 4.4, we get
nt [Pufg,ra.2) = fo(a) = (f) (@)] ~ 0(sta) (5.1
wig(@) [Pu(fr.a,2) = f(2) = £ (@)] ~ 0(sta) (5:2)
WIPu(f,7,0,2) [Palg,7,0,2) = 9(w) = g'(2)] ~ O(sta) (5.3)
as n — oo, for z € [0, R].
On the other hand,
n[P,(f,r,q,2) — f(z)] ~ f, as n— oo. (5.4)
The reminder of the poof of Theorem follows from relations (5.1)-(5.4). 0
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