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AFFINE DIFFERENTIAL INVARIANTS OF A CURVE IN THE
PLANE

UGUR GOZUTOK, YASEMIN SAGIROGLU

ABSTRACT. This study focused on the concept of arc length and curvature, be-
ing affine differential invariants of a curve in the plane. The Lie transformation
groups theory implementing affine differential geometry was associated with
these concepts in order to obtain the invariants by means of group operators.

1. INTRODUCTION

Affine differential geometry assume a significant importance in the field of ge-
ometry. Affine differential geometry, as a branch developing out from the classical
differential geometry, was introduced in the early 1920’s and, most notably, W
. Blaschke is known as one of the primary contributors extending this field as a
separate branch of study following his seminal study [7] in 1923. This was to be
shortly followed by the important contributions of G. Fubini and E. Cech to the
newly advancing field [2]. In addition to these studies, Felix Klein’s Erlangen Pro-
gram further stirred the new research areas hinted at by affine differential geometry
through which Klein postulated a method for characterizing geometries based on
the group theory.

Research proposals focusing on affine differential geometry attracted a significant
amount of attention from numerous mathematicians since the beginning of the latter
half of the 20th century. P.A. Schirokow in 1962 and S. Buchin in 1983, for instance,
published two very influential papers [5] [6] in the field. Their seminal studies
established the curve theory within the affine group alongside with its subgroups.
Additionally, in 1994, K. Nomizu and T. Sasaki introduced affine immersions to
the growing field [3]. These advances were followed by the recent incorporation of
the equivalence of parametric curves by means of differential variants, with respect
to the 2012 study published by Y. Sagiroglu [10].

In affine differential geometry, the bulk of the research focus is on the curves and
their invariants such as the curvature and the arc length. Obtaining invariants like
these can be done through numerous methods that were previously demonstrated
elsewhere [I, 4, 8, @]. In [5], most notably, Schirokow demonstrates a method to
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calculate the curvature and the arc length of a planar curve with respect to the
geometry of affine group and all associated subgroups.

In this study, we would like to demonstrate the steps in obtaining the curvature
and the arc length of a curve in the plane through the geometry of affine group and
associated affine subgroups with the aid of operators postulated in the Lie method
for the solution of differential equations invariant under transformation groups, or
in other words, the Lie transformation groups theory.

2. ON LIE TRANSFORMATION GROUPS

In this section we would like to introduce some basic definitions and calculations
from [5] regarding Lie transformation groups.

To start with, in an n—dimensional space, we denote the coordinates of a point x
as ri,Ta, ..., Ln. In this space, the definition of a transformation which transforms
T to x' is

T, = @i(r1,T2, .., Tpj a1, a2, ...,ar), i=1,2,...n (2.1)

where the functions @; are analytic functions depending on z; and a,, @« = 1,2, ..., 7.
The variables a, are called the parameters determining the transformation .
If there is no relationship between the parameters, that is,if the number of the
parameters cannot be decreased any further, then the parameters are called the
independent parameters or the principal parameters. Therefore, the set of images
described in is defined as r—parameter family. If we denote the transformation
with Ty, then the equation becomes

¥ =T,x. (2.2)
Definition 2.1. The r—parameter family of the transformations (2.2)) is called

r—parameter Lie group, if the following requirements hold:

i. The product of any two transformations in the family belongs to family.
ii. For any transformation, there exists an inverse transformation within the
family.

In , if we replace the parameters a, with the product c¢,dt where ¢, are
arbitrary constants and dt is an infinitesimal multiplier, then we end up with a
transformation which transforms z to a point z’ in a neighbourhood of z. This
transformation is called an infinitesimal transformation of the group and is defined

by the as:
r 5‘301
[ E
T; = Ty + ~ <aaa)o Ca(st (23)

where <ga‘pi) are obtained via substituting the parameters of the identity trans-
«/0

formation with the terms gfi . We also denote (gf") with & (z).
[e3 « 0

Definition 2.2. The operators of which associated coefficients are obtained by in-
finitesimal transformation of the group are called the infinitesimal operators of the
group and are expressed as:

Xazf(i(a:)a%, 1<a<r. (2.4)

S
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By incorporating linear combinations of the infinitesimal operators, we can rewrite
the infinitesimal transformation (2.3]) as

z, = x; + (caXaz;)ot. (2.5)
Proposition 2.3. Any r—parameter Lie group has r infinitesimal operators.

Example 2.4. Consider the equi affine group in the plane. Transformations of the
equi affine group are as follows:

a; b
az by

z1 = a1z + by + cu,
Y1 = a2z + bay + c2,
Since the determinant equals to 1, one of the parameters can be eliminated. Hence,
the equi affine group is a 5—parameter Lie group. The 5 infinitesimal operators of
this group are as follows:
0 0] 0] 0] 0 0
%, —@, Xg—y%7 X471‘87y7 X5—I’%f 87y

Now, consider an arbitrary r—parameter Lie group in the plane:

=1

xr1 = fl(‘ray;ala "',a’l“)a

2.6
Y1 :fQ(xﬂy;alw'waT)' ( )

In this group, assume that the curve y = y(x) has continuous derivatives up to
the order (r — 1). If we take the terms x1,y1, 91, ...,ygr_Q) as transformed points,

then we end up having the following equation system:
T = fl(may;ah "'7a’l‘>7
Y1 = f2(337y§a17 "'70'7')7
yi :f3(x7y7y/;a17"~7a7")7 (27)

(r—2)

-2
ygr ) :f’r(‘r’y7y/7"'7y ;a'lv"'va”r‘)'

The equation system (2.7 is called generalized group equations of the group.

The n—tuple that consists of the terms x1,y1, 91, .., ygr_Q) is called the element of

order (r — 2) and is denoted by e. Since the functions in the equation (2.6)) are
analytic functions, we obtain:

a1 = aq(e,e1),....,ar = ar(e,e1). (2.8)

By differentiating the coordinates, through, we also derive:

_Of of1
dr, = o dx + By dy,
_0f2 df2
dy, = o dx + By dy.

Incorporating equations ([2.8]) within the above equation system, we get:

dzy = Bi(e,e1)dz + Ba(e, e1)dy,
dy1 = v1(e, e1)dx 4 y2(e, e1)dy.
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Fixing the terms dx1,dy;, e, does not alter the equation . If we use the
equations [1(e,e1) = Ai(e),B2(e,e1) = Aa(e),v1(e,e1) = pi(e),y2(e,e1) = uale),
then we derive the following differential forms:
w1 = A1(e)dz + Az (e)dy,
wy = pa(e)dz + pa(e)dy.
Furthermore, since dy = y'dz, we also derive the following equations:
wi = [A1(e) + A2(e)y’]dz = \e)dx,
ws = [j1(€) + pa(e)y/lde = pu(e)da.
Quotient of the coefficients in the above equations is an invariant of the group that

depends on only e. By means of this invariants, an invariant form w = w(e)dz can

be defined.

Definition 2.5. The invariant form mentioned above is called the arc element of a

curve in the geometry of r—parameter Lie group and is expressed as ds = w(e)dz.
Now let us consider the differential of the term ylr_Q)

equations (2.7)):
dygr—Q) _

in the generalized group

ofr ofr ofr ofr _
d d (r—2)
O X + 8y ay/ 6y(r72) Y

If we incorporate equation ([2.8)) in the above equation, we get:

dy + =—dy + ...+

dyy_m = (e, e1)dz + az(e, e1)dy + ... + ay (e, e )dy ™).
Additionally, if we adjust e;, we derive the following differential form:
o1 (e)dz 4 az(e)dy + ... + ap(e)dy™2).
Moreover, since dy = v'dz,dy’ = y"dz, ..., dy"=2 = y("="Ddz, we obtain the fol-
lowing invariant form:
[a1(e) + aale)y + ... + ap(e)y" Vda.
The above invariant form can be written shortly as:
[a(e) + B(e)y"V]da.

Definition 2.6. The differential form obtained by dividing the above mentioned
invariant form by the arc element is called the curvature of a curve in the geometry
of r—parameter Lie group and is denoted by k = a(e) + B(e)y"b.

Example 2.7. Consider the equi-centro affine group in the plane. Transformations
of equi-centro affine group are as follows:
1 =z + by,
Y1 = agx + bay,
FEqui-centro affine group is a 3—parameter Lie group. Let us take a curve that
has continuous derivatives up to the order 2. In this case, the generalized group
equations are obtained as follows:

ap by

a9 bg =1L

z1 = a1z + by

Y1 = a2 + bay
, as + by’
h=—"—~F"7

ar + by
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Following the elementary calculations, we yield the formula for equi-centro affine
arc length of a curve in the form

ds = (zy’ — y)dz.

Now, we need to focus on the differential of y;. We have

/!

__Y

ry =y
and dividing this invariant form by the arc element (vy — y)dx, we obtain equi-
centro affine curvature of a curve as follows:

dyy

dx,

1
- Yy
k= ——= 5
(Y’ —y)
3. GROUP OPERATORS METHOD FOR CURVATURE AND ARC LENGTH

We know that the r infinitesimal operators of an r—parameter Lie group in the
plane are as follows:

0 0
szfpa—x—&—npa—y, p=12..r (3.1)

Definition 3.1. Generalized form of order (r — 1) of an infinitesimal operator is
defined by

0 0 0 0
(r=1) _ / (r—1)
X, =¢, o + npay + n”é)y’ +...+7, 3y (3.2)
where

, dn, dE,

P~ dx dz’
e,
P dz dz’

(r—2)
P/ Y L)
P dx dx

We know from Definition (2.6) that the curvature of a curve in the geometry of
an r—parameter Lie group assumes the form k = a4 fy"~Y. The image of this
equation under the infinitesimal transformation is expressed as

ok b 8B .
=00 9 eon 4 gpir-n — g (3.3)

5t o6t Ot

. dntr=? d .
where 7],(, - TIZT — y(’”*l)g. After 77,() D g calculated, we simplify the

equation into
77/()1“71) — ,ypy(rfl) + 5/).
Placing this equation within the equation (3.3]), we get

sa 1,68
oo (r—-1) 9P _
5 + 86, +y (5t+ﬂvp) 0.
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Above equation gives us the following equation system:

op
5t + /B'Yp =0
(3.4)

0% 4 45, =0

St P
We begin with the first equation of the system (3.4):
68 _ 0lnp _ Olnp olnp alnp onB  (,_o) B
ot +ﬁ7p_ ot +7 = o €p+ Ay Mp ay’ Mo+ .o+ UP +7,=0

gy
where p = 1,2, ...,7. Also, since

olnp olnp alng ., olnp
d d d
B T + oy Y+ By Yy +...+ By—2)
we have r + 1 equations. Depending on the consistency of this equation system,
the following equation also holds:

dy"=? —ding =0,

& momo..om , 7
& m Moo néri) 72
Lo L =0
& omon oYy
de dy dy ... dy"=2 —dinp
By using elementary determinant properties, we derive from the above equation:
r—2
& omoom s 2) M
L8 m 1 sy
ding = — | : : : : : 3.5
nB N . (3.5)
& one M Vr
de dy dy ... dy"=2 0
where
r—2
&omom 77% 2;
/ r—
S (36)
. 2
& oo m oo
Similarly, for the second equation of the system ([3.4)), we have:
r—2
& omoom i 2) 1
5 & momh . on Y
dao=—|: : S : : 3.7
a=hlo i (37)
& one M M Sy
de dy dy ... dy"=2 0

Finally, from the equations and , we can obtain the curvature formula
of a curve in the geometry of an r—parameter Lie group via group operators.

Now we focus on the arc length formula. For this, first of all, we know from
Definition that the arc length formula of a curve in the geometry of an
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r—parameter Lie group has the form:

s = /ga(x,y,y’, ...,y(rfz))dx.

By using the equations dz = £,dt and dy = n,dt, and if keeping in mind the image
of the above equation under the infinitesimal transformation, we obtain for the
right-hand side

dp  d&y
s+/(5t+ —=)dzt.

1) d€s

Since the arc length is a group invariant, 6—;0 + gpdi = 0. Hence, we get

S d§o  op  d&y  Olng Olny dlny

ot " Ydx T 6t dr 8x€a+ Oy 77a+a,77a

6ln§0 (7‘ 2) dé-a o
+"'+a(r2 +dx_0.
Following this step, consider
ol ol ol ol

Pir+ Ty + C a0y 4+ qy(m2)  dlng = 0.

Ox dy oy’ Ay(r=2)

Moreover, consistency of these r + 1 equations necessitates that the following de-
terminant equation should also hold:

a m o omoon? Zfl
2 Mmoo oMmy o .. Uérd) é
dx
D=0
& me om es 7757’_2) %
de dy dy ... dy"=? —ding

By using the determinant expansion, then, we derive the following equation that
lets us obtain ¢:

e d
& omoom " “L
/ (r—2) gg?
. S M ony .. My I
dingp = NE : C : : (3.8)
' oy dE,
& mpom o g -
X
de dy dy ... dy"=2 0

where A is identical to the term expressed in the equation ([3.6)).
Finally, we now can calculate ¢ with the arc length formula given for a curve in
the geometry of an r—parameter Lie group.

4. APPLICATION TO AFFINE GROUP AND IT’S SUBGROUPS

4.1. ”’k” and ”ds” in the Geometry of Equi-Centro Affine Group. Equi-
centro affine group in the plane is determined by the following transformations:

a b
c d

r1 = ax + by,
Y1 = cx + dy,

-
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This stands for a 3—parameter Lie group. Therefore, the associated 3 infinitesimal
operators are

9 ,9 ,9_.9
Yor oy’ oz y@y'

0 0
Taking any operator in the form X, = §p8— + npa—, we obtain the coefficients £,
€ Y

and 7),:
S&1=1y, m =
52 = 07 N =2
53 =, 3= -y,

Additionally, the generalized form of the second order is expressed as

0
x/ —¢ 2 o 1 9 "
p =& Oz +1p By + 1 By’ o "

The coefficients of the generalized operator are also derived from the formulas in

BD):

m =y n = -3y'y"
=1 ny =0
ny = =2y g = —3y".

Therefore, from equation (3.6 we obtain:

y 0 —y?
A=[0 2o 1 |=( -y’
r -y =2

and relying on equation (3.8]) we get:

y 0 =y
1 0 =z 1 0_ ,
dinp = Gy =Pz —y -2y 1| din(zy' — y)
dv dy dy 0

hence ¢ = 2y’ — y. The equation that we obtained gives us the arc length formula
of a curve in the geometry of equi-centro affine group:

ds = (vy’ —y)dz. (4.1)
Let o represent the position vector of a point on the curve,where for any pa-

ds
rameter t, the derivative of s with respect to t would be — = §. Taking this into

account for parametric curves, equation (4.1) can be expressed as
§$=(005). (4.2)

Here, (0d) denotes the determinant of the position vectors o and &.
Now we move on to the curvature formula. The first step is to calculate the
coefficients of ) = v,y" +0,, to be followed by the equations (3.5)) and (3.7). Since
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1,01

n! = =3y'y",ny = 0,15 = —3y", we get the coefficients v, and J, as follows:

= -3y, §1=0
Yo = 0, 0 =0
Y3 = —37 53 =0.

From (3.5)),

1 0 T 1 0 1
dinf= ——— =din | ———
=g e —y 2 -3 ”((xy'y>3>

following which we get 8 = 1
(zy' —y)?
From ,
y 0 —y* 0
do — # 0 T 1 0
@y =y |z —y -2 0
de dy dy' 0

where we have o = 0. Finally, we yield the curvature formula for a curve in the
geometry of equi-centro afiine group as

k= (xy,yiy)S (4.3)

Let o represent the position vector of a point on the curve. For any parameter
t, equation (4.3) can be expressed as

o)

G

(00)

(4.4)

4.2. ?k” and ”ds” in the Geometry of Centro Affine Group. Centro affine
group in the plane is determined by the following transformations:

a b
cd#o'

This group is a 4—parameter Lie group. Therefore its 4 infinitesimal operators are
as follows:

r1 = azr + by,
y1 = cx + dy,

o 90 0 9
or Yo’ oy’ yay'

The coefficients of the infinitesimal operators are as follows:

X

&1 =, m =0
&=y, ny =10
£ =0, N3 =2z
§4=0, Ny =Y.
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Following this step, the coefficients of the generalized operator are derived as

m=-y n = —2y" n' = —3y"
=~y ns = —3y'y" ' = —3y" —4y'y"
=1 5 =0 5 =0
=y ny=y" ny =y
Therefore,
z 0 —vy —2y"
0 _y/2 _Sy/y// " , )
A=Y =2 —y)2
0z 1 0 y'(zy —y)
O y y/ y//

At this point, the arc length formula is obtained:

x 0 —y =2y 1
1 y 0 -y =syy 4y AR
A At VR I ! 0 zy =y

de dy dy dy" 0

Following that, the arc length formula for a curve in the geometry of centro affine
group can also be expressed as
y//%
ds = ———dx. (4.5)
; 1
(xy —y)2
Let o represent the position vector of a point on the curve. For any parameter
t, equation (4.5)) can be expressed as

[N

s = (66) . 4.6
(00) (4.6)

For the curvature formula, the coefficients o and [ are as follows:

N

x 0 -y =2y =3
2 7 /
1 y 0 =y =3yy" -4y ' )h
- - 0 y y/ y// 1 Y2
dr dy dy dy" 0
where
1(zy —y)?
5= 5( y 3y) .
2y//2
x 0 -y =2y 0
N y 0 _y/2 _3y/y// _3y//2 _3$y”§
A 0 Yy y/ y// 0 2(xy —y)2
dv dy dy dy” 0
and, therefore,
i

-

2 (xy —y)2
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Drawing on equations hitherto, we express the curvature formula of a curve in the
geometry of centro affine group as

1 (,’L‘y/ - y)% m 3 _3-75y”%

k== . - = . 4.7
2 ot T 2y ) o
By parametrizing of the equation (4.7]) with ¢, we yield the curvature formula
)= LL09)" {(d&) - 3("")(,”")} . (4.8)
2(66)2 (00)

4.3. ”’k” and ”ds” in the Geometry of Equi Affine Group. Equi affine group
in the plane is determined by the following transformations:

r1=ar+by+e, |a b
yp=cx+dy+f, |c d
This group is a 5—parameter Lie group. Therefore, its 5 infinitesimal operators are:
0 0 0] 0 0 0
pr Yar xa—y, m%—yﬁ—y.
The coefficients of the infinitesimal operators are as follows:

=1.

& =1, m =0,

£ =0, n2 =1,

&=y, ns =0,

§a=0, N =T,

&=u, N5 = =Y.

Following this, we derive the coefficients of the generalized operator:

m=0, =0, ny’ =0, " =0,
my=0, 5 =0, ny' =0, ns! =0,
Wy=—y? 0 =3y, =-3y"" —ayy", nf = —10y"y" — 5y'y®
m=1,  nf=0, ni =0, ni" =0,
ms =2y, ny=-3y", i =—dy”, st = —5y®.

By using above terms, we obtain the arc length formula of a curve in the geometry
of equi affine group as

ds = y”%dx. (4.9)
Following parametrization, we rewrite the formula as
§=(65)5. (4.10)

Similarly, we obtain the curvature formula of a curve in the geometry of equi affine
group:
1 y(4) 5 y///2

k= SyN% 9y”%. (4.11)
After the parametrization, we rewrite the formula:
L _ 3(66)(60) +12(65)(66) — 5(56)* (4.12)

9(65)3
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4.4. ”k” and ”ds” in the Geometry of Affine Group. Affine group in the
plane is determined by the following transformations:

r1=ar+by+e, |a b £0

y1=cr+dy+f, |c d
This group is a 6—parameter Lie group. Therefore, its 6 infinitesimal operators are:

o o 9 ,9 0 .98

ox’ Oy’ Yoz oy’ ~ox’ yé)y'
We obtain the affine arc length formula of a curve in the plane by means of these
operators:

1
2

3y//y(4) _ 5y/112

ds = T dx. (4.13)
Commencing on to the parametrization step, we rewrite the formula as
.. . . 1
s 3(66)(60) + 12(.&"5)(&&) —5(65)%\ 2 . (4.14)
3(65)2
Similarly, we express the affine curvature formula of a curve in the plane as
!/
3
k=——=1(In CS (4.15)
QC 2 y// 2

y(4) 5y///2
yll - 3y//2 )

o (A
2Az dit (65)2
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Following parametrization we rewrite the formula as

where ( =

Nl

= (4.16)
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